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PROBABILITY METHODS IN SOME PROBLEMS OF ANALYSIS 
AND NUMBER THEORY : 


M. KAC 
1. Introduction. In 1922 Rademacher [1]! introduced the functions 
(1.1) ra = sign sin 2*z¢, osısihn=l2,.., 
and proved that the series 
(1.2) >, Cnt n(2) 
1 


converges almost everywhere provided 





(1.3) ere ©, 


In 1925 Kolmogoroff and Khintchine [1] generalized this result and 
also proved the counterpart to the effect that 


(1.4) Yon = o 

1 ; 
implies divergence almost everywhere of (1.2). The probabilistic 
nature of these results (first recognized by Steinhaus [1]) becomes 
apparent when one notices that the Rademacher functions r„(f) are 
stattstically independent, that is, have the property that 


(1.5) | E { (2) <a, fat) < Cy} | = I E ir) < ax} i 


for n=2, 3, -> - and all real œi, ae, =- 

Following nn natural line of development Kolmogoroff [1; 2] was 
led to his celebrated necessary and sufficient conditions (the “three 
series theorem”) for convergence of series, 


(1.6) Da, | 


An address delivered before the Annual Meeting of the Societyin Columbus, Ohio, 
on December 28, 1948, by invitation of the Committee to Select Hour Speakers for 
Annual and Summer Meetings; received by the editors November 1, 1948, 

! Numbers in brackets refer to the references cited at the end of the paper. 

? Here, as in the sequel, Z{ } denotes the set of t's satisfying the condition inside 
the braces, and | A| denotes the Lebesgue measure of the set A. 
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of arbitrary independent functions or, equivalently, series of inde- 
pendent random variables. 

Simultaneously with the above development another theory was 
being evolved. In 1924 Kolmogoroff [3] proved that (1.3) also implies 
the convergence almost everywhere of the trigonometric gap series, 


(1.7) >. cp sin Arm, 
1 


where {ny} is a sequence of integers satisfying the “Hadamard gap” 
. condition 


Ni 





(1.8) >g>1. 


tk 
A few years later Zygmund [1] proved the counterpart of this result 
to the effect that (1.4) implies divergence almost everywhere of (1.7). 

The analogies in behavior of Rademacher series (1.2) and trigo- 
nometric gap series (1.7) were so striking that considerable attention 
was devoted to the subject. 

Paley and Zygmund [1; 2; 3] discovered many other important 
analogies and discussed a variety of related topics while Banach [1] 
was led to a general study of so-called “lacunary series” which include 
as special cases both Rademacher and trigonometric gap series. 

i One important analogy, however, escaped investigation. Since the 
Rademacher functions are independent, it follows from the central 
limit theorem of the calculus of probability that 





(1.9) an E , Dort) < o( Ea) Y = ann f edu 
provided i 
(1.10) Da ecw 

and 

(1.11) uie | cx| = 04( > ay ; 


It was only natural to inquire whether a similar result holds if the 
r.(t) are replaced by sin 2rnst or, more generally, by f(t). This prob- 
lem was the starting point of a series of investigations which will be 
reviewed in Part [. 
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Part II will be devoted to a review of a class of results in analytic 
number theory which again have been strongly influenced by the 
central limit theorem and other probabilistic results. 

The limitations of time prevent us from reviewing other fields 
(notably the theory of almost periodic functions) in which methods of 
probability theory were successfully employed. 


Part I. GAP SERIES 


2. The trigonometric cases. One of the oldest tools of probability 
theory is the method of moments. The following lemma was first used 
by Tchebysheff: 

If a sequence of distribution functions o,(#) is such that for 
l=0, 1,2,- 


(2.1) lim uldo,(u) = (2r)? J u'e dy, 
then 
(2.2) lim elw) = ann f eldu 


for every real w. 

By a simple restatement of this result we obtain the following: 
If f a(t) is a sequence of measurable functions defined in (0, 1) and if 
for /=1, 2,--- 


1 l o 
2.3 lim „Od = (2r)12 lu /2 
(2.3) im f Ade = ann we in, 
then 
(2.4) lim | E {fr <o}| = ann fea, 


This suggests an attack on the problem of determining the limit of 


>, ce sin Arnıt 
(2.5) Bi en Gs | 


i a P 1/2 
>, cr 
1 
as 4-7 ©, 


If instead of the gap condition 
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(2.6) n/m>g>-l 
we have the stronger condition 
(2.7) NrHı/ N ©, 
then, letting 
> Ce sin Zrnit 
fA) Nie zen, 


GT 


it is quite easy to verify that (2.3) holds provided c,=O(1) or, more 
generally, 


2 lelnl( Ee) 
and 


2 
C = O, 


(2.9) 


-Ms 


Thus under conditions (2.7), (2.8), and (2.9) (Kac [1]) 
5 1. N 1/ 

E | >> Ce sin rnit < “(> Da) h 
1 1 


= (2r) 13 Í ew lady, - 


lim 


no 





(2.10) 


The verification of (2.3) in the case of the gap condition (2.6) is 
more delicate. It was first done by Erdös in 1940, under the condition 
c+=0(1), but the proof was not published. It actually turns out that 
the proof can be carried out under the less restrictive condition (2.8) .? 
In 1947 Fortet and Ferrand [1] announced a proof of (2.10) under the 
gap condition (2.6) but failed to state any restrictions on the c's. This 
omission led Salem and Zygmund [1] to believe that the Fortet-Fer- 
rand proof must have been incomplete. They then proceeded to give 
a proof of (2.10) using an adaptation of the method of characteristic 
functions rather than the method of moments. They also proved that . 
(2.8) is a necessary condition for the validity of (2.10), thus making 
the analogy with sums |} cr,(¢) complete. 


3 This proof will appear in a paper by Erdös, Ferrand, Fortet and Kac. 
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In a subsequent paper Salem and Zygmund [2] extended (2.10) to 
the case where the n,’s are not necessarily integers. This extension 
had also been announced by Fortet and Ferrand [1]. In this case 
(unlike the case of integral n+) there is a definite advantage in using 
the Salem-Zygmund method because the moment method becomes 
rather tedious. 

Among various extensions of the above results we mention one 
because we feel that it is of independent interest. 





Let - 
(2.11) F(z) = % cas", 
0 
where 
= n 
(2.12) Dial», > g>1 
0 A Mh 
and 


len} 


For 0<r<i, set 





1 2r 1/2 { 
(2.14) M(r) = (= f | F(re*) pao) 
2TA 0 
and consider the set E,(Q) of those 6 for which 
F q 
(2.15) re) og 
M(r) 
where Q is a measurable set. 
Then 
(2.16) lim | £,(a)| = 2 f f et duds 
f—1 a 


(Salem and Zygmund [2] and for an earlier weaker version Kac [1]). 


3. The general case. In view of the results of the preceding section 
it has been conjectured that for sufficiently restricted periodic (with 
period 1) f(#) satisfying the normalization condition 


(3.1) f so si 


646 M. KAC ‘Duly 
and for integers n, satisfying (2.6) the limit 
(3.2) lim 1 | D (mi < am 

m4 i 


is again given by a properly normalized Gaussian integral. (We first 
consider the simple case c= 1, k=1,2, : -.) 

It thus came as a surprise when simultaneously and independently 
of each other, Erdös and Fortet constructed an example showing that 
the limit (3.2) need not be Gaussian. The example® is 


(3.3) fh) = cos 2xt + cos Art, ne = 2* — I, 
in which case the limit (3.2) can be shown to be 
1 w/3| cos rz| 
6.9 in an 
0 u) : 
(Kac [2)). 


More complicated examples can be constructed for which the limit 
(3.2) need not even exist. 

The interest of the Erdös-Fortet example is enhanced by the fact 
that for n,=2* one has the following general theorem (Fortet [1], 
Kac [3]): 

If f(t) is periodic with period 1 and either satisfies a Lipschitz con- 
dition or is of bounded variation® and if furthermore 


(3.5) f fat = 0 
and 
(3.6) ne f l ( > sar) at m 
no yp 1 a 
then 


(3.7) lim 


nr 





E f E < om} = uo f eng, 
t 1 o —2 


Thus the arithmetic structure of the sequence {m} is of relevance 
except in the case f(#)=sin 27t (or somewhat more generally f(#) 
=a sin 2ri-+b cos 2rt). The result (3.7) clearly indicates that, in 








i In Salem and Zygmund [2] this example is erroneously credited to Erdös alone. 
5 These conditions can be slightly relaxed. See Kac [3]. It should be clear that here 
and henceforth 2* can be replaced by a*, where a is an integer greater than 1. 
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general, the functions f(2*}) do not behave as if they were inde- 
pendent. In fact, if they did, one would expect 


a J “pat 


instead of (3.6). As Fortet [1] points out the dependence exhibited 
by f(2")t is very much like that in a Markoff chain. In the treatment 
of Kac [3] the dependence of f(2”t) is also brought out but un- 
fortunately the connection with Markoff chains is lost. 

It was pointed out by Erdös (see the final remark iff Kac [3]) that 
(3.7) can be extended as follows: 








If 
(3.8) La = ©, c= O(1) 
and if 
no De 
then 
s 1 n j 2 1/2 
amy B Ewe <d S, (Zenern) a) } 


=n) [ro 


It may be worth mentioning that from (3.7) it is not difficult to 
conclude that 


BY DA = Da < ont 


1 1 w/9(3) : 
= en f f e* dudz, 
G 0 —0 
where g(x) is defined as follows: 


Assume for the sake of simplicity that f(#) is even, so that 





lim 
(3:11) p+ 


f(t) ~ > a, cos Ari 
1 


~ 648 M. KAC [uly 
(ao=0 in view of (3.5)) and set, for s=0, 1, 2,---, 


a, (#) = >> G(2e+-1)2% COS 2r(2s + iP Pa 
n=l 


B,(#) = >, G (284-1) 2% sin 2#(2s + 1)2*%, x 
nal 


then 
fae) 3 3 1/3 
(3.12) (2) = ( È (ale) + a) | 


This, of course, includes (3.4) as a special case. It is somewhat curious 
to note that if f(#) contains no even harmonics (&„=0, n even) we 
get 


(3.13) ee (2 J l rOn) 


and the distribution function on the right of (3.11) is again normal. 
An extension of (3.11) to sums 


n 


2 a f((2* — 1) 
1 
does not appear to be easy. l 
In contradistinction to the complex situation which prevails in the 
case of Hadamard gaps n/n >q>1, the case of “big gaps” 


(3.14) N/mm > © 


is relatively simple. In fact we have the following theorem: 
If f(t) (periodic with period 1) satisfies a Lipschitz condition or is 
of bounded variation and if (3.5), (2.8) and (3.14) hold, then ° 











™ n 1/2 
>, Onf(m, w Dos 
(3.15) m= ri l = ( À) j E 
= Cr f eie’ dy, 
where 
(3.16) ot = Í i (i) dt. 


The proof follows from the following two facts: 
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1. The theorem holds for a finite trigonometric polynomial 


I 
(3.17) Silt) = 2, a, cos Zrri. 
fn] 
2. For every e>0 one can choose an S(t) (namely, a sufficiently 
high partial sum of the Fourier series of f(#)) in such a way that 


a 


(3.18) f ( v fa) — > eni(tnl) at < È ch, 


for all m. 

The first part can be proved by the method of moments and only 
slight modifications of the procedure used in Kac [1] are required. 
The proof of the second part parallels proofs of analogous statements 
in Kac [3] and [4]. 

It should be mentioned that Salem and Zygmund [2] showed that 
for 


(3.19) Id) = 5 Gr COS 2rri 
tun J 


the conclusion (3.15) holds with (3.14) replaced by 
(3.20) Mma/ni = q > 1/7. 


In view of the Erdös-Fortet example this condition is best possible. 
The smoothness conditions imposed on f(#) are needed in the proof of 
(3.18).° The result (3.15) renders obsolete a weaker result in §5 of Kac 
[3]. 


4. Convergence and divergence of gap series. From (3.15) it fol- 
lows almost immediately that 


(4.1) > caf (mt) 
1 
diverges almost everywhere provided 


(4.2) > ch = o, 

1 : 
For the Hadamard gaps the situation again becomes complex. We 
note first that, in general, divergence of > c? does not imply di- 
vérgence almost everywhere of (4.1). In fact (Kac [4]), setting 


t In proving (3.7) and (3.11) one also needs approximation theorems of type (3.18). 
Thus the necessity of imposing smoothness conditions on f(t). 
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1 
(4.3) fH =H - g2), m=2% as zn’ 
we see that (4.2) is satisfied while the series (4.1) converges for every 
t. 
However, for the case 2,=2*, we can appeal to (3.10) and obtain 
the following: 
If (4.2), c.=O(1) and, in addition, 


J l ( > fe) ai 


(4.4) lim inf — > 0 
>“ 2 
ch 


then 


oo 


(4.5) D cafl2*s 
ap 
diverges almost everywhere. 
It is seen that in the example (4.3) the condition (4.4) is violated. ` 
It is worth pointing out that the full strength of (3.10) is not 
really needed. It is sufficient to know that 


1 bad 4 
(È asa - 
(4.6) lim Er =3 = (2r) f we de 


Eason) 


In fact, setting 


* 


3, Crf(2*4) 


ł 


TEDD 


1 i 
f F,()dt=1, lim f F,()dt = 3 
6 a 0 


we have 


and it is easy to show that F,(#) cannot approach 0 almost every- 
where.” Consequently (4.4) cannot converge almost everywhere and 


7 In fact, the measure of the set on which F,(#) converges to 0 cannot exceed 2/3. 
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hence must diverge almost everywhere. That the series (4.4) must 
converge or diverge almost everywhere is due to the fact that the gap 
sequence is 2%, For general gap sequences this may not be true. 

It is an interesting open problem to decide whether the series 


A) 


2 Caf (nid) ’ 


1 hp 


i+ 





~>¢>1, 


can converge (diverge) on a set of positive measure without converg- 
ing (diverging) almost everywhere. 

With the exception of the case n,=2*, the whole question of di- 
vergence of series (4.1) for Hadamard gaps is also open. 

In the trigonometric case, divergence of (4.2) implies divergence 
almost everywhere of 


» Cy Sin 2xrnzt 
1 


even in the case when the #,’s are not integers. This follows from 
` (2.10) which can be regarded as a natural generalization of the result 
of Zygmund [1] and its extension to the non-harmonic case (Kac [5], 
Hartman [1]). 
As far as convergence is concerned the situation is somewhat more 
satisfactory. We have, in fact, the following theorem (Kac [4]): 
If 





(4.7) J+ 1) =f, i 
1 
(4.8) f Od = 0, 
and 
(4.9) |) e sale |, > 0<ag1, 
then 
(4.10) È cafn), = >q>1, 


converges almost everywhere provided 
(4.11) S e < o. 
1 


In contrast with previous results we are unable here to relax condition 
(4.9). However, at the expense of further restrictions on the sequence 
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fns? , condition (4.9) can be considerably weakened. More specifically, 
we have the following: 
If f(t) satisfies (4.7), (4.8) and if for some a, 0<asl, 


(4.12) f (ft + K) — Ddi < Mbt 
and à 
(4.13) > Q-a(miti—mk) < œ ; 


i 


then (4.11) implies convergence almost everywhere of the series 


+) 


(4.14) >, Cr f(2*4) 
1 

(m, integers). (For a weaker result see Izumi and Kawata [1] and for 
a still weaker one Kac [6]). The interest of this theorem, in spite of 
its specialized character, lies in the fact that it can be deduced from 
Kolmogoroff’s theorem concerning convergence of series of inde- 
pendent functions. 

The proof is based on constructing a sequence of independent func- 
tions g.(#) such that 


(4.15) [soa = 0, i k=1, 2., 
W% 1 ° 
(4.16) Laf dd < © 
i 5 1 0 
and 
0 1 
(4.17) 2f ram) — gH | dt < o. 


That the existence of g+(f) implies our theorem is obvious since by 
Kolmogoroff’s theorem (Kolmogoroff [1; 2]), (4.15) and (4.16) imply 
that 


w 


>, caged) 


1 


converges almost everywhere and (4.17) implies (since c,=O(1)) that 


> cegat) and > crf(2™#) 


~~ 
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are equiconvergent almost everywhere. 


To construct the g,(é) divide the interval (0, 1) into 2" equal sub- 
intervals and set 


(k+1)2° 
(4.18) felt) = 2° f Kois, 


k2 Si < (k+ 12; &=0,1,---,2°—1. 
It is evident that 


G) FA)’ 


2-1 (k+1)0~ (k+1)2~ 
= Ir, =f. J (fi) — f(s) tats. 


By an elementary change of variables we have 


(4.19) 


1 (»+1)2" 


h+1)2° 
SS SI Go = Hoyas 
a (E41) 2°—A 
= f Í GEF h) — FO) atah 
0 kit 


- it 1)7" 
<f ii GG + H) — sO) tad 


and consequently 


1 a’ 1 
J (f(t) — FOP < 2° f f (fü + W — fl) *didh 








s Drära 
2a +1 
Finally, 
J, em -semnla=f Ira - 01a 
M 1/2 
a (= + D ai 

Setting 

(4.20) Bult) = men (2%) 


it is easy to verify that the g,(#) are independent and satisfy (4.15), 
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(4.16) and (4.17) 


5. Further results concerning convergence of gap series. Let f(t) 
satisfy the conditions (4.7) and (4.8), and in addition assume that 


(5.1) | O = Sr = Olg m, 


where &>0 and S,(#) is the nth partial sum of the Fourier series of 
ft). It can then be shown (Kac, Salem and Zygmund [1]) that: 
(a) If &>2 the series 


Le) 


(5.2) > afin), ~>q>1, 


1 Nu 7 


nk 





converges almost everywhere, provided 


(5.3) La log k< oœ. 
1 
(b) If aS2, the series 
= = ni) WELL 
> =, ——>g>l, 
(5.4) 2, = ou 


converges almost everywhere, provided 
(5.5) ô < a/4. 


The nys need not be integers. 
It follows immediately that under condition (5.1) 


(5.6) lim — È foni) = 0 


almost everywhere. 
Erdös [1] pointed out that (5.6) holds under the weaker condition 


(5.7) f KO — SKH) di = O(lg Ig n), e>0. 


What is, however, more interesting is that he was able to construct 
an f(t) EL? and a gap sequence {nx} of integers for which 


, is 
(5.8) lim sup — >, f(m) = ©. 
moo Mm ı 


From (5.8) it follows a fortiori that 
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(5.9) 2 f(m 


k 


diverges-almost everywhere. 

In view of this example it is apparent that in convergence theorems 
of gap series some restrictions on the function f(t) (like (4.9), (4.12), 
or (5.1)) are necessary. 

Let us finally mention that, for n, = 2+, (5.6) follows from the ergodic 
theorem (F. Riesz [1], Raikov [1]) for every fEL. We have here 
another example of the extreme sensitivity of gap theorems to the 
arithmetic structure of the gap sequence. 

It is an open question whether for n,=g* and g>1 not an integer, 
(5.6) holds for all fEZ, or at least for all EL. 


Part II. DISTRIBUTIONS OF ADDITIVE NUMBER-THEORETIC FUNCTIONS 


6. Preliminary remarks. A function f(n), n=1, 2,-:--+, is called 
additive if 
(6.1) f(mn) = fim) + f(n) 
‘ whenever 
(6.2) (m, n) = 1. 
An additive function is thus completely determined if one knows 
(6.3) JÀ, $ a prime, a = 1, 2, +». 
The function f(#) is called strongly additive if 
(6.4) JO) = ID). a=2,3,..- 


The simplest examples of strongly additive functions are 
(6.5) p(n) = number of prime divisors of n 
(each prime divisor counted once) and 

(6.6) log $(#)/n, 


where ¢(7) is Euler’s function. 
In the first example f(p) =1 and in the second f(p) =log (1—1/Pp). 
Let, for # a prime, i 
É p| n, 
6.7 n) = { 
( ) Pol ) 0, b } er 


With this notation the strongly additive function f(n) can be written 
in the form 
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(6.8) In) = DU fd) x(n). 
P 
If p1, Pa, ' - © , pr are distinct primes it follows trivially that 
(6.9) D pp (0) = El," " % 4 Py, (1) = er} = ID on) - ent, 
kml 


where D{ } denotes the density of integers which satisfy the condi- 
tion inside the braces and each e can be either 0 or 1. Formula (6.9) 
expresses the fact that the functions p,(r) are statistically independent 
and one might expect that the theory of addition of independent 
random variables can be applied to distribution problems of additive 
arithmetic functions. l 

Since the density is only a finitely additive measure, probability 
theorems will be directly applicable only if a finite number of p,’s 
is involved. Thus one can apply probability theorems to “truncated” 
functions 


1 a(n) = Lf (P)pp(n). 


The passage from theorems concerning fı(n) to theorems concerning 
f(m) must by necessity employ number theoretic arguments and it is 
these arguments that usually constitute the deeper parts of the 
proof. However, without the probabilistic connections it would have 
been extremely difficult even to guess some of the theorems. 


“7. The Hardy-Ramanujan theorem and its generalizations. In 
1917 Hardy and Ramanujan [1] proved that almost every integer m 
has approximately Ig lg m prime divisors. 

The precise formulation is as follows: If Y(m)—>» (arbitrarily 
slowly) the density of integers for which 


(7.1) lglg m — ¥(m)(Ig Ig mm)? < v(m) < Ig lg m + Y(m) (Ig 1g mt 


is 1. 

Due to the slowness with which Ig lg m increases we have the 
equivalent formulation: If q„ is the number of integers m, 1SmSn, 
for which 


(7.2) lglg” — ¥(n)(g lg m? < (m) < lglg n + ¥(n) (1g Ig n)!?, 
then i 
(7.3) u/n > 1. 


The original proof of this theorem was quite lengthy and was based on 


x 
i 
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estimates of the number r;(r) of integers not greater than n which . 
have exactly & prime divisors. 

In 1936 Turän [1] gave an extremely simple and ingenious proof 
of (7.3) based on the easily verifiable relationship 


2 (v(m) — Ig lg n)? 
(7.4) In ae 
non . n ig lg n 


To get (7.3) one need only notice that 


; v(m) — lg lg n)? 7 
2, (lm) IB Ca gdn 


nigign u n 
One recognizes here immediately the familiar device of estimating 
probabilities of deviations from the second moment (Tchebysheff’s 


inequality). A slight restatement of (7.4) is highly suggestive. 
Let k„(w) be the number of integers m, 1SmSn, for which 


(1.5) v(m) — ig lign 
(g lg m)! 
Set 
(7.6) on) = Rnlw)/n, 


note that o„(w) is a distribution function and 


2 (v(m) — Ig lg n)? 


(7.7) a ie f ee: 
nigign = 


Formula (7.4) can now be written as 

(7.8) u EAG = | 
and it also follows simply that 

(7.9) lim weile) = 0. 


nn a 


Since 


(7.10) vl) = 2 pp(m) 


- 
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/ 

is a sum of independent functioris one might guess that, in some 

sense, the distribution of v(m) will be normal. Formulas (7.8) and 

(7.9) suggest then that we might have 


(7.11) lim w*do,(w) = am f wre do 
for k=3, 4,» ‚in which case it would follow that 
knal) 





Gy Imagen = (Am) Í eldu, 
a0 no. = 


n 


Unfortunately it does not seem easy to carry out the proof along 
these lines because of the difficulties involved in calculating the 
higher moments 


Zom) — lglg n)” 


(7.13) re se S 


We mention this approach because it is the most straightforward and, 
in our opinion, well worth pursuing. 

A special case of (7.12), namely, 
(7.14) lim o,(0) = 1/2, 
was proved by Erdös [2] in 1937. This proof used a simplified version 
(due to Landau) of Brun’s method. By a slight modification of Erdés’ 
argument one can obtain (7.12) for every w (LeVeque [1]). In fact, 
the only reason why Erdés did not prove (7.12) in its full generality 
seems to be that he was unaware of the formula 

yk ü f 

(7.15) lime? D = (mn f dy, 
. to k< tpar kl —0 
except for the special case w=0. 

It might be of interest to give a heuristic argument which indicates 
how (7.15) is related to the problem of the distribution of v(m). 

Denoting by r,(r) the number of integers not greater than n hav- 
ing exactly k prime divisors we have 


(7.16) ka(w) = >. mln). 


k<lg lg nto (1g lg n)? 


The classical result of Landau to the effect that 
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n lg #)*-1 
(7.17) un) ~ —— (glg m)" 
Ign (k—- 1)! 
makes it plausible that 
kn 1 lg lg n)*-2 
(7.18) ec Qgign) 
en lg n kcigtgntwilglen? (k — 1)! 


Now (7.12) follows from (7.15) by putting x =1glg n. 

The method of Erdös [2] was applicable only to v(m) but in 1939 
Erdös and Kac [1] proved a general theorem which also established , 
a pattern of proof of rather wide applicability. The theorem in ques- 
tion is as follows: 








Let 
(7.19) Im) = È, f(ö)ps(m) 
P 
be a strongly additive function and set 
(7.20) An= D, Ke) 
pen Ê 
(7.21) ay Pe). 
P<n $ 
Assume that 
(7.22) Ba, fp) = O(1), 
and denote by k„(w) the number of integers m, 1Smsn, for which 
(7.23) fm) <A, + aBy ; 
then : 
(7 . 24) lim kalo) = (2r) -12 f edu. 
ne N —0 


Considering first the truncated function: 


falm) = È, f(b) eo(m) 
Pek 


one shows by a direct application of the central limit theorem that 
the density of integers m for which 


(7.25) mn) ApoB, 
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approaches, as k>», the normal integral 


(2x)—-1/2 f e hdy, 


This can be restated as follows: 
If (n, k; w) is the number of integers m, 1 Sm Sn, for which (7.25) 
holds, then 
In, k; w) : 
(7.26) lim lim —— = (25)- uf dy, 
n 


ho nm 


The crucial point is now to dert (7.26) into 


j Kn, On, w) = 4 
DM) met ann Í eltu, 
now n —o 


where a,— ©. 
This can be done if 


(7.28) > a = HF, OR, 


but in the proof one needs a precise estimate of the number of integers 
not greater than N not divisible by primes less than Ky (in the limit 
as N» faster than each fixed power of Ky). Such an estimate can 
be obtained by Brun’s method.® In contrast to Erdös [2] one needs 
here the full strength of this method. Finally, ciocane Y(n) in such a 
way that 


(7.29) 1/4(n) = o(B,) 


and using. the assumption f(p) =O(1), one shows that the errors in- 
troduced by replacing f(m), An, Ba by fa,(m), Aan Ba, are negligible 
and thus derives (7.24) from (7.27). 

-Let us also mention that from (7.12) one obtains by a very simple 
argument the following result: 

If d(m) denotes the number of divisors of m and r,(w) the number 
of integers m, 1SmsSn, for which 


(7.30) d(m) < 218 lente (le lon)us 
then (Kac [7]) 


s A book devoted to Brun’s method and its applications is being prepared by W. J. 
Harrington and J. B. Rosser. We also take this opportunity to correct a few minor 
omissions and misprints in Erdös and Kac [1]: (a) in the statement of Lemma 3 it 
should be added that the 0-estimate is uniform in ¢; (b) in formula (iii) on p. 741 
+ should be replaced by —; (c) in the last formula of $4 (p. 742) O(1) should be re- 
placed by o(1). 
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lim Tal) 


© n 





= (2g)? f endy, 


8. Further extensions. An important extension of (7.24) was stated 
without proof by Erdös [3]. His theorem is as follows: 

Denoting by ka(wn we) the number of integers m, 1 Sm Sn, for 
which simultaneously 


(8.1) fm) <Art aB fimti) <Ar t oB 
we have under the assumptions (7.22) 
+0 n an —0 


The intrinsic interest of this result (which can be extended to f(m), 
f(m+1),--+,f(m+r), for each fixed r), and the fact that the 
method of proof is little known to number theorists made it seem 
worth while to supply a detailed proof. This was done by LeVeque 
[1] who also pointed out the following corollaries: 

Tf ilw) and s,(w) denote, SPEC Vel: the number of integers m, 1 
<m <n, for which 





(8.3) v(m) < v(m + 1) + w(2 lg lg mn), 

(8.4) - dm) < d(m + 12°. len)” 

then 

(8.5) lim hlo) = tim 2) = (2r) 3 if "rag, 
a0 N no —2 


In the particular case w=0, (8.5) was proved by Erdös [4] in 1936. 

The proof of (8.2) utilizes the fact that fı(m) and fi(m+1) are sta- 
tistically independent (for every fixed k) and again makes use of 
Brun’s method. The application of Brun’s method is in this case 
considerably more tedious inasmuch as one needs the so-called two 
residue case. 

Several other applications of the central limit theorem can be 
found in Erdés [3] 


9. Kolmogoroff’s ‘three series” theorem in the theory of additive 
functions. An important and interesting problem which received 
considerable attention in the literature was to decide under what 
conditions a strongly additive function 


ers!" 
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(9.1) / Im) = % f(p)po(m) 


possesses a distribution function. We say that the distribution func- 
tion o(w) is the distribution function of f(m), if the density of integers 
for which f(m)<w exists and is equal to o(w) at each continuity 
point of ø. It may also be noted that the case of general additive 
re can be reduced to the case of strongly additive ones (Erdös 
5:)): 

Generalizing a whole series of results (Schoenberg [1; 2], Daven- 
port [1], Erdös [5;6]) Erdös [7] proved in 1938 that the convergence 
of the series 





(9.2) af a e 
where 

s1, 
(9.3) my = pO ros 


is a sufficient condition for the existence of the distribution function of 
f(m). The result is best understood by bringing out its probabilistic 
nature (Erdös and Wintner [1]). If we consider the truncated func- 
tion 


(9.4) Jim) = p>, S(b)p(m), 


we see that it possesses a distribution function o,(w) identical with 
the distribution function of 


(9.5) Se= LS)X» 
p<k 


where the X,’s are independent random variables such that 
(9.6) Prob. {X,=0} =1—1/p, Prob. {X,=1} = 1/p. 
The Fourier-Stieltjes transform of ox(w) is thus 
i 1 1 
(9.7) Lil) = f ettudoslw) = O(: — — + — eY o). ~- 
—o p<k $ `$ 


By Kolmogoroff’s three series theorem (Kolmogoroff [1;2]) conver- ` 
gence of the series (9.2) implies convergence with probability 1 (and 
hence convergence in probability) of the sequence (9.5) and conse- 
quently the existence of a distribution function o(w) such that 
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= 1 1 

(9.8) L) = f eedo(w) = (i — — 4 — eff o). 
—n P $ $ 

The distribution function ¢(w) is then the distribution function of the 

infinite series 


(9.9) IHK: 


In the case of number theoretic functions, convergence, as >», of 
fi(m) to f(m) for every m is trivial, but because density is only a 
finitely additive measure, one cannot draw the conclusion that f(m) 
has a distribution function. Even if we knew that the distribution 
function of f(m) exists it still would not follow that it must be the 
limit of elw). It is, however, not difficult to show (Erdös [7, Lemma 
1]) that if the series (9.2) converge, f(m) approaches f(m) in measure, 
that is, the upper density of integers for which | f(m) —fi(m)| Ze 
approaches 0, as k>», for every e>0. This, together with the fact 
that ¢.(w)—a(w), implies that ¢(w) is indeed the distribution function 
of f(m). Since, by Kolmogoroff’s theorem, convergence of the series 
(9.2) is also a necessary condition for convergence of olw) to elw), 
it was natural to conjecture that it is also a necessary condition for 
the existence of the distribution function of f(m). This indeed is the 
case (Erdös and Wintner [1]) although the proof is somewhat less 
elementary (it depends, for instance, on the result of Erdös and 
Kac [1]). 

Finally, let us mention that from a general result of P. Lévy [1] it 
follows that o(w) is continuous if and only if the series 


(9.10) = 


Jip) p 


‘diverges. This was also proved by Erdös [7] by elementary number’ 
theoretic considerations. 
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CORNELL UNIVERSITY 


THE APRIL MEETING IN DURHAM 


The four hundred forty-fifth meeting of the American Mathe- 
matical Society was held at Duke University, Durham, North Caro- 
lina, on Friday and Saturday, April 1-2, 1949. The total attendance 
was about 130 including the following 86 members of the Society: 

Louise Adams, D. F. Barrow, W. S. Beckwith, Felix Bernstein, R. G. Blake, T. A. 
Botts, C. P. Brady, A. T. Brauer, E. T. Browne, G. S. Bruton, R. S. Burington, E. 
A. Cameron, Leonard Carlitz, M. D. Clement, A. C. Cohen, J. B. Coleman, J. C. Cur- 
rie, D. C. Dearborn, F. G. Dressel, L. A. Dye, Myrtle Edwards, W. W. Elliott, 
F. A. Ficken, Tomlinson Fort, A. S. Galbraith, J. R. Garrett, I. C. Gentry, J. J. 
Gergen, Wallace Givens, P. E. Guenther, O. G. Harrold, I. R. Hershner, Temple 
Hollcroft, T. R. Hollcroft, Harold Hotelling, G. B. Huff, M. P. Jarnagin, V. L. 
Klee, J. R. Kline, F. W. Kokomoor, S. H. Lachenbruch, G. B. Lang, J. W. Lasley, 
C. G. Latimer, M. A. Lee, Marguerite Lehr, Jack Levine, R. J. Levit, P. E. Lewis, 
E. J. McShane, E. L. Mackie, M. H. Martin, E. P. Miles, B. E. Mitchell, E. E. 
Moots, C. G. Mumford, J. D. Novak, T. E. Oberbeck, H. V. Park, W. V. Parker, 
Mary Pettus, W. T. Puckett, C. N. Reynolds, T. D. Reynolds, R. G. D. Richard- 
son, H. E. Robbins, J. H. Roberts, L. V. Robinson, V. N. Robinson, Clarence Ross, 
Walter Rudin, H. M. Schwartz, R. E. Smith, W. S. Snyder, H. K. Sohl, R. W. 
Stokes, B. B. Townsend, H. S. Thurston, L. A. M. Van Dyke, R. Z. Vause, L. I. 
Wade, J. A. Ward, G. T. Whyburn, W. M. Whyburn, R. L. Wilson, J. W. Young. 


Professor J. H. Roberts of Duke University delivered an hour 
address at 8:30 p.m. on Friday entitled Transformations which change 
dimension. Professor G. T. Whyburn presided at this session. 

Following the invited address a brief informal business meeting 
was held, Professor W. M. Whyburn presiding. It was agreed that the 
group would recommend to the Council the acceptance of the invita- 
tion of the Oak Ridge National Laboratory to hold the 1950 south- 
eastern meeting in Oak Ridge, Tennessee. 

Two sections for contributed papers were held at 9:30 A.M. on 
Saturday: one in Analysis, Statistics and Applied Mathematics, in 
which Professor Tomlinson Fort presided, and one in Algebra, 
Geometry and Topology, in which Professor C. G. Latimer presided. 

A dinner for mathematicians and guests was held at 7:00 P.M. on 
Friday, Professor J. J. Gergen, toastmaster. President A. H. Edens, 
of Duke University, gave an address of welcome and Professor J. R. 
Kline spoke regarding the current activities of the Society and the 
International Congress. A resolution of thanks to Duke University 
for its hospitality was presented by Professor L. A. Dye and adopted 
by those present at the dinner. 

Abstracts of the papers presented follow below. Abstracts whose 
numbers are followed by the letter “4” were presented by title. Paper 
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number 312 was read by Professor Townsend, number 321 by 
Professor Robbins. Mr. Gadsden was introduced by Professor T. R. 
Hollcroft, Mr. Peters by Professor Tomlinson Fort, Mr. Blumen and 
Dr. Nicholson by Professor H. E. Robbins, and Mr. Keesee by Pro- 
fessor A. D. Wallace. 


ALGEBRA AND THEORY OF NUMBERS 


282. A. T. Brauer: Limits for the roots of algebratc equations. 


The results of the papers Limits for the characteristic roots of a matrix I, IL, III, 
Duke Math. J. vol. 13 (1946) pp. 387-395, vol. 14 (1947) pp. 21-26, vol. 15 (1948) pp. 
871-877, are used to prove well known theorems on the location of the roots of alge- 
brajc equations in a unified way while the original proofs are very different. Moreover, 
most of the results obtained in this paper give better bounds for the roots than the 
original theorems. For instance, it is proved that all the zeros of f(x) = x-a! 
+... +a, lie in the closed unit circle or in the oval of Cassini | #(s-+a1) S| as -+ |a| 
+++ +|aa|. (Received February 17, 1949.) 


283. Leonard Carlitz: Hurwitz series: Eisenstein criterion. 


By an H-series is meant one of the form 25 C„x"/m!, where the c„ are rational 
integers. (For some previous results see Duke Math. J. vol. 8 (1941) pp. 689-700.) The 
H-series evidently form a domain of integrity; factorization is not in general unique. 
The principal result of the present paper is an analogue of the Eisenstein criterion for 
series with rational Cm, that is, a necessary condition that such a series satisfy an 
equation >; A,w'=0, where the A, denote H-series. (Received February 17, 1949.) 


284. Leonard Carlitz: Some properties of Hurwitz series. 


Let f(x) = bins Cmax" /ml, cı=1, Ca integral, and assume that the inverse function 
is of the form A(x) = I, emx™/sm, em integral (see Duke Math. J. vol. 8 (1941) pp. 689- 
700). Among the results of this paper are: (1) Gm p.1™¢n (mod 9); a like result holds 
for powers of f(x); (2) «/f(x) has integral coefficients if and only if x/A(x) has integral 
coefficients. A number of results on the coefficients of the reciprocal of an arbitrary 
Hurwitz series are also derived. (Received February 23, 1949.) 


2855. Graham Higman, B. H. Neumann, and Hanna Neumann: 
Embedding theorems for groups. Preliminary report. 


The following theorem is proved: Two subgroups A and B of a group G are 
conjugate in a suitable group H containing G as a subgroup if and (trivially) only if 
they are isomorphic; and then every isomorphic mapping of A onto B can be obtained 
by a transformation in a suitable H. Using this theorem one can construct infinite 
groups in which all elements except the unit element are conjugate to each other. 
Another consequence is the theorem that every countable group G is a subgroup of a 
group H with two generators. If G can be defined by » defining relations, then one 
can define the two-generator group H also by » relations. (Received February 17, 
1949.) i 


286. R. J. Levit: A criterion for the irreducibility of polynomials in 
the rational field. 
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Several tests for the irreducibility of a polynomial in the field of rationals are 
known which depend upon the values assumed by the polynomial on a finite set of 
integers. G. Pélya proved (Jber. Deutschen Math. Verein. vol. 28 (1919) pp. 31-40) 
the following: Let P(x) be an integral polynomial of degree n. If a set of n integers 
Xi Xa, °° * , Xa can be found such that 0<|P(x;)| <M,+=1,2,-+++,n, where Misa 
certain number depending only on #, then P(x) is irreducible in the field of rationals. 
Later writers have sharpened this test by obtaining higher values for the bound M, 
the highest previously known being due to A. T, Brauer and G. Ehrlich (Bull. Amer. 
Math. Soc. vol. 52 (1946) pp. 844-856). In the present paper a still larger bound is 
obtained, namely, M=a(a+1)(a+2)++-(¢+b)/2), where a=27%(n/2] and 
b=» [(s—1)/2]. The proof depends upon the properties of a family of polynomials 
which are a generalization of the Tchebycheff polynomials. (Received February 17, 
1949.) 


287. W. V.. Parker: On the matrix equation AX =XB. 


A method is given for writing the matrix X such that AX=XB in terms of 
paraméters when A is in rational canonical form. Let S be the set of all matrices com- 
mutative with A and let & be the number of invariant factors of AZ— A. Associated 
with every matrix X of S is a matrix MA) whose order is k and whose elements are 
polynomials in A. If F(u, A) =| ul MA)| then F(X, A)=0. This reduces to the 
Hamilton-Cayley theorem for k =n and to X = M(A) for k =1. (Received February 11, 
1949.) 


288. K. G. Ramanathan: On certain tdentical relations between 
modular functions. 


If f(r) = T[(n($®r) /a(r))”] where g(r) is Dedekind’s modular form and T is Hecke’s 
linear operator (Math. Ann. vol. 117, p. 1) it is shown that between any #+1 consecu- 
tive f,(r) there is a linear relation, with coefficients which are independent of ». In 
the cases p=5, 7, 13 this linear relation with p1, + + +», p+1 is exactly the irrational 
modular equation connecting 7({ptr)/n(pr) and n(dr)/a(r). When p=11 it is shown 
that the linear relation could be used in an attack on Ramanujan’s problem of the 
congruences of the partition function. (Received February 16, 1949.) 


289% Walter Rudin: A theorem on Hurwtis sertes. 


By an H-series of type k (k 20) is meant a formal power series f(x) = S Gmx™/ {mk} 
where the coefficients a, are rational integers, and Im, k} saml(m+1)l ++ + (m+k)!/1! 
«+> kl, {m, 0} ml. For a fixed k, the H-series of type k form a domain of integrity, 
denoted by Hy. The following theorem is proved. Let P be an infinite set of distinct 
rational primes. Let f(x) Hrn, and suppose that apx£0 (mod p) for PP. Then f(x) 
is transcendental relative to Hy. (Received March 24, 1949.) 


290. L. I. Wade: Multiply periodic functions over GF|p, x]. 


Using the valuation of GF(p, x) determined by the degree in x, let Dt denote the 
algebraically closed, complete field containing this topological field. The interest is in 
certain entire functions, that is, power series in over M that converge for all elements 
of M. Such a function f(t) is called periodic over GF[p, x} with period w if f(¢+Awa) 
=f(t) for ACGF[p, x]. A necessary and sufficient condition that an entire function 
exist with the periods war, °° * , ws, linearly independent over GF(p, x), is that 
wy, °° *, a be linearly independent over the completion of GF(p, x). The function 
f(t) with the zeros Aywi-+ +++ +Asgwa, A,CGFIp, x], and no other zeros, is a linear 
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function (of the form > a,t?"); and, furthermore, has the multiplication theorem 
(Mt) = ba Po), 7M. Conversely, this relation determines an n-ply periodic 
function of this type. Similar theorems are proved about entire functions with inf- 
nitely many periods (in particular, their existence). Also, multiple periodicity over 
GF|p; zu +++, xn] is treated. (Received February 18, 1949.) 


291. J. A. Ward: Solution of generalized Cauchy-Riemann differen- 
tial equations by linear algebras. 


The author proves the following theorem: If A, = (asr) (¢=1, 2,-++,) isa set 
of linearly independent » by n matrices over a field F such that an,-=8,, and A,A; 
= Aj;A; for all + and j, then A,Ay= D0? , Gin4y. This theorem is used to establish 
necessary ard sufficient conditions that the system 207, din0y./dx;=0, 
km1, 2,+++, (n%—n), where the d:a are constants in F, shall be the generalized 
Cauchy Riemann differential equations of a linear, associative, commutative algebra 
A of order » with an identity element over F. (See J. A. Ward, A theory of analytic 
functions in linear associative algebras, Duke Math. J. vol. 7 (1940) pp. 233-248.) If 
the conditions are satisfied the author is able to determine the algebra A and give the 
solutions of the differential equations as a power series in the algebra. (Received 
February 14, 1949.) 


ANALYSIS 


292. Felix Bernstein: A new integral relation of the theta sero func- 
tion from which tts natural boundary can be obtained. 


The characteristic integral equation of the Volterra type of the theta zero func- 
tion derived by the author in 1926 in order to solve a problem in heat conduction 
enables one to establish ail the known relations of the theta zero function to problems 
of the conduction of heat. An integral relation which is a generalization of this 
integral equation leads to a simple proof of the existence of a natural boundary for 
the theta zero function. This is a new approach to the gap theorems and to the study 
of the behavior of an analytic function in the neighborhood of its natural boundary. 
(Received April 2, 1949.) 


293. C. P. Gadsden: On the zeros of the solutions of systems of 
homogeneous linear differential equaitons. 


The system considered is (1) x’=A(#)x, where xe [x,(2)] is a column matrix 
and A(t)=[a,,(#)] is an 2X matrix of class C" on R: —œ<i< œ, for some 
m=0,1,---, ©. Fora solution x0 of (1) define the set X;= 710] of zeros of x,(#). 
Then (i) X, is closed and (ii) "\X,=0. The conditions (i) and (si) are also sufficient, in 
the following sense. Let [X,] be » subsets of R satisfying (i) and (ii). Then there exist 
matrices A(t) and x of class C™ satisfying (1) and such that x71(0]=—X,. The proof 
depends on the fact that, for any closed set ZC R, a function f(t) of class C” on R can 
be defined so that f-(0] =Z. Similar results are given for 4($) analytic. For the case 
n=2, some separation theorems are given, assuming that one of the conditions 
+Aj,(é) 20, ij, holds. (Received February 16, 1949.) 


2941, V. L. Klee: A note on -funcisonals. 


Let R denote the real number field and RtaRU { ®© }. A #-((pP*-)) functional 
on a real linear system L is a positively homogeneous subadditive function on L to 
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R((R*)). The following results are established: (1) If p isa gt-functional and —q isa 
$-functional such that g Sp, then there is a linear functional fon L such that gSfsp; 
(2) If pı and gy are $-functionals and f is a linear functional such that f Ssup (f, ps), 
then there are linear functionals f; Sp, and a€ (0, 1] such that f=ofit(1~—a)fr. By 
means of these a new proof is given for some results of Krein and Smulian (Ann. of 
Math. vol. 41 (1940) pp. 561-564, 567) on regularly convex sets. (Received February 
23, 1949.) ° 


295%. V. L. Klee: A second note on -functtonals. 


(For the definition of $- and gt-functionals see the preceding abstract.) A new 
proof of the Hahn-Banach extension theorem (concerning #-functionals on an arbi- 
trary linear system) is given. On finite-dimensional systems there is obtained a simple 
characterization of those g*t-functionals for which the Hahn-Banach theorem re- 
mains valid, and it is shown that each *-functional majorizes at least one linear 
functional, (Received February 23, 1949.) 


2964. V. L. Klee: On dense convex sets. 


Let E be an infinite-dimensional normed linear space. It is shown that for sub- 
spaces S of E the property of having a dense complementary subspace depends only | ’ 
on the deficiency of S. In particular, E must have a dense proper subspace. From this . 
it is shown that if D is the affine dimension and N the cardinal number of E, and 
either 23 MSD or M=N, then E can be expressed as the union of M pairwise dis- 
joint dense convex sets. This strengthens a result of J. W. Tukey (Portugaliae 
Mathematica vol. 3 (1942) p. 101). (Received February 23, 1949.) 


297%. V. L. Klee: On a conjecture of Bourgin. 


A subset X of a Hausdorff linear space H is called “regularly Z convex” if to each 
yZEH-—X corresponds a continuous linear functional f on H such that f(y) 
>sup,ex f(x). D. G. Bourgin (Amer. J. Math. vol. 65 (1943) pp. 637-659) has shown 
that (a)H is locally convex implies (8) every closed convex subset of H is regularly H 
convex. The present paper the author describes a class of Hausdorff linear spaces for 
which (8) is true but (a) is not, thus substantiating a conjecture of Bourgin. (Received 
February 23, 1949.) 


298. V. L. Klee: On convex sets tn linear spaces. 


A (Ta)-space E is at once a real linear system and a topological space, the two 
structures being so related that for each y&- E and real r, the function ytre| xEE is 
continuous. It is shown that many of the known properties of convex sets in normed 
linear spaces are still present in (Ta)-spaces, and of those which fail in some (Ta)- 
spaces several important ones are valid at least in every locally convex Hausdorft 
linear space. A fundamental result is the following: If A and B are disjoint convex 
subsets of the real linear system L and one of them has a radially interior point, there 
is a linear functional f#0 on L and a conätant ¢ such that f2con AandfSsconB. 
Among the topics treated are radial interiority, existence of continuous linear func- 
tionals, and support, separation, and non-support properties of convex sets. The prin- 
cipal theorems extend to less restricted spaces results of D. G. Bourgin, J. P. LaSalle, 
S. Mazur, J. W. Tukey, and the author. (Received February 23, 1949.) 


299. N. Metropolis and S. M. Ulam: On motions of systems of 
mass potnts randomly distributed on the infinite line. 
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Assume that =. ` * * a, ' *  isa normal number (in the sense of Borel) in 
‘the binary system corresponding to a system of mass points, each of mass 1 located 
on the infinite line; or the coordinate # if ax=1, or —4 if aupı=1. This distribution 
corresponds to time ¢=0. The points attract each other with forces inversely propor- 
tional to the squares of their respective distances. A study is made of asymptotic 
properties of the motion of such systems. In particular, one proves the existence of 
condensations and super-condensations of various orders. (Received February 18, 


1949.) 


300%. Paolo Nesbeda: On the minimum number of self-tntersecttons 
of a locally simple closed curve. Preliminary report. 


Let g be a L-S-closed curve intersecting itself in a finite number of points, and 
let [g] denote the 0-homotopy class of g. A curve of g which is admissibly deformable 
into a curve g’ without altering the self-intersections and so that on a sufficiently 
small circle with center at an arbitrary self-intersection Q of g’ the four subarcs of g’ 
with end point Q are straight is defined as a curve of model intersections. If the model 
self-intersections are defined to be of type A if the incoming straight arcs are adjacent, 
it is shown that the intersections of g if model and minimum in number are necessarily 
of type A. It is shown further that the minimum number of self-intersections is N = | q! 
—| p—q| —1 where p and q denote the angular order and the order of g with respect 
to 0, respectively. The proof is combinatorial in character. Some of the results and 
methods used are taken from the work of M. Morse, Topological methods in the theory 
of functions of a complex variable. (Received February 18, 1949.) 


301. G. O. Peters: Bernoulli polynomials and numbers of the second 
kind of higher order and of negative order. Preliminary report. 


Nörlund, in his Vorlesungen über Differenzenrechnung, defines Bernoulli poly- 
nomials and numbers of higher order and of negative order. Jordan, in his Calculus 
of finste differences, defines Bernoulli polynomials and numbers of the second kind, but 
does not treat the higher orders or negative orders of these polynomials and numbers. 
The author denotes Bernoulli polynomials and numbers of the second kind, of order # 
and degree v, by b°(x) and 5, respectively, defined by: bi (x) =% =x(e—1)(x—-2) ++ > 
(x—vt1); O(a) =f} TY (adaty Wie) = Dt, ibe) = (etn); om0, 1, 
2,'**;n=0, +1, 2, -+ » . Properties and applications of these polynomials are 
found; one of which allows integration (or differentiation) of certain polynomials, 
which would be tedious by ordinary means, to be performed by summation (or dif- 
ferencing), which becomes simple for these cases. Formulas, involving Sterling’s num- 
bers of the second kind, are found for evaluating the Bernoulli numbers of the second 
kind of higher order. The symmetry of the polynomials is found to be given by 
bi (x) =(—1)b (v—n —1—«). (Received February 18, 1949.) 


302. L. V. Robinson: Intermediate integrals of nonlinear second order 


parttal differential equations by operational methods. 


By means of a differential operator, it is shown how an intermediate integral of a 
nonlinear second order partial differential equation can be easily obtained. (Received 
April 1, 1949.) 

303. Walter Rudin: Uniqueness theory for Laplace series. 
Let P denote a point on S, the surface of the unit sphere. Let Y,(P) be a spherical 
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surface harmonic of degree ». Put AF(P)=lima+, (m(F; P, k)— F(P))/sin? (4/2), 
where m(F; P, h) denotes the mean of F on the circle of intersection of S and the 
sphere of radius 2 sin (4/2) about P. Define A*F(P), As F(P) similarly, with lim sup, 
lim inf in place of lim. The series = >>, Ya(P)CK if — 2 Y,(P)/n(n-+1) is the 
Laplace series of a function F(P) continuous on S. Let Z be a closed set of capacity 
zero on S. The following two theorems are the main result of the paper. I. Let S&K., 
Suppose (a) A*F(P) > — ©, As F(P)<-+- 0 on S—Z; (b) there exists „EL on S$ such 
that A*F(P) 2 y(P) on S. Then AF(P) exists p.p. on S, and £ is the Laplace series of 
YotAF(P). I. Let ZK. Suppose (a) the upper and lower Poisson sums (f* and fe) 
of Z are finite on S—Z; (b) there exists y&L on S such that fe(P) = y(P) on S. Then 
£ is Poisson summable p.p. on S, and is the Laplace series of its Poisson sum. (Re- 
ceived February 9, 1949,) 


304. H. M. Schwartz: Contributions to existence theory of ordinary 
differential equalions in the real domain. 11. 


In part I (Bull. Amer. Math. Soc. Abstract 55-5-521) were discussed conditions 
that are sufficient for the existence, unique or otherwise, of a solution of a system of 
differential equations y? (x) =f, (x, J, ***, Ya) Gel, 2,-+°,n) with preassigned 
value at a given point of the interval of definition I. In the present paper that discus- 
sion is extended in two directions. The requirement of finiteness of the interval I is 
removed, and the conditions of existence of solutions of the required type are shown 
to be the best in a certain specified sense. The extension of the results to the infinite 
interval is based on the following lemma (for related results in the finite interval cf. 
Carathéodory, Reelle Funktionen, I, 1939, pp. 172-180): a sequence of functions uni- 
formly bounded and equicontinuous in an interval J, finite or infinite, contains a 
subsequence uniformly convergent in Z. (Received February 17, 1949.) 


305. W. S. Snyder: Regular points of famsltes of sets. Preliminary 
report. 


Consider families F of closed subsets of a bounded open set G in Euclidean N-space. 
A point x is an «regular point for F if there is a subfamily of disjoint sets ACF 
such that the union x+ Dd xer, x has parameter of regularity (Saks, Theory of the 
` integral, 1937, p. 106) greater than a. Let R(F, a) denote the set of points which are 
a-regular for F, and R(F)= 0", R(F, 1/n) is termed the set of regular points for F, 
The theorem is proved: If the sequence of famılies { Fa}; satisfies the conditions (1) 
each F, is a finite family of disjoint, closed subsets of G, (2) the norm of Fa converges 
to 0 as n= œ, (3) | Decr, x| 28>0, then | > 1 (lim sup, R(Pa, 1/j)}| 28 and 
0<y<1 implies that a2; Fy; y)| >$. In the proof, the author uses standard 
methods of Lebesgue theory. The interest of the theorem is due to its being effectively 
a converse of the Vitali covering theorem. It can be used to prove that certain deriva- 
tives (R. C. Young, Functions of £, and so on, Math. Ann. vol. 29 (1928)) are essen- 
tially independent of the parameter of regularity involved in their definitions. (Re- 
ceived February 23, 1949.) 


306. W. M. Whyburn: Extstence and oscillation theorems for second 
order, nonlinear, differential systems. 
The differential system y'= K(x, y, g; Ajs, Z =G(x, y, 3; A)y, together with two 
linear boundary conditions at two points, is considered. Under mild hypotheses on the 


coefficients of the equations and boundary conditions, the existence of sets of char- 
acteristic numbers for the system is established. Oscillation theorems are given for the 
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characteristic solutions and other properties of these solutions are demonstrated. In 
the present paper, results previously obtained by the author (Trans. Amer. Math. Soc. 
vol. 30 (1928) pp. 630-640, 848-854) are extended. The methods used are similar to 
those of the earlier paper. (Received February 14, 1949.) 


307:. Bertram Yood: Banach algebras of conttnuous functions. 


Let X be a bicompact Hausdorff space and C=C(X, B) be the Banach algebra of 
aul continuous functions f(x) with domain X and values in a commutative Banach 
algebra B with a unit. The norm ||f}| is given by 1.u.b. |]f(«)||, «EX. If the maximal 
ideals of Care all of the form, the set of all fin C such that f(x.) CM, where x»CX and 
M is a maximal ideal of B; then the space of maximal ideals of C is homeomorphic to 
the Cartesian product XX? where Dt is the space of maximal ideals of B. The 
hypothesis of this theorem is verified if B is a *-algebra in the sense of Arens (Duke 
Math. J. vol. 14 (1947) pp. 269-282). Other aspects of the ideal theory of C are also 
considered. (Received February 18, 1949.) 


APPLIED MATHEMATICS 


308. R. A. Clark, Eric Reissner, and G. B. Thomas: On the theory 
of generalised plane stress. 


™“~ 


The authors are concerned with a problem of three-dimensional elasticity for 
bodies bounded by cylindrical surfaces and by two parallel planes at right angles to 
the cylindrical surfaces. It is assumed that the plane portions of the surface are free of 
stress and that the stresses applied to the cylindrical surfaces do not vary along the 
generators of these surfaces. The object of the study is the determination of three- 
dimensional corrections for the two-dimensional theories of plane stress and plane 
strain. For this purpose the direct methods of the calculus of variations are used to 
obtain a system of approximate two-dimensional partial differential equations for 
the three-dimensional problem. The general equations obtained are used for the solu- 
tion of a specific problem. (Received February 23, 1949.) 


309. P. E. Guenther: Numertcal solution of panel heat flow prob- 
lems. ` 


The two-dimensional problem describing the steady flow of heat in a panel from 
sources embedded in a panel to the panel surfaces is complicated by nonlinear bound- 
ary conditions imposed by radiative and convective transfer conditions at the panel 
surfaces. Temperature distributions within the panel for a number of cases involving 
typical operating conditions are determined by relaxation methods. The panel surface- 
temperature distributions so obtained and the rates of heat flow across the panel sur- 
faces computed therefrom are compared with observed values of the same quantities 
determined from operation of a full-scale model panel. The effect of the refinement of 
net size upon improving the agreement between computed and observed results at 
the expense of complicating and extending the calculations is investigated. (Received 
February 23, 1949.) 


310. M. H. Martin: Plane rotational flows. 


Taking the stream function y and pressure p for independent variables, the de- 
termination of the steady, rotational flow of a nonviscous fluid subject to no external 
forces reduces to the integration of the quasi-linear partial differential equation 
(8/8¢) ((dep—99,)/0p) +90 pp+2¢p%p=0, where 6 denotes the angle of inclination of the 
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velocity vector and g=q(y, p), the speed of flow is determined by Bernoulli’s theorem 
when the equation of state for the fluid is given, and the variation of entropy and 
energy from stream line to stream line are prescribed. Flows for which the stream 
lines are isobars or for which 9=0(2) are excluded from the analysis and are treated 
separately. In the latter case a generalization of Prandtl-Meyer flows to rotational 
flows is obtained. The case 8=8(p) leads to a treatment of those-flows in which the 
stream lines are all straight lines. (Received February 24, 1949.) 


3114. Eric Reissner: Note on the problem of twisting of a circular ` 
ring sector. 


It is shown that the partial differential equation for this problem (which is dis- 
cussed on pp. 355-361 in Theory of elasticity by S. Timoshenko) can be integrated in 
closed form when the cross section of the ring sector is a hollow section with thin walls. 
The results obtained correspond in nature to those of R. Bredt for St. Venant torsion 
of cylindrical rods. (Recetved February 14, 1949.) 


GEOMETRY 


312. H. V. Craig and B. B. Townsend: On ceriain extended com- 
ponents of connection. 


The derivatives with respect to the curve parameter of tensors whose first in- 
trinsic derivatives vanish are shown to be linear in the tensors and have the extended 
components of connection, L$% and Las, for coefficients. These relations are applied to 
the problem of obtaining higher order intrinsic derivatives of absolute tensors of all 
orders as complete or reduced range contractions of certain extensors with the ex- 
tended components of connection. These results are used to investigate the reduced 
range and full range contractions of the extended components of connection, L ; 
Lar gao and gro The particular contraction, gg Lea: for M=2, yields a tensor which 
may be used as a characterization of the flatness of a space. (Received February 23, 
1949.) l 


313. F. A. Ficken: Elementary reduction of a matrix to Jordan 
normal form. 


If à is an eigenvalue of M, and L= M —M, one can distinguish, among the vectors 
annulled by L, those which are and those which are not in the column space Cz of L. 
If L2,=0, with Z, in Cr, find Z, such that LZı=Z,, and continue until Lrj = Zp 
with Zi41 not in Cr. Do this for each vector of a basis for the intersection of Cy with 
the nullspace of L. All vectors so produced, along with those eigenvectors not in Cr, 

“span the root space corresponding to A. In this way obtain a basis for the root space for 
each eigenvalue X. In the resulting basis for the whole space, M will be in Jordan 
normal form. It is assumed that the eigenvalues are known; but successive Zz are ob- 
tained, for a given A, merely by introducing a succession of right members for the same 
system of linear equations; neither the adjoint nor powers of M are needed. Justifica- 
tion of the process is based on the Hamilton-Cayley theorem and an analysis of several 
spaces associated with M; elementary divisors are not used. (Received February 17, 
1949.) 


314. G. B. Huff: Cremona’s equations and the properness tnequal- 
. tiles. ; 
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A solution «= { xo; Xi, Xa, ° x} of Cremona’s equations, (1) E Fiat Feat Fo ere 
= mdp], 3x9—m—m— +++ —m=d—p+1, is said to be proper if there exists 
a linear system of plane curves of genus p, dimension d, order x, and having multi- 
plicites xı, x2, ° °°, % at a set of # general points. A proper solution x of (1) also 
satisfies the properness inequalities, (2) Yoxo— yti —yaXs— ' °° © Yna Z0, where y 
ranges over the finite number of characteristicsof Bertini L-curves of yo <xo. By means 
of lemmas concerning minimal order solutions of (1) and (2), the following theorems 
are proved. I. Any solution of (1) satisfying the inequalities (2) is proper for p=0 
and d 20, and there are proper solutions for each d 20. II. Any solution of (1) satisfy- 
ing the inequalities (2) for p=1, d21 is proper; and there exists a proper solution for 
1 sd 59. For d>9, there are no proper solutions. (Received February 16, 1949.) 


315. Jack Levine: Field of parallel vectors in conformally flat spaces. 


If Calp, q) denotes a conformally flat space admitting p non-null and g null fields 
of parallel vectors, it is shown that the only possibilities are C,(1,0) and C,(0, 1). The 
C,(1, 0) is a symmetric Cartan space of class one, and both types are spaces K, con- 
sidered by Ruse in which Rayan ™*f,nRarz, J. London Math. Soc. vol. 21 (1946) pp. 
243-247. Invariant characterizations of a C„(1, 0) and C,(0, 1) are also obtained. 
Canonical forms of the type u~? >_¢,(dx*)2 are derived for the metrics of the spaces. 
The theory of product-spaces as developed by Ficken, Ann. of Math. (2) vol. 40 (1939) 
pp. 892-913, is used to obtain some of the results. (Received February 4, 1949.) 


316. B. E. Mitchell: A real representation of the imaginary line. 


The Laguerre representation of the imaginary point by an ordered pair of real 
points readily lends itself to construction in the complex plane. Such construction, 
however, cannot proceed far nor long, however, without a corresponding dual repre- 
sentation of the imaginary line. Furthermore, since the complex line and the complex 
point are dual elements in the complex plane, when they are united in position their 
representations should be organically united as Study has suggested. The ideal would 
be that if the point and the line are united in position, then their respective representa- 
tions should also be united in position. This ideal is achieved, however, only when the 
line has a real trace and the point is real and lies on the trace. There is, nevertheless, 
a strong organic union in the general case. The real representation of the imaginary 
line is revealed in the discovery of a certain Gudermannian equivalent of the imaginary 
angie of the complex line and its conjugate. (Received April 2, 1949.) 


3171. J. M. Thomas: Nomographic disjunction. 


The constants are from a commutative field. The variable domain consists of the 
triples (x, y, z) obtained as each of the variables independently assumes the values in a 
corresponding given set. Each function assumes for each triple in the variable domain 
a single value from the field of constants. A disjoint is a determinant of order three 
with the following properties: the elements on the sth row are functions of only the 
sth one of the variables x, y, z; at least two of the functions in each row are linearly 
independent (with respect to the field of constants); and the algebraic complements 
of the three functions on each row are linearly independent. A function which equals 
a disjoint is a nomographic function. A function F being given, the author develops 
an algebraic process (disjunction) for finding a disjoint D which must equal Fif F has 
a disjoint. The problem of finding whether F is nomographic is thereby reduced to 
examining whether the single equation F=D is an identity in (x, y, 3). (Received 
February 23, 1949.) 
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STATISTICS AND PROBABILITY 


318. Isadore Blumen: The effect of sertal correlation on the disirtbu- 
tions of certain statistics. 


In obtaining the distributions of many commonly used statistics the assumption is 
made that the observations are independent. However, in time series problems, in 
agricultural experiments, and in other applications, it is frequently more reasonable 
to assume that the observations have a correlation depending on the “distance” be- 
tween them. The exact probability distributions of certain statistics are obtained, 
as well as useful approximations, when it is assumed that the observations are sets of 
normally distributed variables with circular serial and lag correlations. (Recetved 
February 18, 1949.) 


319. A..C. Cohen: Estimating the mean and vartance of truncated 
normal dtsiribuiton. 


In certain types of scientific experiments it sometimes happens that the technique 
of measurement has a known limit beyond which the variate cannot be measured but 
the number of observations falling beyond this limit in any given sample can be 
counted. In this paper the method of “maximum likelihood” has been employed to 
obtain estimates of the mean and variance of normally distributed populations when 
the sample data are thus restricted. Variances of these estimates for large values of n 
are also obtained. (Received February 17, 1949.) 


320. G. E. Nicholson: On the estimatton of the parameters of a 
normal p-variate disirtbution from an incomplete sample. 


In statistical investigations involving multicharacter observations on individuals 
it sometimes happens that certain observations on some of the characters are missing. 
The problem of utilizing these incomplete measurements in the estimation of the 
parameters of the population is treated when it is assumed that the underlying popula- 
tion is multivariate normal. The estimates are obtained in terms of familiar statistical 
quantities and certain conclusions pertaining to statistical prediction are obtained. 
(Received February 18, 194%) 


321. H. E. Robbins and E. J. G. Pitman: Application to the method 
of mixtures to quadratic forms in normal vartates. 


If F,(x) are distribution functions and if c„ are constants such that c,20 and | 
> cam 1, then F(x) = >°c,.F,(x) is a distribution function, called a mixture. Some use- 
ful properties of mixtures are derived and the results are applied to the distribution 
of a positive quadratic form in normal variates and of the ratio of two such forms. 
The solutions are given respectively as mixtures of gamma and of beta distributions, 
with an upper bound to the error involved in replacing the series by finite sums. 
(Received February 18, 1949.) 
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TOPOLOGY 
322. I. C. Gentry: On extending a homeomorphism between subsets 
of 2-dimenstonal ortentable manifolds. Preliminary report. 


Let M, (¢=1, 2) denote two 2-dimensional orientable manifolds of genus ». Let 
K,C Mı be a Peano continuum. Let ¢(Ki)=Ks be a homeomorphism defined over 
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K onto Ka. It is proved that in order that this homeomorphism shall be extendable to 
a homeomorphism ¢’, ¢’(M1) = Mg, it is necessary and sufficient that the following 
conditions hold: (1) e{$(yı) } =e(v1) for every index curve yı of K, where «(yı) is the 
signature of yı. (2) If L, is a linear graph in Kı composed of a finite ‚number of unbe 
closed curves < genus of Mıand Mı—-Liis the sum of Sp o J =1, 2, ‚m, 
ee Ms—#(L:) is the sum of components e,, j=1,2,- +, m, such that (a) if sK, 

T, t then pls) Er and (b) for each j, o, is homeomorphic to oy. This is a generaliza- 
mi of similar theorems by Adkisson and MacLane for the sphere and Knobelauch 
for the torus. (Received February 18, 1949.) 


323. O. G. Harrold: Euclidean domains with untformly abelian 
local fundamental groups. 11. 


In the first paper with this title the author showed that if the complementary sub- 
set to a topological k-cell C in the n-dimensional spherical space ‚S* has uniformly 
abelian local fundamental groups, then the group of S*—C is trivial. In this note the 
same hypothesis is placed on S*—C and the question is considered of what conditions 
may be placed on a subset TC C in order that S*—T have a trivial group. If dimen- 
sion Cen, the problem reduces essentially to one of the first paper. If dimension 
C<n—1, it is sufficient that T be closed. If dimension C= —1, it is sufficient that T 
be an absolute retract. The main obstacle to be overcome when dim C=n—1 is that 
of establishing a sense of two sides for an arbitrary closed, connected subset in the 
interior of C relative to S*— C. (Received February 16, 1949.) 


324. Samuel Kaplan: Extensions of the Ponirjagin duality. II. 
Direct and tnverse sequences. 


Let {HA} bea direct system of topological groups, that is, the index set is directed 
(for every pair A, u, there is a y such that A <y, u <r) and for each pair A <a there isa 
continuous homomorphism ~,:4),—H, such that if A<a<r, then 9, =Pwfrs. The 
direct limst H of the system {Hy} is defined as follows: Let H=P»H), topologized as 
in Kaplan, Extensions of the Ponirjagin duality. I, Duke Math. J. vol. 15 (1948); let 
H denote the subgroup of H generated by all elements of the form 4y— fry, KEM, 
A running rough the entire index set fa}; then S=-H/H.. It is proved that if 
{Ga} (n=1, 2,- » ) isan inverse sequence of locally compact groups and {Ha} the 
“dual” direct sequence of the corresponding character groups, then the inverse limit 
of the G,'s and the direct limit of the H,'s are character groups of each other. (Re- 
ceived February 9, 1949.) 


325. J. W. Keesee: Finttely-valued cohomology groups. 


Following the notation of Spanier (Ann. of Math. (1948) pp. 405-427) define 
Fr(X, A) to be the subgroup of ¢°(X, A) consisting of those P-functions that assume 
only a finite number of elements of the coefficient group as values. H}(X, A) is then 
the cohomology group of X mod A based on elements of Fr(X, A). A homomorphism 
ron Hy(X, A) into H?(X, A) is exhibited, and it is proved that if X is compact 
Hausdorff and A is closed, then r is an isomorphism onto. (Received February 16, 
1949.) 


T. R. HOLLCROFT, 
A ssoctate Secretary 


THE APRIL MEETING IN PHILADELPHIA 


The four hundred forty-sixth meeting of the American Mathe- 
matical Society was held at The University of Pennsylvania, Phila- 
delphia, Pennsylvania, on Friday and Saturday, April 29-30. The 
attendance was about three hundred, including the following two 
hundred forty-three members of the Society. 


C. R. Adams, R. B. Adams, E. J. Akutowicz, A. A. Albert, C. B. Allendoerfer, 
Warren Ambrose, R. D. Anderson, S. I. Askovitz, Iacopo Barsotti, F. D. Bateman, 
P. T. Bateman, F. W. Beal, F. P. Beer, E. G. Begle, Stefan Bergman, Lipman Bers, 
R. J. Bickel, Garrett Birkhoff, A. L. Blakers, W. A. Blankinship, J. H. Blau, R. P. 
Boas, Enrico Bompiani, W. M. Boothby, D. G. Bourgin, R. C. Briant, R. C. Camp- 
bell, P. A. Caris, K. Chandrasekharan, S. S. Chern, P. L. Chessin, Randolph Church, 
Edmund Churchill, J. A. Clarkson, I. S. Cohen, L. W. Cohen, R. H. Cole, Damian 
Connelly, A. H. Copeland, Natalie Coplan, G. F. Cramer, C. W. Crouse, A. B. Cun- 
ningham, H. B. Curry, J. H. Curtiss, D. A. Darling, M. M. Day, C. S. Dias, E. M. 
DiDomenica, M. P. Dolciani, J. L. Doob, C. H. Dowker, Y. N. Dowker, R. H. Down- 
ing, L. A. Dragonette, Aryeh Dvoretzky, J. J. Eachus, Samuel Eilenberg, Bernard 
Epstein, Paul Erdös, G. C. Evans, O. J. Ferrell, Wiliam Feller, N. J. Fine, C. D. 
Firestone, E. E. Floyd, R. M. Foster, R. H. Fox, Gerald Freilich, Orrin Frink, David 
Gale, G. N. Garrison, J. B. Giever, W. M. Gilbert, B. P. Gill, O. E. Glenn, H. E. 
Goheen, H. H. Goldstine, H. H. Goode, M. J. Gottlieb, W. H. Gottschalk, Arthur 
Grad, Emil Grosswald, C. C. Grove, V. H. Haefeli, M. R. Hafner, Harish-Chandra, 
K. E. Hazard, G. A. Hedlund, A. E. Heins, M. H. Heins, Alex Heller, Erik Hemming- 
sen, Coleman Herpel, A. D. Hestenes, T. H. Hildebrandt, Joseph Hilsenrath, T. R. 
Hollcroft, E. M. Hull, Witold Hurewicz, L. C. Hutchinson, K..S. Jacoby, M. L. 
Juncosa, Shizuo Kakutani, Hyman Kamel, Irving Kaplansky, Gilbert Kaskey, W. 
H. Keen, M. E. Kellar, D. E. Kibbey, Fred Kiokemeister, J. R. Kline, T. L. Koehler, 
D. D. Kosambi, H. W. Kuhn, V. V. Latshaw, Solomon Lefschetz, Joseph Lehner, 
Marguerite Lehr, R. A. Leibler, R. B. Leipnik, George Lewis, M. A. Lipschutz, S. R. 
Lipsey, Charles Loewner, E. R. Lorch, Lee Lorch, H. M. Lufkin, D. L. McDonough, 
E. A. McDougle, J. A. McKee, G. W. Mackey, Murray Mannos, M. H. Martin, W. 
T. Martin, W. S. Massey, A. E. Meder, L. I. Mishoe, E. E. Moise, Deane Mont- 
gomery, T. W. Moore, K. A. Morgan, C. R. Morris, Marston Morse, G. D. Mostow, 
T. S. Motzkin, W. R. Murray, A. C. Nelson, Paolo Nesbeda, Morris Newman, C. V. 
Newsom, R. Z. Norman, C., O. Oakley, Paul Olum, F. W. Owens, H. B. Owens, J. C. 
Oxtoby, J. S. Oxtoby, O. O. Pardee, A. J. Penico, F. W. Perkins, I. D. Peters, R. P. 
Peterson, H. P. Pettit, Joel Pitcairn, Everett Pitcher, Pasquale Porcelli, W. W. 
Proctor, M. H. Protter, W. T. Puckett, Gustave Rabson, Hans Rademacher, John 
Raleigh, K. G. Ramanathan, H. E. Rauch, A. G. Rawling, G. E. Raynor, C. J. Rees, 
K. W. Reidemeister, Eric Reissner, Russell Remage, M. M. Resnikoff, C. N. Reyr.olds, 
J. E. Robinson, S. L. Robinson, P. C. Rosenbloom, J. B. Rosser, C. W. Saalfrank, 
Arthur Sard, S. W. Saunders, A. B. Schacknow, A. T. Schafer, R. D. Schafer, Albert 
Schild, Pincus Schub, Abraham Schwartz, G. E. Schweigert, D. B. Shaffer, I” M. 
Sheffer, Seymour Sherman, S. P. Shugert, Edward Silverman, M. L. Slater, M H. 
Slud, Andrew Sobczyk, C. F. Stephens, M. H. Stone, W. J. Strange, A. H. Taub, W, 
R. Thickstun, J. M. Thomas, M. L. Tomber, C. B. Tompkins, D. L. Thomsen, C. A, 
Truesdell, A. W. Tucker, W. J. Turanski, J. R. Van Andel, J. L. Vanderslice, H. E 
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Vansant, A. H. Van Tuyl, Oswald Veblen, Sylvan Wallach, J. L. Walsh, J. B. Walton, 
W. R. Wasow, G. C. Webber, M. A. Weber, J. V. Wehausen, Alexander Weinstein, 
D. W. Western, P. M. Whitman, A. M. Whitney, Hassler Whitney, Albert Wilansky, 
W. G. Wolfgang, Y. K. Wong, Marcella Yarosheski, G, = Young, J. W. Young, L. 
C. Young, Oscar Zariski, P. W. Zettler-Seidel. 


On Friday afternoon Professor G. W. Mackey of Harvard Univer- 
sity gave an address on Functions on locally compact groups. Professor 
M. H. Stone presided. 

President J. L. Walsh presided at the general session Saturday 
morning at which an address was given by Professor K. W. Reide- 
meister of the University of Marburg and Institute for Advanced 
Study on The complexes of a group. Following the address, President 
Walsh presented embossed sets of resolutions of appreciation from 
the Board of Trustees and the Council of the American Mathematical 
Society to Professor Bennington P. Gill, retiring Treasurer of the 
Society. The resolutions adopted by the Council appear in the report 
of the 1948 Annual Meeting. Professor Gill thanked the Board of 
Trustees and the Council and spoke briefly on the expanding ac- 
tivities of the Society during his eleven years’ service. 

President Walsh introduced Professor D. G. Bourgin who presented 
resolutions of thanks to the President, the Mathematics Department, 
and the Museum officials of the University of Pennsylvania for their 
excellent arrangements and cordial hospitality. 

On Friday afternoon there were two sections, one for papers in 
Statistics and Applied Mathematics in which Professor Eric Reissner 
presided, and one for papers in Analysis, Geometry, and Topology in 
which Professor Samuel Eilenberg presided. On Saturday afternoon 
there were two sections, one for papers in Analysis in which Professor 
C. R. Adams presided, and one for papers in Algebra and Topology 
- in which Professor A. H. Copeland presided. 

‘President and Mrs. Harold E. Stassen of the University of Peas 
sylvania received the mathematicians and their guests at a tea in the 
Middle American Hall of the University Museum at 4:30 P.M. on 
Friday. 

The Council met at 2:00 p.m. on April 30. 

The Secretary announced the election of the following ninety-five 
persons to ordinary membership in the Society: 

Mr. Allan Henry Albert, University of Michigan; 

Miss Linda Allegri, Hunter College High School; 

Mr. Raymond William Allen, St. Louis University; 

Mr. Richard Lewis Arnowitt, Cambridge, Mass.; 

Professor Antonio Astorga, Reserve Officers Preparatory Center, Rio de Janeiro, 

Brazil; 
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Mr. Robert Baer, Roosevelt College, Chicago, Illinois; f 

Mr. David Campbell Barton, Roberts Junior College, North Chili, N. Y.; 

Mr. Mohammedali Abdul Ameer Bassam, University of Texas; 

Mr. Vernon Nelson Behrns, University of Buffalo; 

Mr. Fred George Berghoefer, Chicago, Il; 

Helen Virena Betz (Mrs. G. P.), Northwestern University; 

Miss Lollie Belle Bienvenu, Louisiana State University and Agricultural and Me- 
chanical College; 

Professor John Henry Binney, Agricultural and Mechanical College of Texas; 

Mr. Jacob Borsuk, Evans Signal Laboratory, Belmar, N. J.; 

Mr. Joseph Edward Bosshart, Cleveland, Ohio; 

Dr. John R. Bowman, Mellon Institute; 

Mr. Frank Herbert Brownell III, Princeton University; 

Mr, George Hench Butcher, Howard University; 

Mr. William Albert Catenaro, University of Oklahoma; 

Mr. Philip Cooperman, New York University; 

Miss Grace Virginia Crenshaw, Danville, Va.; 

Mr. Fred T. Daly, Ithaca, N. Y.; 

Dr. Walter Lorraine Deemer, Lt. Col., U. S. Air Forces, University of North Carolina; 

Mr. George Henry DeMers, Urbana, Ill.; 

Mr. Bernard Emile Dethier, Nazareth College; 

Professor Louis E. Diamond, Oklahoma City University; 

Mr. John Allen Doggett, Howard University; 

Mr. Robert Leonard Evans, University of Minnesota; 

Mr. Frank Davıd Faulkner, University of Michigan; 

Professor James Kern Feibleman, Tulane University of Louisiana; 

Mr. Marvin Julian Forray, Polytechnic Institute of Brooklyn; 

Mr. Jerome Bernard Freier, New York University; 

Mr. William Barkley Fritz, Ballistic Research Laboratory, Aberdeen Proving Ground, 

Md.; 

Mr. Robert Arthur Fuchs, University of California; 

Dr. Boris Garfinkel, Ballistic Research Laboratory, Aberdeen Proving Ground, Md.; 

Mr. Dal Charles Gerneth, Sherman, Texas; 

Mr. Gene Heiden Gleissner, College of Pharmacy, Columbia University; 

Professor Frederick George Graff, Oberlin College; 

Mr. Oliver Alfred Gross, Rand Corporation, Santa Monica, Calif.; - 

Miss Rose Ann Grundman, University of Arizona; 

Mr. Benjamin Franklin Handy, Jr., National Bureau of Standards, Washington, 
D.C, 

Mr. Frank Sylvester Hawthorne, Hofstra College; 

Dr. Alberta H. Henry, Brooklyn College; 

Professor Mildred Elizabeth Hull, Wilkes College; 

Professor Lamek Hulthen, Royal Institute of Technology, Stockholm, Sweden; 

Mr. William Elliott Jenner, University of British Columbia; 

Commander Walter Hughes Keen, U. S. Navy, Princeton University; 

‘Mr. Ralph Craig Kennedy, National Broacasting Company, New York, N. Y.; 

Miss Evelyn Kendrick Kinney, University of Illinois; 

Mr. Robert Elmer Kruncklin, American Viscose Corporation, Philadelphia, Pa.; - 

Mr. Ke-chan Kuo, University of Illinois; 

Mr. Paul Gustav Kvick, Columbia University; 

Dr. Robert Steven Ledley, Columbia University; 
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Mr. James A. Lemon, Fenn College; 

Miss Dinah G. Levine, Polytechnic Institute of Brooklyn; 

Mr. Leo Meyer Levine, Naval Shipyard, Brooklyn, N. Y.; 

Dr. Mark Lotkin, Ballistic Research Laboratory, Aberdeen Proving Ground, Md.; 

Miss Hilda Marie Lucy, Howard University; 

Mr. Robert Kinsey McConnell, Jr., New York University; 

Dr. Clifford Joseph Maloney, Research and Development Department, Camp 

Detrick, Frederick, Md.; 

Mr. John Maurice Marr, University of Missouri; 

Mr. Norman M. Martin, University of Illinois; 

Dr. John George Meiler, Coos Bay Lumber Company, Coos Bay, Ore.; 

Professor John Graham Millar, University of Alberta, Calgary, Alta., Canada; 

Mr. Paul Dixon Minton, University of North Carolina; 

Miss Mabel D. Montgomery, University of Buffalo; 

Mr. August Carl Nelson, Jr., University of Delaware; 

Mr. Cesar Dacorso Netto, Rio de Janeiro, Brazil; 

Professor Helen Olney, Hiram College, Hiram, Ohio; 

Professor Richard Robert Otter, University of Notre Dame; 

Mr. Bertram Samuel Page, Brotherton Library, University of Leeds: 

` Mr. Stephen Tyler Paine, Institute for Numerical Analysis, National Bureau of 
Standards, University of California at Los Angeles; 

Dr. Otway O’Meara Pardee, Syracuse University; 

Mr. Jerome Kenneth Percus, Columbia University; 

Professor Iland Dee Peters, West Virginia University; 

Mr. Aihud Pevsner, New York, N. Y.; 

Mr. George Walter Reitwiesner, Ballistic Research Laboratory, Aberdeen Proving 
Ground, Md.; 

Professor Antonio Romero-Juarez, University of Mexico; 

Mr. Nicholas John Rose, Stevens Institute of Technology; 

Mr. Paul Talbot Rotter, Mutual Benefit Life Insurance Company, Newark, N. J.; 

Mr. Theodore Rubin, Fairchild Engine and Airplane Corp., Oak Ridge, Tenn.; 

Mr. Edward Lee Schlain, Moore School of Electrical Engineering, University of 
Pennsylvania; f 

Mr. David Jerome Smith, University of Notre Dame; 

Mr. Harry Smith, Jr., University of Delaware; 

Mr. James Edward Snover, Sampson College, Sampson, N. Y.; 

Mr. Anson Donald Solem, Naval Ordnance Laboratory, White Oak, Silver Spring, 
Md.; 

Mr. Nathaniel Hawthorne Stevens, Franklin School, New York, N. Y.; 

Mr. Joseph A. Sullivan, Indiana University; 

Professor Henry William Syer, Boston University; 

Mr. Gerald Luther Thompson, University of Michigan; 

Mr. William Thomas Tutte, University of Toronto; 

Mr. Robert Ullman, Polytechnic Institute of Brooklyn; 

Mr. James Hatton Wahab, University of North Carolina: 

Mr. Wiliam Guinn Wolfgang, Altoona Center, Pennsylvania State College; 

Dr. Albert Wolinsky, New York University. 


It was reported that the following twenty-two persons had been 


, elected to membership on nomination of institutional members as 
indicated: 
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Brown University: Mr. Edward Forrest Moore; 
Harvard University: Messrs. Seymour Hayden, Henry Helson, George Graham 
Murray, Henry Gardner Rogers, William J. Turanski, Neal Thomas Watson, 

Harold Weintraub, John Wermer, and Vidar Michael Wolontis; 

Haverford College: Mr. Cloyd Marvin; 
Institute for Advanced Study: Dr. Verena Huber Haefeli, Professor Kazimierz 

‘Kuratowski, Dr. Kurt Mahler, and Professor Andrzej Mostowski; 

University of Minnesota: Mr. Philip George Kirmser; 

Pennsylvania State College: Messrs. Winton Laubach and Richard Wesley Wonn; 

Purdue University: Messrs. James Dawson McKnight, Jr., Bill VanTrump Ritchie, 
Eugene Usdin; 

University of Rochester: Mr. Arthur Edward Danese. 

The Secretary announced that the following had been admitted to 
the Society in accordance with reciprocity agreements with various 
mathematical organizations: London Mathematical Society: Pro- 
fessor Joseph Langley Burchnall, Durham University; Dr. Mary 
Lucy Cartwright, Girton College, Cambridge University; Professor 
John Kronsbein, Evansville College, Evansville, Ind.; Dr. Samuel 
. Verblunsky, Queen’s University, Belfast, Northern Ireland; Dr. 
Thomas James Willmore, Durham Colleges, University of Durham; 
Société Mathématique de France: Mr. Raymond George Ayoub, Mc- 
Gill University; Professor Georges Bourion, University of Algiers; Dr. 
Ion Carstoiu, National Center of Scientific Research, Paris; Pro- 
fessor Pierre Jacques Lelong, University of Lille; Swiss Mathe- 
matical Society: Dr. Harry Ernest Rauch, Rutgers University; 
Wiskundig Genootschap te Amsterdam: Professor Hans Freudenthal, 
University of Utrecht. 

The following actions taken by mail vote of the Council were re- 
ported: election of Professors Samuel Eilenberg, T. H. Hildebrandt, 
Saunders MacLane and W. T. Martin as members of the Executive 
Committee of the Council, the first two to serve for a term of one 
year beginning January 1, 1949, and the second two for a term of two 
years; acceptance of statement of policy in connection with papers 
submitted to the Transactions; acceptance of a manuscript by Pro- 
fessors A. C. Schaeffer and D. C. Spencer, entitled Coeffictent regions 
of schlicht functions, for publication in the Colloquium Series; author- 
ization of the appointment of a committee to organize an experiment 
in the reproduction of research by methods other than letter press; 
acceptance of a manuscript by Professor J. L. Walsh, entitled The 
location of critical poinis, for publication in the Colloquium Series. 

The following appointments of representatives of the Society were 
reported: Professor J. L. Walsh at Mid-Century Convocation and 
inauguration of James Rhyne Killian, Jr., as President of Massa- 
chusetts Institute of Technology on March 31-April 2, 1949; Pro- 
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fessor C. O. Oakley at Fifty-third Annual Meeting of the American 
Academy of Political and Social Science on April 8-9, 1949; Professor 
Gillie A. Larew at the inauguration of Walter Stephenson Newman as 
President of Virginia Polytechnic Institute on April 18, 1949; Pro- 
fessor A. E. Landry at the inauguration of Rev. Hunter Guthrie 
as President of Georgetown University on April 30-May 1, 1949; 
Professor S. S. Cairns at the inauguration of Delyte Wesley Morris 
as President of Southern Illinois University on May 5, 1949; Profes- 
sor D. C. Lewis, Jr., at the inauguration of Otto Frederick Kraushaar 
as President of Goucher College on May 6-7, 1949; Professor Lincoln 
LaPaz at the inauguration of Thomas Lafayette Popejoy as Presi- 
dent of the University of New Mexico on June 4, 1949. 

The following additional appointments by the President were re- 
ported: Professor R. W. Brink as a member for the period 1949-1951 
and Professor C. B. Allendoerfer as Chairman for 1949 of the Com- 
mittee on Places of Meetings (committee now consists of Professors 
C. B. Allendoerfer, Chairman, R. W. Brink, and R. L. Wilder); 
Professors William Feller (Chairman), G. A. Hedlund, and M. H. 
Heins as a Committee to Select Gibbs Lecturers for 1950 and 1951; 
Professors T. H. Hildebrandt (Chairman), S. S. Cairns, L. M. Graves, 
J. W. Green, and W. T. Martin as a Committee to Nominate Officers 
and Members of the Council for 1950; Professors A. J. Kempner 
(Chairman), J. R. Britton, H. M. Gehman, J. W. Green, C. A. 
Hutchinson, B. W. Jones, Claribel Kendall, and O. H. Rechard as a 
Committee on Arrangements for the 1949 Summer Meeting; Profes- 
sor E. R. Lorch (Chairman), Miss Grace Bolton, Professors T. F. 
Cope, H. M. Gehman, B. P. Gill, T. R. Hollcroft, S. B. Littauer, and 
Walter Prenowitz as a Committee on Arrangements for the 1949 © 
Annual Meeting; Professors B. P. Gill (Chairman), Samuel Eilen- 
berg and P. A. Smith as a Committee to Study Special Methods of Re- 
producing Mathematical Research; Professors A. W. Tucker (Chair- 
man), R. P. Boas, Samuel Eilenberg, J. R. Kline, R. E. Langer, and 
C. J. Rees as an Emergency Publication Committee; Professors T. 
F. Cope and B. P. Gill as auditors of the Society’s accounts for 1949. 

The following items were reported for the information of the 
Council: appointment of Professor L. M. Graves as Chairman of the 
Editorial Committee for the International Congress (to replace Pro- 
fessor Salomon Bochner, resigned); appointment of Dean A. E. 
Meder as an additional member of the Financial Committee of the 
Congress; selection of Professors Nelson Dunford and M. H. Stone 
as Chairmen of the Mathematical Surveys and Mathematical Re- 
views Editorial Committees, respectively, for 1949; establishment of 
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a reciprocity agreement between the Society and the Norwegian 
Mathematical Society; receipt of a letter of thanks from London 
Mathematical Society for a gift of journals and books; acceptance 
from Professor Norbert Wiener of invitation to deliver the Gibbs 
Lecture at the 1949 Annual Meeting; approval by the Committee on 
Applied Mathematics of sponsorship by the Society of the following: 
Conference on Applied Mathematics of the American Institute of 
Electrical Engineers in New York City on January 31, 1949; Heat 
Transfer and Fluid Mechanics Institute at the University of Cali- 
fornia-in June, 1949; Conference on Fluid Dynamics at the Univer- 
sity of Illinois’in the spring of 1950. 

On recommendation of the Organizing Committee of the Interna- 
tional Congress, the Council authorized extending invitations for 
hour addresses to twenty-seven mathematicians instead of to twenty- 
four, the maximum number recommended by the Eisenhart Report 
adopted by the Council in 1937. It was also reported that Congress 
fees had been set at $15.00 for full membership and $7.50 for associate 
membership. 

The Council voted to recommend to the Truite that the sub- 
scription prices for Mathematical Reviews be increased to the fol- 
lòwing: list price, $20.00 per volume; price to members of sponsoring 
organizations, $10.00; price to reviewers, $5.00. 

It was reported that Professors Børge Jessen and F. B. Jones had 
been invited to deliver hour addresses at the 1949 Summer Meeting. 

Recommendations were presented from the Emergency Publica- 
tion Committee which had also been approved by the Committee on 
the Role of the Society in Mathematical Publication. The Council 
adopted the following recommendations, designed to relieve the 
Society’s publication crisis: 

(1) That the present green issues of the Bulletin be published as a 
separate new journal, to be known as the Proceedings of the Ameri- ~ 
can Mathematical Society. It is hoped that it may be possible to print 
the Bulletin (present green issues) by photo-offset process, with 
considerable saving to the Society. Until the question of individual 
membership dues is re-studied, members will receive both the 
Bulletin and the Proceedings. 

(2) That a new medium of publication be created, as soon as 
possible, for longer papers and groups of cognate papers, this medium 
to be known as the Memoirs of the American Mathematical Society. 
The Memoirs are to be under the editorial control of the Transactions 
Editorial Committee, with the same standards as the Transactions. 
The Memoirs are to be a non-periodical but serial publication, in 
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this respect like Mathematical Surveys and the Colloquium Publica- 
tions, and are to be issued and sold in separate volumes. The Memoirs 
are to be reproduced by photo-offset from copy completely prepared 
by the authors, following instructions formulated in a manual, but 
not restricted in style. Because of the financial commitments involved, 
the question of the Memoirs was referred to the Board of Trustees for 
final action. If approved by the Board, it is hoped that the Memoirs 
may be started late in 1949 or early in 1950. 

The following items were referred to a special committee to be 
appointed by the President: the recommendation that the per page 
rate on which institutional membership dues are based be increased 
from $2.75 to $5.00; the suggestion that the terms of individual mem- 
bership be reconsidered, in light of the changes in the Society’s pub- 
lication program suggested above; the question of the relation :be- 
tween the Society and institutional members which publish mathe- 
matical journals. 

It was reported that the Policy Committee for Mathematics had 
been studying questions concerned with the possible establishment 
of a mathematical foundation for the purpose of securing financial 
support from industry and other interested groups, the recommenda- 
tions to Selective Service in connection with students in all fields of 
academic endeavor, and an International Mathematical Union. 

The Council, on recommendation of the Policy Committee, ap- 
proved the by-laws and statutes of the International Union of Theo- 
retical and Applied Mechanics and voted to continue the Society's 
representation on the United States Committee on Theoretical and 
Applied Mechanics, the group through which the United States has 
adhered to the Union, and to recommend to the Trustees that a 
contribution be made to this Committee. 

The Council voted to schedule meetings as follows: November 25- 
26, 1949, at Illinois Institute of Technology; southeastern meeting 
of 1950 at Oak Ridge Laboratories; spring eastern meeting of 1950 
in Washington, D.C. 

The Council voted not to make available to authors reprints of 
articles appearing in the Proceedings of Applied Mathematics Sym- 
posia but voted that one copy of the whole volume should be given to 
each author. 

Abstracts of the papers read follow below. Papers whose abstract 
numbers are followed by the letter “#” were read by title. Paper 
number 336 was read by Mr. Kuhn, paper number 339 by Mr. Por- 
celli, paper number 342 by Professor Rosenbloom, paper number 365 
by Miss Whitney, and paper number 390 by Dr. Blakers. Mr. 
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Szekeres was introduced by Professor T. R. Hollcroft, Mr. Moore by 
Professor Herbert Federer, and Mr. Shanks by Dr. A. H. Van Tuyl. 


ALGEBRA AND THEORY OF NUMBERS 


326i. A. A. Albert: A theory of irace-admisstble algebras. 


Power associative algebras have been defined by many sets of identities (such-as 
those defining Jordan algebras, alternative algebras, right alternative algebras, and 
standard algebras) and have been studied successfully only by the use of a trace 
function. The author now takes a major step forward in the study of such algebras 
by the derivation of a complete structure theory of all trace-admissible power asso- 
ciative algebras whose radical is defined to be the maximal nilideal. Then semisimple 
algebras are direct sums of simple algebras, the attached algebra A‘ is always a 
semisimple Jordan algebra, and all (semisimple) simple algebras are either Jordan 
algebras, flexible algebras of degree two, or simple quasi-associative algebras (that is, 
algebras obtained from simple associative algebras by redefining the product to be 
x: y= day + (1 —A)yx for A in the base field). This reduces the study of power associa- 
tive algebras defined by sets of identities to the study of the radical and the proof of 
trace-admissibility. It shows that algebras defined by new sets of identities will either 
require study by a new tool or will yield no new simple algebras. (Received April 7, 
1949.) 


3271. P. T. Bateman and Sarvadaman Chowla: Averages of char- 
acter sums. 


The authors consider the arithmetic means of the sums S(#) = Ds x(m), where 
x is a primitive residue character modulo k. Among the results obtained are a stronger 
form of Paley'’s Q result for S(#) and, for the case x(—1)=1, a simple proof of 
Davenport’s theorem that | L(s, x)| <CkUMN/A, where s is a fixed complex number 
such that 0 <e = R(s)<1 and C depends only on s. (Received March 18, 1949.) 


328. P. T. Bateman and Sarvadaman Chowla: Remarks on the 
size of L(1, x). 

Among other things it is proved that | }>-_, (#/p)/n| <C log p/(log log $) for 
infinitely many primes p, (n/p) being the Legendre symbol. (Much better results in 
this direction are of course known for real primitive characters to unrestricted 
moduli.) In the other direction it is proved that if x is a primitive residue character 
modulo k, then L(1, x)<C$(k) log k/k, where L(s, x) is Dirichlet’s function, & is 
Euler’s function, and C is a constant; this is valuable for those $ which have many 
distinct prime factors. (Received March 18, 1949.) 


3291. P. T. Bateman and Sarvadaman Chowla: Proof of a state- 
ment of Paley. 


The statement proved is that if x is a primitive residue character modulo k, bis a 
fixed positive number, and n <k/2(log k)®, then | ae x(m) | < CR"? log log k, where 
C is a constant depending upon b. (Received March 18, 1949.) 

330. Richard Bellman: Ramanujan functions and expansions in 
algebratc number fields. Preliminary report. 


It is shown that Ramanujan functions, C,(r) (cf. Hardy, Ramanujan'’s work, 


, “s 
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$11), can be defined over any algebraic number field, and that expansions analogous 
to those found by Ramanujan for o~.4),¢(#) and other number-theoretic functions 
hold for the arithmetic functions s_,(a4)= I,N(b)“*, D(a) = $1, (D(a) =5)(a)), 
where the summation is over the ideals b that divide the ideal a. These expansions 
can then be used to obtain mean values (cf. Bellman, Proc. Nat. Acad. Sci. U.S.A. 
(1948)). (Received March 21, 1949.) 


331% R. C. Buck: Canonical mappings and algebraic structures. I. 


Let Sand K be sets, SC_K, such that no element of S is a subset of K. The kier- - 
archy of S is defined to be the minimal set 4S such that: (1) SCLASC_K, (2) if AChS 
and P(A)CK, then P(A)C_AS. Denote by A:B the set of all functions mapping A 
into B. Then to each fCA:B there corresponds a unique function fCAA:AB, the 
maximal canonical extension of f. An element a of 4S is said to be canonical if f(a) =a 
for every f which is a one-to-one mapping of S onto S. It is then shown that a large 
body of familiar structures, some of which are termed “natural” in the Eilenberg- 
MacLane theory, are, in the present sense, canonical elements, mappings, or equiva- 
lences. Illustration: Let G and F be sets, G* =G: F, G**=G*: F, Then any multiplica- 
tion O on G induces canonically a corresponding operation ® on G** which agrees 
with O under the canonical map of G into G**, In the familiar case, @ is convolution. 
(Received March 18, 1949.) 


332. R. C. Buck: Canonical mappings and algebrasc structures. 11. 


An algebraic structure on the set S is a subset S of AS, the hierarchy of S. Two 
algebraic systems (A, c£) and (B, B) are isomorphic if there is a function f which 
maps A one-to-one onto B such that f maps «4 onto B. Let R=E:S, the cartesian 
product of S over E. Problem: given a structure on S, is it possible to describe a gen- 
eral procedure for canonically inducing a “corresponding” structure on R, and which 
sorts of structure are admissible? Partial answers are given for this decision problem in 
the case of “elementary” algebras and topological algebras, formulated in terms of an 
analysis of the structure by canonical elements in general relation algebras. Example: 
if (S, S ) is an elementary algebra, then any statement about the structure of S which 
may be expressed as a conjunction of statements p~+g, where p and gare conjunctions 
of atomic statements, is admissible. (Received March 18, 1949.) 


333t. Leonard Carlitz: Congrega for the coeficients of the Jacobi 
elliptic funcitons. 


Let ka be integral (mod p), where p is a fixed odd prime, and put sn* (x, k3) 
=f m an W/m), 80 that the a” are integral (mod p). It is proved that 
2a 1C a a, nl (mod pr) for mer21. Using this result and the 
multiplication theorem for an x, it is proved that >.” ap AD) Crea, rar 0 
(mod p"), where m>r 31, #- —1}m, Tm =Bu/m and x/sn x= 3 Be /x*/ml. (Received 
April 8, 1949.) 


334. Mary P. Dolciani: On — problem with non-integral ex- 
ponents. 


Let c be a real, non-integral number greater than one. B. Segal (Ann. of Math. 
vol. 36 (1935) pp. 507-520) has discussed the number of representations of any suff- 
ciently large positive integer in the form $ e, [x] where each x; is an integer. The 
result which he obtained corresponds fairly well to the inequality G(&) S(k— 2)2#"1+5 
by Hardy and Littlewood in Waring’s problem with integral kth powers. The author 
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improves Segal’s result by employing methods and inequalities developed largely by 
Vinogradow. (Received March 18, 1949.) 


3351. Herbert Federer and Bjarni Jönsson: Some properties of free 
groups. 


In this paper the methods introduced into the theory of free groups by Jacob Niel- 
sen are applied and extended. It is shown that if Nielsen reductions are applied af 
random to a finite sequence of elements of a free group, then the process will terminate 
after finitely many steps and yield a free generating set for the subgroup generated 
by the given elements. It is proved that if G is freely generated by the set X and_if a 
subgroup H of G is well ordered in any manner consistent with X-length, then X is 
freely generated by the set of all those elements which are not expressible in terms of 


preceding elements. The homomorphisms of free groups into free groups are com-' 


pletely described by the theorem that if f is a homomorphism of a free group G onto a 
free group H, then G is expressible as a free product of two subgroups such that f maps 
one factor isomorphically onto H and f maps the other factor onto the identity ele- 
ment of H. The answer to the question whether a given finite subset of a free group 
generates a free factor of this group is shown to be finitely computable. (Received 
February 15, 1949.) 


336. David Gale, H. W. Kuhn, A. W. Tucker: Symmetrizing a 
game. 


Let G be a zero-sum two-person game with m pure strategies for “white” and n for 
black.” Form a symmetric game S with m+n +1 pure strategies for each player to 
correspond, respectively, to the m white and the » black strategies of G and the 
privilege of “calling off.” For a white strategy against a black, or vice versa, the pay-off 
in S is just that in G; against a white or a black strategy a call-off wins or loses one 
unit, respectively; otherwise the pay-off in S is zero. Theorem: A necessary and sufh- 
cient condition that the game G have a positive value v for white and have optimal 


mixed strategies (xı, ° * ° , £m) and (yı, * * * , Ya) for white and black, respectively, 
is that the symmetric game S have an optimal- mixed strategy proportional to 
(41, °° * , Xm, Ju °° * 1 In, D). (Received March 18, 1949.) 


3371. W. J. LeVegue: On number-theorettc funcitons of two vart- 
ables. 


The author investigates the possibility of extending the definition of multiplicativ- 
ity for functions of one variable to functions of two variables, under the restriction 
that the function corresponding to >, Jla /(@) should also then be multiplicative in the 
same sense. It is shown that of the four definitions proposed, the only one satisfying 
this requirement is such that every function f of this sort is the product of two multi- 
‚plicative functions of one variable, that is, that f(a, b) =g(a)h(b). It is also shown that 
if f(a, b) is a function of the single variable d=(a, b), say f(a, b)=v(d), and if 
I, vl) / converges absolutely to the number A, then lim (1/n%) I, , ¥((a, b)) 
=6A /#*. (Received March 15, 1949.) 


3381. W. J. LeVeque: On the number of representations of an integer 
as a sum of consecutive integers. l 


Let y(m) be the number of representations of m in the form (r-+1)+(r+2)+--- 


` 


+ 
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+s, where s>r 20. It is shown that (1/r) >> y(m) = (1/2) log n+(2y+2 log 2—1)/4 
+O(n-2), and that if sa(w) is the number of positive integers mn for which 
y(m) S 2k log niw (log log nV then lima» Sa(w)/n=1/(20) V3 fe e-*/3dx, for every real 
w. The proofs depend on the relation y(m) =7(#), where r(m) is the number of di- 
visors of n, and 7 is the largest odd divisor of m. Generalizations are indicated for the 
number of representations of m as a sum of integers in any of the arithmetic progres- 
sions with fixed difference d>1. (Received March 15, 1949.) 


339. Pasquale Porcelli and Gordon Pall: A theorem on quadratic 
residues. 


By using a fundamental property of Farey Series the following theorem is proved: 
“If p is an odd prime and D is the quadratic residue of p, and if the integers 4 and k 


satisfy h—1 Spand k = [p/h], then at least one of 12, 23, - - - , k? will be congruent to 
at least one of D, 4D, » - - , (A—1)3D. The case 4 =2 is well known. (Received March 
16, 1949.) 


340. R. D. Schafer: Inner derivations of non-assoctattve algebras. 


A definition of inner derivation for non‘associative algebras is given, and is ap- 
plied to alternative and Jordan algebras. (Received April 21, 1949.) 


3411. G. Szekeres: Determination of a certain family of fintte meta- 
beltan groups. 


The object of the author is to determine all the finite abstract groups G which 
have an abelian invariant subgroup A with cyclic quotient group F=G/A. It is as- 
sumed that for any p\ o(A), py o(F). The algebraic equivalent of the problem is to 
set up all the finite abelian operator p-groups whose ring of operators is homomorphic 
to R=I[x]/(x*—1, p*) where I[x] is the ring of polynomials in x with integral coefh- 
cients, p is a prime and (n, p?)<p?. R is not a principal ideal ring, hence an inde- 
composable R-group is not necessarily “cyclic.” The different types of indecomposable 
R-groups are completely determined and characterized by a set of numerical in- 
variants. The solution for the corresponding abstract group-theoretical problem is 
then obtained in a fairly straightforward manner. Among the numerous applications 
perhaps the most significant is the determination of all the -groups which have 
abelian subgroups of index p. An asymptotic formula is obtained for the number of 
such groups of order p* if n is fixed and # is large, also an estimate for the order of 
magnitude of this number if p=2 and » is large. (Received February 11, 1949.) 


x ANALYSIS 
342. J. Aczel and P. C. Rosenbloom: On quast-linear operations. 


Let S be a linear vector space over the field of real numbers, E be a convex subset 
of S, and let Ọ be a real-valued function on E such that (1) U((fi-+g)/2) = U((fa+¢) /2) 
whenever fi, fa, gTE and U(f) = U(f), (2) U(f +(1—i)g) is continuous in 0<i#S1 
for every f, gEE. Then there is a linear functional L on S and a strictly monotonic 
continuous function ¢ such that U(f) =¢(L(f)) for all (CE. This implies results of de 
Finetti and others on mean values. Conditions are obtained under which (1) and the 
monotonicity of U in a suitable sense imply (2). A representation theorem is also 
obtained in the case of an operation U whose range is an arbitrary linear topological 
space. (Received February 15, 1949.) 
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343. Lipman Bers: Boundary value problems for minimal surfaces 
wiih a singularity at infinity. 


The method announced previously for proving the existence of a gas flow obeying 
the linearized pressure-volume relation past a given convex obstacle (see the paper 
On existence theorem in two-dimensional gas dynamics to appear in the Proceedings of 
the First Symposium on Applied Mathematics) is extended to various other boundary 
value problems for minimal surfaces with a prescribed singularity at infinity. A typical 
, problem is: to determine a minimal surface which winds itself around a given cylinder, 
cuts the cylinder under a right angle, possesses at infinity a tangent plane orthogonal 
to the directrix of the cylinder. Existence theorems (but no uniqueness theorems) 
are proved for this and other problems involving the integration of the minimal sur- 
face equation in a domain exterior to a curve P. The condition that P be convex used 
in the previous paper is replaced by a weaker (though probably still unnecessarily 
restrictive) condition. The existence proof consists in reducing the boundary value 
problem to a mapping problem which is shown to be equivalent to a nonlinear integral 
equation. Using the Léray-Schauder method and the theory of conjugate functions, it 
is shown that the integral equation has a solution. (Received March 18, 1949.) 


3444. Salomon Bochner and K. Chandrasekharan: On Fourter 
series of La functions. 


If f(x) =f(m, > +, a) is a periodic function in each variable, belonging to the 
Lebesgue class Ls, and if (*) fi [5°(R)}%dR=0(u) as u— œ, for some 8>(k—1)/2, 
where ‚S®(R) is the 8th Riesz mean of the Fourier series of f, when summed spherically, 
then f {fp(u)}%du =0(t) for p=d+(3—k)/2, t—0, where fp(u) is the pth spherical 
mean of f; and the statement holds for ô «(k —1)/2 provided that (*) holds uniformly 
in an interval (k-1)/2 S$8<>». This is reciprocal to a previous theorem of the authors 
(Ann, of Math. vol. 49 (1948) pp. 966-978), and seems to be new even in the case of 
one variable. (Received March 16, 1949.) 


345. W. M. Boothby: Topology of the level curves of harmonic func- 
tions with critical potnts. 


It was proved by W. Kaplan, Trans. Amer. Math. Soc. vol. 63 (1948) pp. 514-522, 
that (1) for every curve family F filling the xy-plane which is regular (that is, locally 
homeomorphic to parallel lines) at every point of the plane, there exists a simply- 
connected domain D of the xy-plane and a homeomorphism carrying the plane onto D 
such that F is transformed onto the family of level curves of a function f(x, y) har- 
monic in D; and (2) the family F may be decomposed into non-overlapping, simply- 
connected subfamilies in each of which F is homeomorphic to the parallel lines of a 
half-plane. (1) gives a topological characterization of the level curves of a harmonic 
function with nonvanishing derivatives in a simply-connected domain; and (2) gives 
a decomposition of the Riemann surface of the inverse of a function which 1s analytic 
with nonvanishing derivative in a simply-connected domain into fundamental 
domains. In the present paper the author extends (1) and (2) to the case of curve 
families with a finite or infinite number of isolated singularities of the saddle or branch 
point type, and incidentally proves that a family of this type is homeomorphic to the 
solution family of a system of differential equations. (Received February 23, 1949.) 


346%. D. G. Bourgin: Approximately multiplicative transformations 
on continuous funciton rings. 
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Several definitions are given for approximately multiplicative transformations. 
For iristance, the departure from strict multiplicativity of the transform of a product 
may be dominated by the infimum of one function multiplied by the norm of the other 
when, say, the underlying spaces are compact. Under weak auxiliary conditions the 
homeomorphism of the spaces can be asserted. (Received March 28, 1949.) 


347t. O. J. Farrell: On approximation by nonvanishing functions. I. 


Let w=f(z) be analytic and bounded and have & zeros in a limited simply con- 
nected region G. Let S denote the closed set of functions F(z) which are analytic in 
G and vanish there either identically or not at all. For every F(z) there is a a=upper 
bound [| Fe) —f(z)| , in G] and there is at least one F(s) for which » equals the 
greatest lower bound M of all p. Let R denote the Riemann configuration over the 
w-plane onto which G is mapped by w=f(s). Let w =ô be a point nearest the origin 
w=() from among the boundary points of R which do not correspond also to interior 
points of G. Let D denote the largest of the radii of k-valence (see Seidel and Walsh, 
Trans. Amer. Math. Soc. vol. 52 (1942) p. 162) at the points w, w, see, wv, of 
R which lie over the origin w=0. It is found that DS MS| | and that every function - 
F,(z) for which upper bound [| A(s)—f(z)|, z in G]SD’<Dy(w?) has at least as 
many zeros in G as the number of sheets belonging to the region Raw? ’), In this 
initial paper better appraisals on M are obtained in certain restricted cases. Ap- 
proximation by nonvanishing rational functions is considered. (Received March 17, 
1949.) 


348. O. J. Farrell: On approximatsion to a k-valent function by func- 
tions of lesser valence. I. 


Let w=f(z) be analytic and bounded and k-valent, 1<k, in a limited simply con- 
nected region G. The class of functions which are analytic and either A-valent at most 
or identically constant in G form a closed set T,. For every function g(3) of this set 
there is a A, =upper bound [g(e) —f(z)| , 3 in G] and in the set Ta there is at least 
one function whose A, equals the greatest lower bound La of all Ax. With each point 
w =w covered by the Riemann configuration R onto which G is mapped by w=f(z) 
there can be associated a greatest radius C,(w,) of precise j-coverage. Let C, denote 
the greatest of all C,(w,) and CS the greatest of all C; for which 73%. Denote by K 
the radius of the smallest circular biscuit cutter which will contain R. For 4<k it is 
found that Cp, SLa SK. Some resultsare also obtained on the order of multivalence 
of approximating functions. Included is an initial study of appraximation by ra- 
tional functions of specified valence. (Received March 17, 1949.) 


349, Gerald Freilich: On the measure of Cariesian product sets. 


Let F represent the k-dimensional integral-geometric (Favard) measure over 
Euclidean #-space, En (see H. Federer, The (¢, k) recttfiable subsets of n-space, Trans. 
Amer. Math. Soc. vol. 62 (1947) p. 122). If the following five conditions hold: (1) A 
and B are perpendicular subspaces of E. of dimensions a and b respectively, (2) k £a, 
(3) Sisan F -measurable subset of 4 with F*(S) <o, (4) T isan F}-measurable sub- 
set of B with F(T) < œ, (5) S+7={(s+é)|sGS and ET}, then it is shown that 
i (S+T) =F: (S) . F(T). Besicovitch’s example, which shows that the correspond 
ing statement for Hausdorff measure is false, is examined in detail. In addition, for 
XC Ea, k Sm Sn, a new formula is obtained which, in terms of the multiplicity inte- 
gral with respect to F of the perpendicular projections of X into m-planes, expresses 
F? (X) as an integral over the set of all these m-planes. (Received March 1, 1949.) 
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3501. W. H. Ingram: The 2-point 1-dimensional generalized bound- 
ary value problem. 


The problem dy—dH(x, u)=0, Ly(a)+Ry(b) =0, H an nXn matric function in 
B(x)_Blx) uniformly and analytic in a, dy=y(x+)—y(x)+y'(x+)dx, dx>0, 
y’(x+)=lim [y(x+5) —y(x+)]/8, 8>0, requires the integration of weighted dif- 
ferentials fdg in which f and g have simultaneous discontinuities. The integral f fag 
is the Smith-More limit of the interval function > f?(%,+) [e(aın) — glz) ] f9(x+) 
= glbs>o lub; in g, acesara(é), g(x) is in B(x) the class of functions of bounded varia- 
tion, and f is any bounded function in D, the class consisting of all functions on © to 
R with the property that to each e>0 corresponds a set se of real points on [ab] such 
that the oscillation, defined on © to Rt, at every other real point is less than e. If g is 
in 8’, the continuous part of g has a finite derivative everywhere and the discontinu- 
ities of g form a point-set of the first species. The set © contains the real numbers and 
all satellste numbers x( +), x(—); if xı(+) denotes the point, asserted to exist, common 
to all the open intervals (xı <x <xı +8), 8>0, the corresponding number is xı( +); 
similarly for x1(—). The Archimedean property does not extend to © and © is not 
a field, but (©, >) forms a linearly ordered set having axcribable. requisite metric 
properties and the Dedekind property is asserted for ©. (Received April 8, 1949.) 


351% Hermann Kober: On a monotone singular function and on the 
approximation of analytic functions by nearly analytic functions in the 
complex domatn. 


First certain monotone functions w(t) are treated which are continuous and are 
constant in (0, TY on the intervals of an open set of measure T (0<T< œ). A sub- 
class of them is well known. Here they are dealt with from two new points of view. 
(A) The inverse functions, strictly increasing jump-functions, admit of plain repre- 
sentations. (B) w(#) is defined by two very simple functional equations; it is subaddi- 
tive, and it satisfies some more equations and inequalities. Then by means of w(t), 
“nearly analytic” functions are constructed. They satisfy a Lipschitz condition, and 
this property and others are discussed. If f(z) and g(s) (s =x-+1y) are any two func- 
tions which, for |z| <1, are analytic and have bounded derivatives, then, given 
e>0, there exists a nearly analytic H(z) such that F(z) —H(s)| <e (|z| $1) and that 
H’(s) =g’(s) for almost all z. (Received February 17, 1949.) 


"352. Norman Levinson. An ordinary diferential equatton with an 
interval of stabsltty, a separation point, and an interval of unstable 
oscillation. 


The second order differential equation eu’’-4u’/[3+ (u) t]+u=0, where 
u’ =du/dx, is considered for small e>0. A solution with initial values at x =0 given 
by uo and ud will, if |#o| <1 and |u | is not large, stay very close to a monotone 
solution z(x) of the degenerate equation —4s’/(3+(s")*]+-2=0 obtained by putting 
e=0. However as z(x)—1 (or —1), which will occur for some finite value of z=z,, g(x) 
cannot be continued further in the range of real values. As x gets near to xı the solution 
u(x) nears 1 and then turns rapidly downward to approximately —1. The solution 
u(x) then continues to oscillate rapidly between approximately +1 and —1 witha 
“period” of approximately 2reV2. In the range 0<x<m, u(x) is highly stable. Be- 
yond x, u(x) is highly oscillatory and is unstable in “phase.” Separation between the 
stable and oscillatory intervals occur at a value of x which tends to x, as e—0. The 
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method can be used for a broad class of equations of the form eu’ +f(x, u, #’,e) =0. 
(Received March 4, 1949.) 


353t. Norman Levinson: Boundary value problem for Au +A (x, Y)Us 
+B(x, yjuytC(x, yu=D(x, y) for small e. 


Under quite general conditions it is shown that the solution u(x, y, e) of the first 
boundary value problem for small e>0 exists in a simply or multiply connected do- 
main Rand that at interior points in most of R, lim u(x, y, e) as e +0 exists and is 
a solution of the first order equation with e=0, AU,+BU,+CU=D which assumes 
the given boundary value on certain arcs of the boundary. Let S be the boundary 
of R. More specifically (*) u(x, y, e) = U(x, y) +z(x, y, e) +O0(e/?) for small e uniformly 
in each of a finite number of regions Q, into which R+S can be divided where z is of 
the form h(x, y) exp (—g(x, y)/e) near certain arcs of the boundary and is zero on 
the rest of the boundary. Moreover g=0 on these arcs of the boundary and g>0 in 
R. The term 3 is the “boundary layer” term. More precise results are possible where 
the error is O(et4?) for any fixed n and more general cases of the equation can be 
handled. In the exact formulation the solutions of the equation dx/A =dy/B play a 
fundamental role. (Received March 4, 1949.) i 


354i. Norman Levinson: The tnverse Sturm-Liouvtlle problem. 


It is assumed that the boundary conditions and characteristic values of 
y” +(A—P(x))y=0, OSxS-r, are known and the problem is to find P(x). P(x) is 
assumed integrable over (0, x). Let the boundary conditions be »(0) cos «+7’(0) 
3in a=0, y(r) cos ß-+y’(r) sin ß=0. Then if (*) P(x —x) =P(x) and if a+p=n, P(x) 
is uniquely determined by the spectrum. It is also shown without assumption (*) 
that if the spectrum is known for the above boundary condition and for another 
boundary condition with 8 replaced by y (where of course sin (8—y) ¥0) then P(x) 
is uniquely determined. These results are similar to earlier results of Borg. The 
method used is a simplified form of a proof that under certain conditions for the 
differential equation with 0 <x < œ, the asymptotic phase determines P(x) and makes 
use of a pseudo Green’s function involving A where X is regarded as a complex variable. 
(Received March 4, 1949.) 


355}. Norman Levinson: Untqueness of potential for given asymp- 
totic phase with inverse square term present tn wave equation. 


The solution y(x, A) of y” +03 — V(x) —20-+1) /x*)y =0 with boundary condition 
y(x, )/e#411 as x>-+0 exists if fT x| V(x)|dæ< œ. Moreover for any A—0, 
At 1ly(x, A) —A(A) sin (Ax —lr/2 (A) 90 as x œ. The function $(X) is the asymp- 
totic phase. If V(x) +4(}+1)/x230 then ¢(A) determines V(x) uniquely. Also there 
exists a function of A, F(A), analytic in the upper half X plane and free of zeros such 
that on the real axis, F(A) =A(A) exp (i6(A)). Thus H(A) and log A(A) are conjugate 
functionson the real axis. The proof is similar to that for the case /=0 in a paper to 
appear shortly in Det. Kgl. Danske Videnskabernes Selskab. (Received March 4, 
1949.) 


356. E. R. Lorch: Differentsable tnequaltites. Preliminary report. 


The type of inequality treated is 2; xy, (x) b(y). Here x represents the vector 
(41, ©" * , £a) and ¢ and y are functions which characterize the inequality. Contrary 
to first impressions, existing means do not seem to provide “correct” methods for 
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establishing these inequalities. The method used applies to convexity and concavity. 
The principal features are the use of differentiability, homogeneity, the definition of 
convexity (concavity) by means of positive definite quadratic forms, and the intro- 
duction of a characteristic transformation between subsets of two spaces. Consider 
the case of convexity. Let G(x) =G(x1, - ++ , Xa) bea function positively homogeneous 
of degree r>1 and differentiable sufficiently often; let G;(x) and G,,(x) denote aG/dx, 
and 8%G/8x,0x,. Let Q be a ray-space in the x space. Let >_G,,(x)s,8, be a positive 
definite form for all x Q. Then =G, (x) defines a 1-1 transformation of Q to a ray- 
space Q* in the x* space. The inverse transformation is 5, = F,(x*). The functional 
equation for ¢(x)>0: max,( Doxy) /o(y) = me (Dox 8%;)/6(x) has a unique solution 
$(x) = [x Jur. Setting var) =(dox*x, 0-0" we have Dox" Sv(x*)6(y) for all 
yea, «+ Q*. The situation between the x and x* space is completely symmetric. 
The theory of approximation of non-differentiable by differentiable inequalities will be 
treated in another communication. (Received March 21, 1949.) 


357. G. W. Mackey: On the unitary representations of subgroups of 
locally compact groups. Preliminary report. 


Let G be a separable locally compact group and let Go be a closed subgroup of G 
Let kV, be a suitably continuous representation of the ring of all complex Borel 
functions on the space G/Ge of right cosets of Gp into the ring of all bounded linear 
operators on a Hilbert space H. Let o~U, be a continuous unitary representa- 
tion of Gin H. V, U is called a system for G, Goif U, Vr ™ Vig Uo for all A and e where 
h(x) =h(xo). Every system has associated with it in a natural way a continuous 
unitary representation of Go in a Hilbert space H’. Two systems are unitary equiva- 
lent if and only if the corresponding representations of Go are unitary equivalent. A 
system is irreducible if and only if the corresponding representation of Go is ir- 
reducible. Under a (probably superfluous) hypothesis regarding the possibility of 
selecting an element from each coset of Go in a suitably regular manner it can be 
shown that every continuous unitary representation of Ge is associated with some 
system. If Go is the identity these results are equivalent to a theorem announced in an 
earlier abstract (Bull. Amer. Math. Soc. Abstract 55-3-153). (Received March 21, 
1949.) 


358. E. F. Moore: The two-dimensional measures of Carathéodory 
and Hausdorff. Preliminary report. 


Let C and H be the two-dimensional measures of Carathéodory and Hausdorff 
over Euclidean 3-space Æ}. It is shown that C(A) SA(A) S(r(1 +32) /2)C(A) for all 
subsets A of Hs, and that 0<C(A)<H{(A) < œ in case A is the set of all those points 
of E, each of whose three coordinates is between 0 and 1 and has an octal expansion 
in which only the digits 0, 1, 2, 3 occur. Generalizations to higher SunenEIOns are 
also considered. (Received February 21, 1949.) 


359%. J. C. Oxtoby: A minimal set that ts not metrically transtisve. 


In the compact metric space of all mappings x(#) of the integers into the set {0, 1}, 
acted on by the homeomorphism Tx=x(n-+1), it is shown that there exists a (regu- 
larly) almost periodic point x with the property that the sequence x(n), n>0, does 
not have a density. The orbit closure X of any such point provides an example of a 
minimal set in which two distinct invariant Borel measures with „(X)=1 can be 
introduced. For the method used in defining these measures, see Oxtoby and Ulam 
(Ann. of Math. vol. 40 (1939) pp. 560-566). The sum of these two measures is a measure 
with respect to which T is not metrically transitive. (Recetved March 23, 1949.) 
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360%. A. M. Peiser: Untform approximations to a class of Bessel 
functions. 


The functions Kn(x, Y) = (y/x)a!4In(2(xy)4*) exp (—x—y), 2 =0, 1, 2, | - - , arise 
in the solution of the differential equation 0%/dxdy+ 0t/dx-+dt/dy=0. When 
boundary values #(x, 0) and r(0, y) are specified, #(x, y) can be expressed in terms of 
integrals of the form fr fa(x—u)Ka(u, y)du, n=O, 1, where fa is known. Boundary 
conditions of the form t(x, 0)~a+0i(S—x, P) lead to the integral equation F(x) 
“|-Bi(x, Ver+bß Ku, 0)Ki(x—u, P)du=t(S—x,0), where Fis known. In either case, 
it is convenient to have approximations to Ka which hold umstformly in x. In this ' 
paper, it is shown that K,(x, y) can be approximated uniformly in OSx< œ, for 
sufficiently large values of y, by means of the normal probability function 
(x) exp (—x9/2)/(2x)"*%. It is shown, for example, that for y210, | Kx (x, y) 
— &((x—y) /(2y) V2) /(2y) V8] <0.16757 10.8007 Y2-+0.694y 13e», A similar estimate 
is obtained for Ko(s, y). Better approximations to K, are obtained by asymptotic 
series involving the successive derivatives of (x). (Received February 23, 1949.) 


361. F. W. Perkins: Mean value properties of polyharmonic func- 
tions. Preliminary report. 


By the use of Almansi’s theorem expressing a polyharmonic function in terms of 
harmonic functions, various mean value properties of harmonic functions are general- 
ized for polyharmonic functions. Parts of the paper are related to earlier work of the 
author (Amer. J. Math. vol, 61 (1939) pp. 217-230) and to two papers by Poritsky 
(Amer. J. Math. vol. 54 (1932) pp. 667-691, and Trans. Amer. Math. Soc. vol. 43 
(1938) pp. 199-225). (Received March 18, 1949.) 


362t. Hans Rademacher and I. J. Schoenberg: Helly’s theorems on 
convex domains and Tchebycheff’s approximation problem. 


The main purpose of the aythors is to demonstrate the close connection between 
Helly’s theorems on convex domains having a common point and the problem of best 
approximation in the sense of Tchebycheff. This new connection benefits both sub- 
jects thus brought into contact: One result is a direct geometric proof of Helly’s 
theorems, which, unlike other proofs, makes no use of mathematical induction; 
another result is an application of Helly’s theorems to derive properties of the poly- 
nomial of best approximation to discontinuous functions. As further examples of 
the versatility of Helly’s ideas, simple proofs are given for a recent theorem of M. 
Dresher and T. E. Harris as well as for an interesting separation theorem of Paul 
Kirchberger (Dissertation, Gdttingen, 1902). (Received March 16, 1949.) 


3631. J. F. Ritt: Abel's theorem and a generalization of one-parameter 
groups. - 


- For any positive integer p, an associative operation is defined which replaces 
any set of p—1 complex numbers by a set of p numbers. The operation is found to be 
described by relations analogous to those satisfied by the integrals of the first kind on 
a Riemann surface of genus p. (Received March 24, 1949.) 


364. Arthur Sard: Remainders: functions of several variables. _ 


Remainders in the theory of approximation are often functionals which are linear 
on certain function spaces and zero whenever their argument is a polynomial! of de- 
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gree #-~1. For spaces of functions of one variable, known mass and kernel theorems, 
due to F. Riesz, Peano, and Rémés, give integral forms of such functionals in terms of 
nth derivatives. The author extends the mass and kernel theorems to spaces of func- 
tions of several variables. Among the results is the following. Let a, b, p, q be fixed: 
OSa, D1; p, g non-negative integers. Put #=p-+g. Denote by Bp, the space of 
functions z=x(s, tł) for which the mth partial derivatives: x,_;,,(s, b), 7<@; xp.¢(5, D); 
Xin—s($, t), #<p exist and are continuous in s, (s, $), t, respectively, on OSs, is1. 
(The order of differentiation in x;,; is restricted: If $>p the last #—p differentiations 
are to be with respect to s; likewise if j>g.) Define the norm in B,,, as ||x|| =max 
[lels Dl, [ers Dl, [erara H|], where the maximum is taken over 0<s, 
is1,+S9, 354, V47 Qn, t >p, 3° +5" Sn, j >q. Let Rx be a functional, additive 
and continuous on Bp- $21, 921, and zero whenever s=x{s, #) is a polynomial 
of degree »—1 in (s, #). Then there exist kernels f(s), j <q; g(s, D; A(t), #<p; such 
that Re= Ic Sal DAS tS oS o pals DEl, dsdi + ren S o rn (a, t)hi(E) dt 
whenever z@By,,. The kernels are functions of bounded variation and are given by 
explicit formulas. (Received March 16, 1949.) 


365. I. J. Schoenberg and Anne M. Whitney: On the positivity of 
translaiton determinants for Pölya frequency functions. 


A function A(x), —% <x< ©, is called a Pólya frequency function (P.f.f.) if it is 
measurable, with Sf A(a)dx=1, and satisfies the condition: If m<x:< +--+ <x, 
HLL <yq, the D=det ||A(x,—y,)|] 20, n=1, 2,---. It was shown (Proc. 
Nat. Acad. Sci. U.S. A. vol. 33 (1947) pp. 11-17) that every P.f.f. A(x) has a Laplace 
transform JE exp (—xs)A(x)dx=1/F(s), where F(s) =exp (—ys?+8s) IDa (1+3,5) 
exp (~4,s) with all constants real, 30, 0O<y+ >< ©, The authors solve the 
problem of deciding when D>0. The results are as follows: 1. If y>0, then always 
D>0. 2. If y=0 there are two cases: 2a. If >| 3] diverges then again always D>0. 
2b. If >| 8, | converges, then by a shift of origin assume that [7 wn exp (—x5)A (x) dx 
=1/), (1-+3,5). Let there be k positive 8, and k negative 3, (0S%,4 ©); then D>0 
if and only if the n inequalities (1) 2,1 <y, <a Gm 1, +--+, n) hold, where x,= — 0 
if r SO and x= + œ if r >n. The trivial case +k = 1, when A(x) becomes a truncated 
exponential, is exceptional in that equality is allowed on one side of (1) depending on 
how A(x) is defined at its discontinuity. These results contain as special cases all known 
positive determinants and many new ones. (Received March 21, 1949.) 


366. Daniel Shanks: Mathematical sequences treated as transients. 
Preliminary report. 


Given a sequence A,, pass a curve through 2K+1 points (n, An) of the sequence, 
N—KsnSN+K, of the form 4,=Bey+ I, ner with the 2K-+1 unknowns 
Brn, 0, and œ, and solve for Bry. Bxy is the ratio of two K-+1 order determinants 
whose elements are the A’s and their differences. Two types of nonlinear sequence-to- 
sequence transforms are Ay—Byy and Ay—Bxy (with K fixed). Both types may be 
iterated. The author shows the first-order iterated transform, Av Bin Ci + + +, 
to be a useful summation process. Applied to the first nine terms of the series 
(Dat), $ (—1)!, 1/2+ 20> Bsa(2n)7! the transform gives In 2, 
Sy et(i+#)-dt, and Euler’s C, correct to 9, 6, and 7 places, respectively. The 
transform Ay—Byy, when applied to the power series of analytic functions, yields 
known rational approximations to, and continued fraction representations for, these 
functions. Applications to other types of sequences, to iterative techniques, and to 


” 
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differential equations will be published later. (Received March 17, 1949.) 


367. C. F. Stephens: Nonlinear difference equations containing a 
parameter. 


This paper contains a quick and simple method of existence proof for solutions 
of the special class of nonlinear difference systems: y,(x-+1) g7! oe a P(x) 9, (x) 
HAB HF), +++, Yala); p; x), where f,(0, - + + , 0; 0;x) m0. The functions 
bi,(x) and A,ı(x), where A,ı(x) can conceivably be identically zero, are any bounded 
and continuous functions of x; the f, are bounded, contain terms in the constant 
parameter p alone, are continuous in x, begin with terms of the second degree in y, (x) 
and p, can be developed into convergent power series in the y,(x),and pis the domain: 
ly.(x)| sr, ll So, | «| XE. The proof that the given system has a solution which is 
continuous in x and analytic in $ is based on a lemma which is similar to a result ob- 
tained previously by the author (Trans. Amer. Math. Soc. vol. 64 (1948) pp. 277- 
278) and can be proved by similar methods. The transformation +(x) = pzi(x) 1s 
used to transform the above system into a system such that the result of the lemma is 
easily applied. (Received February 15, 1949.) 


368. Walter Strodt: On a class of nonlinear difference equations in ` 
the complex domain. 

For any positive 8 S$x/2 the function g(x) is called -admissible if for each positive 
y less than £ there is a £20 such that g(x) is analytic and bounded in the sector 
larg (x—£)| <y, and if g(x) approaches a limit as x becomes infinite through positive 
values. Let A(x, yı, ° °°, Ya) be a polynomial in y; with B-admissible coefficients. Let 


w =0, and as, ' * * , wa be complex numbers with larg w| <B. Let © be the set of all 
-admissible solutions of the difference equation (1) Alx, yltaa) e, y(x-+on) | 
=Q. If A(-+,0,---, æ) is not identically zero, if its zeros a, «++ , ea are all simple, 


and if cA(+ œ, sr + ,os)/öyı is nonzero for every k, then ©6=G.+ e +%,, 
where ©, is the set of all ß-admissible solutions y(x) of (1) such that y(+ œ) =o, 
©; is a nonempty finite-parameter family of functions, the number gẹ, of com- 
plex parameters pans the number of zeros of the exponential polynomial 
>, [BA( He, or +++, o%)/oy,] exp (ws) lying in the complement of the set 
larg z| <#+r/2. (In terms of a suitable metric Uy is a topological manifold of 2q 
dimensions.) This is proved by successive approximations using solutions of linear 
difference equations with constant coefficients. (Received February 9, 1949.) 


369. D. B. Sumner: An integral snverston formula for certain con- 
voluiton transforms. Preliminary report. 


The nucleus of the convolution transform f(x) = f” _ f(x —t)p(t)dt is defined in 
terms of the entire function E(s)=s:L(s)-M(s) by 1/E(s) = fi, exp (—st)g(t)dt, 
where Lo) =] [1 —s/An]etn, M(s) = TTS re aie ae TAN are increas- 
ing sequences of positive numbers, and x, > ©. Under cher assumptions 
Widder has shown that E(D) -f(x), interpreted as ne E(D): f(x), inverts the trans- 
form. The canonical product L(s): M(s) has finite order less than 2, so that 
the function exp (—kx*)C(x)EL(-«©, ©) for some positive k, and C(x) 
=limia. (2r) H/T, CHS” exp [—atu*+in(x—t) ]du. The operation E(D) f(x) 
=C(D) f'(x) isinterpreted as lima.o (2r) S" CHH? exp[—atu?—sui] f’ (x-+iu)du, . 
and it is shown that this formula inverts the convolution transform. (Received March 
21, 1949.). 


~ 
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370t. Milton Abramowitz: Laguerre functions expressed in terms of 
Bessel-Chifford functions. 


Expansions are derived from the Laguerre functions L°°(x) in terms of the 
Bessel-Clifford functions F,(vx) = (rx)-~2J,(sx). These expansions are valid for large 
values of v. It is.also shown that the Hermite polynomials H,(x) of large order may be 
expressed in terms of spherical Bessel functions. (Received March 16, 1949.) 


371. Carl Cohen: Integration of the generalised dilogarithm. 


The generalized dilogarithm d®x=f} dD. idt, dl@x=—log (1—x), plays 
a role in the theory of iterated integrals of expressions R(x, log (x—a)); R=rational. 
For m>0, f dm. (¢—c)"dt, ca constant, may be expressed elementarily by x, log x 
and dix, 043%. Integrals involving the first dilogarithm only and (t—c)™, m1, 
can also be expressed elementarily by dI®x, log x, and x. In this paper, it is shown 
that while by a classical result f a dCs (¢—c)—1d¢ involves a rational function of the 
second dilogarithm, it is impossible for #22 to integrate R(dI®(x—b)(x—a)”!) 
in terms of higher dilogarithms and elementary functions, except the cases a =b, a =O, 
though it is possible to express /fdl@)(1—ax)-x“dx and fdl@)x-(1~ax)~%dx as 
R(d1@x, dix, log (1 ~x), x). (Received March 15, 1949.) 


372. Av H. Copeland: A cybernetic model of memory and recognition. 


The purpose of the author is to produce a consistency proof for certain assump- 
tions concerning neural networks and to offer direction to future experimentation 
concerning the nervous system. To accomplish this a linear graph (neural network) 
is constructed which is capable of storing information, recognizing similarities be- 
tween new and old experiences, reminiscing, and reasoning. The graph’s memory is 
by association and it is shown that this association gives rise to a Boolean algebra 
which forms the basis of the reasoning mechanism. The Boolean algebra of reasoning 
is only indirectly related to the binary number system although this system plays an 
important role in the construction of the graph. In this model, inhibition is not pro- 
duced by special inhibitory fibres or special inhibitory impulses but rather by dif- 
ferences in firing thresholds and by timing. The assumption concerning differential 
thresholds has some experimental justification and its consistency is established by 
the model. Incidentally with a moderate alteration the graph becomes the wiring 
diagram of an ultra rapid electronic device to do the work of an I. B. M. sorting 
machine. (Received March 18, 1949.) 


373. A. E. Heins: A boundary value problem in the theory of elastic 
stuffeners. 


This problem at hand concerns the solution for the semi-infinite plane — » <x 
< œ of the two-dimensional Laplace equation ¢:3-+¢,, =0 in which y20 and #(x, y) 
is subject to the following boundary conditions: (i) ¢(x, y)=0, x<0, y=0; (ii) 
(x, Y) —ady(x, y) ™B, x>0, y=0. Here æ and 8 are given physical constants. It is 
shown that the solution of Yartyyy —ky =0 is subject to the same boundary condi- 
tions as may be formulated as a Wiener-Hopf integral equation and its solution may 
be given in integral form. From this-the behavior of ¥(x, 0) may be determined for 
| x] —c or %, It is further shown that ¥(x, y} considered as a function of parameter 
k is simply (x, y) when || —). This problem has been recently considered by E. L. 
Buell who solved the problem by other methods (Journal of Mathematics and 
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Physics vol. 26, (1948) p. 223). The mathematical problem arose in the study of the 
effect of a semi-infinite elastic stiffener on the boundary of a semi- anaa thin plate. 
(Received March 2, 1949.) 


374. C. A. Truesdell: The kinematics of vortictiy. LI. 


The kinematic foundation of the Lagrange-Cauchy velocity-potential theorem is 
examined in detail. The proofs of Lagrange, Cauchy, Power, Stokes, Kelvin, and 
St. Venant are examined in the light of the criticisms of Poisson, Stokes, Boussinesq, 
and Duhem. The Cauchy, Stokes and Kelvin proofs do not require analyticity, but 
apply only to circulation-preserving motions. The Lagrange, Power, and St. Venant 
proofs apply to a more general class of motions, but require analyticity. The former 
yield the true velocity-potential theorem. The latter yield theorems which when ap- 
plied to certain types of motions which are not circulation-preserving prove that those 
motions cannot be represented altogether by analytic functions of the time. (Received 
February 18, 1949.) 


375i. A. H. Van Tuyl: On the evaluation of some definite integrals 
which occur tn hydrodynamics and elasticity. 


Integrals of the types hefi est] (bi) Tn (ch)imdi and Is =f et, (bt) Ja lct emt dt, 
a20, 2n-+-m2,0, occur in potential theory, hydrodynamics, and elasticity for n=1, 
2,m=0, ~1in J, and m= —1, —2 in I, (A. Weinstein, Quarterly of Applied Mathe- 
matics vol. 5 (1948) pp. 429-444, and Courant Anniversary Volume, 1948, pp. 451- 
460). It is shown that for every integer #20 and all permissible positive and negative 
integers m, J, and J; can be expressed in terms of elliptic integrals. Both complete and 
incomplete elliptic integrals of the first and second kinds are present for m <0, while 
for m 30, only complete elliptic integrals occur. The case m 20 has been known im- 
plicitly (G. N. Watson, Bessel functions, p. 389, and W. M. Hicks, Philos. Trans. 
Roy. Soc. London Ser. A vol. 172 (1881) pp. 609-652), but the results involving the’ 
incomplete elliptic integrals are new. Further, recurrence relations are obtained by 
means of which every /ı and J; for m<0 can be expressed in terms of the integrals 
vB est] (bt) J „(chfrdi and Ji e*J,(bt)Ta(ct)dt, where u= [(1—m)/2]. Numerical 
calculations have been made using the preceding results, and dre applied to the prob- 
lems mentioned above. (Received March 4, 1949.) 


376. Alexander Weinstein: On the transontc flow around a wedge. 


Using the results previously obtained in the paper Generalized potential theory (A. 
Weinstein, Trans. Amer. Math. Soc. vol. 63 (1948) pp. 342-354) an explicit solution 
involving Weber-Schafheitlin integrals is given of the Tricomi equation 3y(¥s3+¥y,) 
-+y, =0 in the domain lying above the characteristic x?+-(4/9)y7=0 and bounded by 
the verticals <=O and x=1. The solution vanishes on the verticals x=0, y>1 and 
x=1; y>—(3/2)?8 and is equal to one on the segment +=0, OS y <1. (x, y) repre- 
sents, in a distorted hodograph plane, the stream function of a transonic flow around a 
wedge in a channel which is rectilinear in the subsonic part of the flow. (Received 
March 18, 1949.) 


GEOMETRY 
377t. Edward Kasner and John DeCicco: Physical curves in space 
of n dimensions. 


A system Sp of œ= curves in a given positional field of force in space of n 
dimensions consists of curves along which a constrained motion is possible such that 
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the osculating plane at each point contains the force vector F, and the pressure P 
along the principal normal to the curve is proportional to the normal component N 
of F. Consider the ! curves of a system Sa passing through a given point in a given 
direction. The initial osculating plane and three-flat are fixed. The osculating m-flats, 
for m=4,5,+++,#-—1, vary and form one-parameter families. The first curvature kı 
varies inversely as the square of the speed v. The rate of variation dpı/ds of the first 
radius of curvature p is a linear integral function of pı. The second curvature ks is 
constant. The remaining curvatures ka, ku, * + * , ka-a are algebraically dependent on 
kı. The locus of the centers of the osculating m-spheres for m =3, 4, +». n—1 isan 
algebraic curve. For m=2, the locus of the centers of the osculating spherical surfaces 
is a straight line just as in the case for n =3. The interrelationships between the rest 
trajectories and the lines of force are also discussed. (Received February 15, 1949.) 


3785. Edward Kasner and John DeCicco: Scale curves in general 
surface mapping. 

Let a point transformation T be defined between two surfaces S and S,of Euclid- 
ean space such that points correspond if they are represented by the same curvilinear 
coordinates (x, y). The scale function ¢=ds/ds, is the ratio of the differentials of the 
arc lengths. Only nonconformal maps are studied so that o is dependent on dy/dx 
. explicitly. The curves o=const, are called the scale curves of the mapping T. These 
may be represented on S or Sı. There are ©? scale curves. Ata point (x, y) there are 
five inflectional! directions and two cuspidal directions for the scale curves. The cus- 
pidal directions on Sand S; are always orthogonal, and they coincide with the char- 
acteristic directions on S and Sı. The central locus corresponding to a given point 
(x, y) is an algebraic curve of the fifth degree. The associated scale quartic is studied. 
(Received December 27, 1948.) a 


379. Edward Kasner and Don Mittleman: Second order differ- 
enital equations of rank 2. 


Second order differential equations of rank 2 are of the form Apy’?+(B,+Byy’ 
~ + Bay’? + Byy’*) 9? + (Cot Cy’ + Gey’ + Gy tH Cry t Cay * + Coy™) = 0 where the co- 
efficients are arbitrary functions of x, y. Kasner had shown that under an arbitrary 
point transformation an equation of rank 2 is transformed into an equation of rank 
2. At a fixed point, the locus of the centers of the osculating circles of the integral 
curves of the equation lie on a special sextic, which may degenerate, in a nontrivial © 
way, to a special quartic or a conic. Differential equations of rank 2 arise in the study 
of scale curves, certain two-parameter families of curves which are quadratic in the 
parameters, as the images of the ? circles of unit radius under an arbitrary point 
transformation, as extremals of the variational problem 8f [»(xy)ds-+(Adx-+Bdy) | =0, 
in the study of the motion of an electric particle in a static electromagnetic field, and 
in the restricted problem of three bodies in the plane. (Received March 8, 1949.) 


3805. Wouter van der Kulk: The univaleni algebrasc transformations 
of the projective plane. 


A univalent function on the projective plane P onto P whose graph is an algebraic 
variety in P XP over a field A is called a univalent algebraic transformation of P over 
A (uat). If A has characteristic 0 then it is well known that the group G of uat’s coin- 
cides with the group of projective transformations of P. This is no longer true if the 
characteristic of A is p (p>0). In that case it is possible to construct a set of generators 
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of G, called semi-projective transformations of P over A (spt). A spt can be char- 
acterized as a uat which maps either every straight line in P or every straight line of 
some linear pencil in P onto a straight line in P. The uniqueness of the representation 
of a uat as product of spt’s is investigated. The proofs of the preceding results are 
based on the theory of algebraic curves over a perfect field (cf. W. L. Chow, Die 
geometrische Theorie der algebratschen Funktionen fur belsebige vollkommene Körper, 
Math. Ann. vol. 114 (1937)). (Received March 14, 1949.) 


3818. Jack Levine: Classification of two-dimensional afınely con- 
nected spaces admitting groups of collineations. 


By using Lie’s classification of continuous groups in two variables (Theorie der 
Transformationsgruppen, vol. 3, pp. 71-73) all two dimensional affinely connected 
spaces (As) are obtained which admit groups G, of projective collineations. It is found 
that all G, are possible for 1 $r$8, with the exception of r= 7. There are 25 types of 
non-equivalent groups represented. The A;’s corresponding to 22 of the groups are 
projectively flat. The 3 groups corresponding to non-projectively flat spaces are [p], 
[p, xp -+yg |, [p, 229 +yq, xp +xyg]. As special cases, the A; admitting affine and trans- 
latory collineations are found. The largest affine collineations group is a G4 if the A; is 
not flat. The Riemannian Vz admitting projective and affine collineations are also 
determined. The only Vs of non-constant curvature admitting a G, (r>1) of affine 
collineations is ds? =y"(adx1+2dxdy+ddy?) with a, b, m constants, and m= —2. 
The associated group is [p, xp-+yq], and it contains a one-parameter subgroup of 
motions, (Received March 7, 1949.) 


382. Don Mittleman: Velocity familtes of rank 2. 


A two-parameter family of plane curves is called a velocity family of rank 2 if, 
at each point p, the centers of the osculating circles of those members of the family 
which pass through # lie on a conic for which is a focus. An arbitrary nonsingular 
point transformation T will convert a velocity family into a velocity family if and 
only if T is conformal (either direct or reverse). Velocity families of rank 2 arise in the 
study of the plane motion of an electric particle in a static electro-magnetic field, as 
the conformal images of T* curves (a two-parameter family whose curvature is a point 
function), as extremals of a variational problem derived from Hamilton's principle 
for non-conservative fields, and in the motion of a particle in a positional field of 
force in a rotating plane. This last case includes the restricted problem of three 
bodies in the plane. These various problems are not all equivalent under a conformal 
transformation. The conformal covariants of a velocity system are determined. Thus, 
problems which give rise to velocity families of rank 2 may be classified as being 
conformally equivalent or distinct. (Received March 8, 1949.) 


3831. W. G. Wolfgang. A representation of complex-two space. 


Define complex-two space Cr to be the space whose points may be put into one-to- 
one correspondence with the set of all pairs (A, B), where A and B are complex 
numbers. The purpose of the author is to give a construction of a representation of 
space Crin Euclidean three-space R. From the geometric construction the representa- 
tion is defined by means of the mapping: f:C:—>R, where f(X, Y) = (x, y, z) is defined 
by x=x’, yax” +y, 2=y”, where X—mx'+2''s, Yay’+y’'s. This mapping is not 
one-to-one and some time is spent in characterizing the points of C, which map into 
the same point of Rı. By means of this mapping the representations of several of the 
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familiar “curves” of analytic geometry as configurations in this space are discussed and 
constructed. A completely general analytic definition of the representation, of which 
the one previously presented is a specific form, is also developed. (Received March 
17, 1949.) 


384. W. G. Wolfgang. Metric constderations in complex-two space. 


Define complex-two space to be the space whose.points may be put into one-to-one 
correspondence with the set of all pairs (A, B), where A and B are complex numbers. 
The usual definition of a distance function, p(P, Q) =((X1—Xs)?+(¥i— Ys)2)¥?, 
P:(X, Yı), Q: (Xa, Yı), defined in this space is not a true metric. The purpose of the 
author is to show that the space is metrizable in the usual sense and that the distance 
function p(P, Q) = (| Xi —X3| ı-Pı- Y;| 2)1/2 is a true metric for the space. (Received 
March 17, 1949.) 


LoGiIc AND FOUNDATIONS 


385. Ilse L. Novak: A construction of models for consistent systems 
of axtoms. 


The methods in the author’s paper The relative consisiency of von Neumann's 
and Zermelo's axioms for set theory (Bull. Amer. Math. Soc. abstract 55-3-201)are here 
generalized to apply to any consistent system S which (i) contains a finite number of 
primitive functors, (ti) is based on a finite number of axioms and axiom-schemata 
and (iii) has rules of deduction based on first order functional calculus. The author 
describes the construction of a model of S in the syntax of S, based only on the 
hypothesis that S is consistent and assumptions equivalent to the 5 Peano axioms 
for arithmetic. This construction makes possible a purely arithmetical proof of the 
Skolem-Loewenheim Theorem. A model of S obtained by this method can be en- 
larged to one of a larger system S’ related to S as the von Neumann-Bernays-Gödel 
system is to the Zermelo-Fraenkel system. The methods described therefore also 
provide a purely arithmetical proof of the relative consistency of Sand S’. (Received 
April 6, 1949.) 


STATISTICS AND PROBABILITY 


386. K. L. Chung: Fluctuattons of sums of independent random 
vartables. 


Let S, be the sum of » independent random variables having the same non-lattice 
distribution F(x) with mean 0, variance 1, and finite third absolute moment. Let c 
be any real number and T, denote the number of 2’s not exceeding n for which S,>c, 
Sau <c. Then lim P(T,S278n"%%x) = (2/x)¥2f* endy where pef”, |x|d F(x). - 
There is a corresponding theorem for a lattice distribution, when the factor 271; in 
the above formula is replaced by a slightly different number. In particular if c=0, 
the limiting distribution of the number of changes of sign of S, is obtained. The 
method of proof is that of convergence of moments. (Received March 11, 1949.) 


387. D. A. Darling: A theorem on stable distributions. 


Let X and Y be positive independent random variables distributed according to 
a stable law with exponent a so that E(exp tsx)=exp (—«i(ts)"), Elexp isy) 
=exp (—¢(iz)*), O<a<1, 4 >0, x1>0, 3>0, 17 exp (ria/2). Then Pr { (i-+x/y)7 
<e} = F(ß)=1/22—-(1/ra) tan! era —8))*+e cos ra/c sin wa}, OSBS1, 
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cmc jcs. This expression gives, under certain circumstances, the limiting distribution 
for the proportion of time a Markoffian variable spends in a given state. For example, 
when a=1/2, c=1, F(8)=(2/z) sin-! 843, (Received March 17, 1949.) 

/ 


388. D. A. Darling: Sums of symmetrical random vartables. 


Let Xi, Xa +» , be independent, symmetrical, identically distributed random 
variables with a continuous distribution, but otherwise arbitrary. The principal 
result is that the probability that the first n partial sums are positive is independent 
of the distribution of the X's. Specifically, letting Sy=XitXs:° + Xan, Som, 
Pr {s,:>0, s3>0,- ++, Sa >0 } =u,=27%*Cyy,.. From this fact several theorems follow: 
(1) Let M, be that value of 7 for which S, attains its maximum (j=0, i1,+--,#), 
then Pr {My=k} =... (2) Let La be the smallest value of j for which Spp, 
Ss, © * , Su are of constant sign (f=1, 2,-:-+,n—1), La=0 if all S, are SO, and 
Lawn if all S, are 20, then Pr {Lam h } teint, for large n, k. (3) Let Nn be the 
number of positive S, for j=1, 2,+++, n, then Pr {Namh} =tsas. Limiting 
expressions for these theorems are as follows: lim... Pr {Ta<ax} =2#"! sin”! zU3 
where T, is any one of the three random variables Mn, La or Nn. The limiting dis- 
tribution for N, is in a certain way a generalization of an earlier result of Erdös and 
Kac (Bull. Amer. Math. Soc. vol. 53 (1947) pp. 1101-1120). (Recerved April 4, 1949.) 


389%. Mark Kac and Harry Pollard: The distribution of the maxt- 
mum of sums of independent random variables. 


Let X1, X3, - » » be independent random variables each having the same Cauchy 
density function m~!(1 +x3)-1, Let sy Xit +++ +X, and consider the probability 
P,{a) that | sa| <an for k=1,2,---+,. In this paper the limit of P.(a), as n>, 
is calculated in terms of the eigenvalues and eigenfunctions of the kernel K(x, y) 
=471{log(1 =y + (1 — x2) U ~ 92) V2) —log(1 — ay — (12) YL — yt}, 1 Sx, 
y 31. For the sake of comparison the method is also applied to the case of normally 
distributed X, and the known answer is rederived. (Received February 14, 1949.) 


TOPOLOGY 


390. A. L. Blakers and W. S. Massey: Homotopy groups of irtads. 


~ A triad (X; A, B) consists of a topological space X and two subspaces A and B 
for which AAB 540. Let E* be an n-cell, ET" and ET the upper and lower “hemi- 
spheres” of its boundary sphere Sr-1, per ME", and CAC\B. An addition is 
defined between homotopy classes of maps (E*#; Et, E, p)—(X; A, B, xo) in 
such a way that these homotopy classes form a group X: A, B) (12:3). These 
groups fit into two exact sequences each similar to the homotopy seqtience of a pair. 
In case X=A\JB, the triad homotopy groups x.(X; A, B) are a measure of the 
amount by which the triad (X; A, B) fails to satisfy the excision axiom (see R. H. 
Fox, Ann. of Math. vol. 49 (1948) pp. 484-485). The triad homotopy groups are used 
to give a new interpretation and proof of the Freudenthal *Einhängung” theorems 
(Compositio Mathematica vol. 5 (1937) p. 299), and to study the effect produced 
on the homotopy groups of a complex when a new cell is adjoined. (Received March 
17, 1949.) 


391. W. A. Blankinship: Generaltzation of a construction by Antoine. 


In 1921 L. Antoine constructed a compact, zero-dimensional set in R* whose 
complement is not simply connected. In the present paper Antoine's construction is 
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generalized to give such a point set in Euclidean space of arbitrary dimension. As a 
corollary to the construction, one is also enabled to construct a set in R*, n23, 
homeomorphic to a g-cell, 0 <q Sn, whose complement is not simply connected. It is 
further shown that the complement of any compact set in Hilbert space is contractible, 
and hence sets of the type above mentioned cannot exist in Hilbert space. (Received 
March 14, 1949.) 


392. J. H. Blau: The space of measures on a given set. 


Let R be an abstract set with a class of subsets called “open,” satisfying only the 
condition that R is open. A measure is a Carathéodory outer measure which is regular 
with respect to the open sets, and for which open sets are measurable. A neighborhood 
topology is introduced in the set M of all measures, under which M becomes a 7}- 
space. This topology Specializes to weak convergence under certain conditions. 
Suitable restrictions on the “open” sets of R imply topological properties of M. 
Necessary and sufficient conditions are found under which M is separable, Hausdorff, 
bicompact, and metrizable. (Received March 17, 1949.) 


3931. D. G. Bourgin and Abraham Charnes: On some normed rings. 


The introduction of multiplications into Banach spaces and the structures of the 
topological algebras so obtained is studied from a Banach space standpoint. Semi- 
simplicity, existence and equivalence of multiplications are characterized in terms of 
Banach isomorphisms. In another direction the ring of continuous functions C(S) ona 
completely regular space S wtih F metric is studied. If T is an isometry of C(Sı) on 
C(S:) and the maximum free ideals of C(S,) are not closed, and if pointwise con- 
vergence implies convergence of the T maps, then 5; and Ss are homeomorphic. 
(Received April 11, 1949.) 


394. E. E. Floyd: Some characterizations of intertor maps. 


Several characterizations of light interior maps are given, each of which is one- 
dimensional in nature. Two results are the following. Let X and Y be compacta, and 
let f be a light map of X onto Y. If X is locally connected and connected, then f is 
interior if and only if for each region V in Y and each component U of f“(V), 
P: HV, V-W-HMT, U= U) is an isomorphism into, where A(X, A) denotes the 
one-dimensional Cech cohomology group of X relative to A with integer coefficients. 
Also f is interior if and only if for each map k:I—Y, J the unit interval, and for each 
x€f-1h(0) there exists a map g:I->X with fg=h and g(0) =x. (Received March 10, 
1949.) 


“395. R. H. Fox: The order of the homology group of a cyclic covering 
of a knot. 


Let S, denote the g-fold cyclic covering of spherical 3-space S, branched over a 
tame simple closed curve &. It is known (Alexander, Trans. Amer. Math. Soc. vol. 30 
(1928) pp. 275-306 or Reidemeister, Knotentheorte) that the first homology group H, of 
S; is determined by the positive integer g and the fundamental group of S—&, and is 
therefore an invariant of the knot-type of &. It is shown that the order of the group 
H, is determined by g and Alexander’s polynomial A(#) alone; in fact the order of H, 
is equal to the resolvent of the two polynomials #—1 and A(t). (Received March 17, 
1949.) 
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396. C. N. Reynolds: On the problem of coloring maps in four colors. 


This is an application of recent papers by the author on a calculus of topologically 
defined finite differences. (Received February 23, 1949.) 


397%. G. T. Whyburn: On open and closed mappings. 


If A and B are Hausdorff spaces, a mapping f(A) =B is quasi-compact if the image 
of every open (or closed) inverse set in A is open (closed) and is compact if the in- 
verse of every compact set in B is compact. Any two factorizations f= ho, where A is 
1-1 and ¢ is quasi-compact, are topologically equivalent as are also any two monotone- 
light factorizations of f whose monotone factors are quasi-compact. A mapping f is 
open (closed) if and only if it is quasi-compact and generates a l.s.c. (u.s.c.) decom- 
position of A. In order that f generate a (1) l.s.c. (2) u.s.c. (3) continuous, decomposi- 
tion of A it is necessary and sufficient that it factor into the topologically unique form 
f=h# where k is a 1-1 mapping and ¢ is (1) open (2) closed or (3) both open and closed, 
respectively. If f is closed it factors in the form f=Arg with g compact, r a closed re- 
traction and A a homeomorphism. If A is locally compact separable and metric and 
components of the sets f-!(y), vB, are compact, f has a topologically unique mono- 
tone-light factorization with closed monotone factor. Normality and perfect separa- 
bility are invariant under closed mappings. (Received March 17, 1948.) 


T. R. HOLLCROFT, 
~ Associate Secretary 


THE APRIL MEETING IN LAWRENCE 


The four hundred forty-seventh meeting of the American Mathe- 
matical Society was held at the University of Kansas on Friday and 
Saturday, April 29-30, 1949. There was a joint session with the Bio- 
metric Society on Friday afternoon. 

The total attendance was about 150 including the following 84 
‘members of the Society: 


L. W. Akers, E. S. Allen, E. W. Anderson, R. W. Babcock, M. A. Basoco, P. O. 
Bell, Arthur Bernhart, Herman Betz, R. H. Bing, Florence Black, H. D, Block, L. M. 
Blumenthal, P. B. Burcham, E. D. Cashwell, F. M. Clarke, H. E. Clarkson, H. J. 
Cohen, M. E. Daniells, Robert Davies, R. F. Deniston, A. H. Diamond, Paul Eber- 
hart, J. H. Engel, G. M. Ewing, W. C. Foreman, R. E. Fullerton, Albert Furman, 
R. E. Gaskell, R. N. Goss, Cornelius Gouwens, L. Z. Greene, Edison Greer, Edwin 
Halfar, O. H. Hamilton, P. C. Hammer, W. L. Hart, F. F. Helton, I. N, Herstein, 
J. J. L. Hinrichsen, D. L. Holl, A. S. Householder, H, K. Hughes, W. C. Janes, L. H. 
Kanter, M. Z. Krzywoblocki, W. G. Leavitt, H. M. Lieberstein, Anna Marm, M. E. 
Martinson, E. J. Mickle, J. M. Mitchell, W. K. Moore, D. J. Morrow, Zeev Nehari, 
J. I. Northam, G. K. Overholtzer, S. T. Parker, M. M. Pihlblad, G. B. Price, O. M. 
Rasmussen, L. M. Reagan, P. G. Robinson, R. G. Sanger, J. W. Sawyer, Robert 
Schatten, B. R. Seth, F. B. Sloat, G. W. Smith, H. W. Smith, R. G. Smith, C. E. 
Springer, W. L. Stamey, R. H. Stark, E. B. Stouffer, W. T. Stratton, H. P. Thielman, 
R. M. Thrall, J. W. Tukey, Gilbert Ulmer, Bernard Vinograde, M. A. Woodbury, 
J. L. Yarnell, P. M. Young, J. W. T. Youngs. 


By invitation of the Committee to Select Hour Speakers for West- 
ern Sectional Meetings, Professor E. J. Mickle of The Ohio State 
University spoke at 11:00 a.m. Friday on Some properties of the Le- 
besgue area; and Professor R. M. Thrall of the University of Michigan 
spoke at 9:00 a.m. Saturday, the title of his address being On classes of 
algebras with radical. ~ 

The joint session with the Biometric Society was at 2:00 P.M. 
Friday. By arrangement with the program committee the following 
addresses were given: Dr. A. S. Householder, Oak Ridge National 
Laboratory, Diffusion of isotopes in biological systems of several com- 
pariments; Professor M. A. Woodbury, University of Michigan, Pre- 
diction and estimation; Professor J. W. Tukey, Princeton University, 
The consultant and the biologist. 

Sessions for contributed papers were held at 10:00 a.m. Friday and 
10:15 a.m. Saturday. 

Presiding officers for the various sessions were Professors L. M. 
Blumenthal, D. L. Holl, E. J. Mickle, G. B. Price, E. B. Stouffer, 
R. M. Thrall, and Bernard Vinograde. 

On Friday evening there was a dinner for the Society in the Me- 
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morial Union Building. At the conclusion of the dinner the Society 
witnessed an excellent production of Hamlet by the Department of 
Speech and Drama of the University. 

Abstracts of all papers presented at the Meeting are given below. 
Papers read by title are indicated by the letter “.” Paper number 418 
was presented by Mr. Fisher and paper number 419 by Dr. Wood- 
bury. Mr. Steel was introduced by Professor Bernard Vinograde. 


ALGEBRA AND THEORY OF NUMBERS 
398. Arthur Bernhart: Roots of polynomials and their derivatives. 


The average product of the roots taken r at a time is the same for the polynomial 
and all its derivatives. In particular if the roots of a cubic are at the vertices of a 
triangle, then the quadratic roots are found to be at the foci of the inscribed Steiner 
ellipse. (Received March 21, 1949.) 


399. F. Marion Clarke: On the factorization of polynomials in n vari- 
ables. III. 


For a field F and a polynomial f(m,---, xs) in the polynomial domain 
Fla, +++, £a] a splitting field P is defined by the properties (i) P is an algebraic ex- 
tension of F, (ii) f is factorable into absolutely irreducible factors over P, (iii) there 
exists no field P’ properly contained in P and having properties (i) and (ii). It is 
shown by means of a Kronecker substitution that if F has characteristic zero, P is 
unique to within relative isomorphism. (Received March 15, 1949.) 


400. J. H. Engel: Conirsbutions to the solution of the word problem 
for groups. 

The word problem for the lower central series of the free group (called hereafter 
hypo-abelian groups) is solved by a method (distinct from the methods used by 
Magnus, Fouxe-Rabinovitch, or R. H. Fox) which utilizes invariants connected with 
a lattice representation of these groups. There is demonstrated for each word in each 
hypo-abelian group the existence of a unique canonical form, expressed as a product, 
in canonical order, of powers of generators and powers of commutators. An expansion 
theorem is developed, proving the known result that elements equalling the identity 
in all hypo-abelian groups of a free group equal the identity in the given free group. 
The word problem is solved for hypo-abelian groups of the first order with any number 
of generators and one additional defining relation, and for hypo-abelian groups of the 
first or second order with two generators and any number of additional defining rela- 
tions. These results yield new necessary conditions for the equality of two elements of 
a group. (Received March 16, 1949.) 


401. I. N. Herstein: The radtcal of the group ring of a p-group. 


The radical of the group ring of a group G of order #* over a field of characteristic 
P has been shown to contain all the elements g —1 where g is in G, by both Lombardo- 
Radice and Jennings. In this paper a short proof of this theorem, using elementary 
concepts of group and ring theory, is given. (Received March 16, 1949.) 


402. R. G. D. Steel: A problem on minimum princtpal minors. 


~ 
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The problem is to minimize a principal minor of a symmetrically partitioned cor- 
relation matrix, one element of the minor from each block, under certain internal 
congruences, namely, those which preserve the unit diagonal coefficients and which 
are effected by matrices whose nonzero coefficients are in the blocks corresponding to 
the partition of the correlation matrix. In order to obtain a system of equations whose 
solution gives the desired minimüm, the procedure is to reduce the problem to 
orthogonal internal congruences, form a suitable compound and use Cayley’s para- 
metrization of the orthogonal group. The result may be considered a generalization of 
canonical correlations (see H. Hotelling, Relations between two sets of variates, Bio- 
metrika vol. 28 (1936) pp. 321-377). (Received March 10, 1949.) 


403i. A. F. Strehler: The generalization of the Moebius u-function to 
a partially-ordered set. 


The familiar Moebius u-function, originally defined in the set of positive rational 
integers, is here extended to every partially-ordered set which has the property that 
for each pair of elements a, b in the set, there is at most a finite number of elements x 
in the set such that a&b, where C denotes the relation which orders the set. An 
explicit formula is found for the function in terms of the internal structure of the set. 
(Such an extension was made by Weisner, in Trans. Amer. Math. Soc. vol. 38 (1935) 
pp. 474-484, to a partially-ordered system in which were postulated, in addition to 
the above condition, the existence of the g. c. d. and I. c. m., relative to C, for each 
pair of elements of the system.) This extended u-function is then applied to the in- 
version of finite series of functions defined over the partially-ordered set; and a 
generalized Dedekind inversion formula is evolved. In particular, the structure of the 
p-function and some applications of the inversion formula are examined in such 
examples as the set of subclasses of a given finite class, the algebra of statements under 
the “implication” relation, an arbitrary set of positive rational integers, and integral 
algebraic domains. (Received March 15, 1949.) 


404. Bernard Vinograde: Algebras generated by every residue system. 


The opposite of a ring which is a direct sum of its radical and semi-simple subring 
is one which is without this property modulo any proper ideal in the radical. It can 
be shown that (1) for a ring with minimum conditions the property is equivalent to 
every complete semi-simple residue system generating the ring, (2) in rings with unit 
which are primary or commutative ‘or of index less than 4 the property is inherited 
by subrings «Re where e is any idempotent, (3) for algebras of finite rank the prop- 
erty can be translated into a test for the rank of a matrix easily derived from any 
multiplication table of the algebra modulo the square of the radical. (Received March 
10, 1949.) ; 


i ÅNALYSIS 


405. E. D. Cashwell: The asymptotic solutions of an ordinary dif- 
ferential equation in which the coefficient of the parameter is singular. 


The asymptotic solutions of the differential equation #’’(s) — [p%¢*(z)/(z—20)? 
-+x(p, z) ]u(z) =0 are derived. The variable z ranges over a bounded, simply-connected 
region of the complex plane which contains the fixed point 2, and in which ¢7(s) is 
bounded from zero. The complex parameter p is assumed to be large in absolute value 
but otherwise unrestricted, while x(p, 3) is analytic in z and uniformly bounded in p. 
The procedure depends upon the determination of a differential equation whose solu- 
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tions are known, and which approximates the original equation in a specific sense for 
large p. Then, for z in a suitably defined closed region containing 29 and arg p in each 
of four nonoverlapping subregions covering the p-plane, a pair of independent solu- 
tions of the initial equation are obtained in terms of the solutions of the approximat- 
ing equations. The methods used are similar to those of Langer (Trans. Amer. Math. 
Soc. vol. 37 (1935) pp. 397-416). (Received March 10, 1949.) 


406. G. M. Ewing: Surface integrals of the Weterstrass type. Pre- 
liminary report. 


For each oriented Fréchet surface S:x(u), „ER, of the type of the 2-cell, an area 
A(S) and a vector V(S) are supposed given, subject to certain postulates, Let r be a 
triangulation of R into triangles ¢;, let u, be a point of t; and let S, be the piece of 5 
represented by x(u), wu. If f(x, r) is continuous in (x, r) and homogeneous in r in 
the usual sense, and if Shas suitable properties, the sum )_f(x(w,), V(S,)) tends to a 
finite limit, as norm 7 approaches zero, which is independent of the choice of the repre- 
sentation x(«). Lower semi-continuity and convergence properties of the integral are ` 
investigated. Connections are found with work of Rado and of Cesari. (Received 
March 17, 1949.) 


407. H. K. Hughes: On the analytical continuation of generalized 
factorial series. Preliminary report. 


The series considered here is dD), g(n)An(t, k), where Anli, k) =kT'(#-+8) 
Ink) /(¢-+k—-1) (2) +k). It reduces to an ordinary factorial serieswhen &=1,and 
toa Dirichlet series when k> œ through appropriate values. (For known results see T. 
Fort, Trans. Amer. Math. Soc. vol. 23, p. 26.) In the present paper it is assumed that 
the coefficient g(») becomes an analytic function g(s) when » is replaced by z=x-Hiy, 
this function being analytic throughout the half-plane x&1/2. Two theorems on 
analytic continuation are obtained. If g(#) has the form (—1)*A{n), where h(s) 
=O {exp (x/2—e)|¥| };«>0, |arg z| Sr/2, |z|— œ, then the function defined by the 
series can be expressed in a closed form which is analytic for all finite ¢ except those 
of a certain sequence provided & is not zero or a negative real number. Again, if 
g(s) =Of{exp (r—e)|y|}; e>0, larg z| sr/2, ||», a similar result holds. (Re- 

ceived March 12, 1949.) 


408. W. G. Leavitt: On vector differential equations. 


Let A be a matrix whose elements and characteristic roots are holomorphic; the 
vector differential equation Y’ = (14 +B) Y with \ a parameter is then transformable 
into W'=(AP+Q)W, where the elements of P below the main diagonal are all zero. 
For second order equations a further transformation gives diagonal elements of form 
+d. Let the upper-right-hand element of P be œ; it is shown that a transforma- 
tion exists replacing ¢ by any associate of any member of its residue class modulo u. 
Restricting further by the assumption a is an associate of 3” (m20), it then follows 
that æ is reducible to one of the m-+-1 canonical forms 0,2’ (j=0,1, +--+, —1). For 
certain special cases, forms to which the solutions are asymptotic for large |X| are 
shown to be obtainable. (Received March 9, 1949.) 


409. Josephine M. Mitchell: An example of a complete double orthog- 
onal system defined on the unit circle. 
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We define a system of functions {¢° fa | (m, n=0, 1, kml, ++ , 271 (n0)) 
of class L*in the unit circle p=1 as follows: on (8, p)= ud J) cos mop (p)(meven), 
= (1/r"A)sin moy” (o)(m odd), and=(1 (ar) y® (p) (m =0), where (0, p) are polar 
coordinates. The ‘functions Vio) are defined analogously to the Haar orthonormal 
system, namely: yelp) = =23on 0 Sp S1, ¥2'(p) =2 on itean E[((2k —2)/2*) 2 <p 
< ((2k—1)/2")13], = —299 on ian= E[((2k— 1)/27)/2 <p <(2k/2")"2], =0 on 
I — (bainhira), where I is the unit interval (0, 1), and at the end points of the intervals 
441-1, 12h,5 a8 equal to the arithmetic mean of the values which it takes in adjacent 
sub-intervals. It is proved that the system {on ey is orthonormal and complete with re- 
spect to functions of class L? in the unit circle. Furthermore the Lebesgue function, 
L mar) Sohal Zur, Pur „(a r) day (9, p) | pdpda «=1,- , 2-1) is o(log m) almost 
everywhere | in the unit circle. The following convergence theorem is proved: if’ 
Dns Se log? (m+2)< 0, then the Fourier-Haar double orthogonal series 
aes am (8, p}, converges ie everywhere in the unit circle, (Received March 
14, 1949.) 


410. C. E. Springer: Unton curves and dynamical trajectories. 


Ina manifold V4.1, a totally geodesic surface S is considered with orientation of S 
determined by the tangent to a curve Cina hypersurface Va of Vap and by the first 
curvature vector in V4: of the tangent to C. The curve Cin V, is a union curve with 
respect to a given congruence of geodesics in Ya, if the surface Salong C contains the 
geodesic of ‘the congruence through each point of C. The differential equations of 
union curves in V, are obtained. A relation connecting union curvature, geodesic 
curvature, and normal curvature is found. It is shown that the trajectories of a con- 
servative dynamical system of n degrees of freedom correspond to the union curves of a 
Riemannian space of n dimensions. (Received March 16, 1949.) 


411. H. P. Thielman: On functional equations and generalized means. 


The mean M;[F], with respect to a strictly monotone function f(x) and a finite 
distribution function F(x) is defined as in the book Inequalities by Hardy, Littlewood 
and Pélya. Just as the powers of x lend themselves readily to the definition of a con- 
tinuous set of means, it is shown that the Tschebyscheff polynomials can be used in a 
similar way. Means with respect to cos p arc cos x are defined for finite sets of numbers 
over subintervals of 0 $x <1. Some theorems given in the above mentioned book for 
means with respect to xP have their analogues in the theory given here. Necessary and 
sufficient conditions on a polynomial F(x, y) are given in order that the functional 
equation ¢[ F(x, y)]=¢(x)+¢(y) can have monotone continuous solutions. (Received 
March 15, 1949.) 


APPLIED MATHEMATICS 


412. R. N. Goss: Center of flexures of a triangular beam. 


In Saint-Venant’s flexure problem the center of flexure is defined as that point of 
loading for which the local twist vanishes at the centroid of a section. Using Seth’s 
solution of the flexure problem for a beam of isosceles-triangular section (Proc. 
London Math. Soc. (2) vol. 41 (1936) pp. 323-331), the center of flexure is determined 
for any isosceles triangle for any value of Poisson's ratio. Previously known results 
> for the right isosceles and incompressible equilateral triangles are included as special 
cases. Excellent agreement is obtained with the experimental results of Duncan, 
Ellis and Scruton on a very narrow section (Philosophical Magazine (7) vol. 16 (1933) 
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pp. 201-235). In the equilateral triangle the position of the center of flexure is found 
to depend on Poisson's ratio if resultant rather than exact boundary conditions are 
imposed on two of the sides. (Received April 25, 1949.) 


413. M. Z. Krzywoblocki: The tnvartant theory of isotropic, homo- 
geneous turbulence in compressible fluid. 


Robertson’s invariant theory of isotropic turbulence valid for an incompressible 
fluid was ddjusted to a compressible flow. The correlation tensors are not any more 
solinoidal tensors. All the correlation tensors of the second and third rank are derived 
as well as the dynamical equations of motion and energy. (Received March 5, 1949.) 


414. B. R. Seth: Boundary conditions interpreted as conformal 
transformation. 


Solutions of two-dimensional problems in which a liquid is partly bounded by fixed 
plane walls and partly by surfaces of constant pressure are obtained by interpreting 
the boundary condition as a conformal transformation of a rectilinear area in the 
s-plane into a rectilinear area in another z-plane. Similarly all problems of irrotational 
flow either inside or outside a rectilinear polygonal cylinder can be solved by trans- 
forming the boundary condition into a form such that it amounts to only a conformal 
transformation from one plane to another (Seth, Philosophical Magazine vol. 20 
(1935) pp. 632-640; Quarterly Journal of Mathematics vol. 5 (1934) pp. 161-171; 
Hodgkinson, Quarterly Journal of Mathematics vol. 6 (1935) pp. 171-183). This 
method has also been applied to a number of torsion and flexure problems in elas- 
ticity and can be easily extended to problems in viscous flow, electricity and mag- 
netism and conduction of heat (Trefftz, Math. Ann. vol. 82 (1921) pp. 97-112; Seth, 
Proc. Cambridge Philos. Soc. vol. 33 (1934) pp. 392-403; Philosohical Magazine vol. 
22 (1936) pp. 582-598; vol. 23 (1937) pp. 745-757). It has also been used for cylinders 
bounded by confocal parabolas (Seth, Proceedings of the Indian Academy of Sciences 
vol. 9 (1939) pp. 447-453), It is proposed to extend it to curvilinear boundaries. 
(Received March 17, 1949.) 


4155. D. M. Studley: The mathematics of language. 


As point of departure from conventional philosophizing the notion of Plato’s 
Forms as sets is taken and raised to the level of a universal principle. Seen in that light 
ideas or words become fair game for set-theoretic manipulation. In a case such as that 
of the Form of Whiteness it seems fully natural to think of the class of white things 
and objects as typically representing the abstract form White. Extending the inspec- 
tion to other colors, a set of primary colors can be selected. The union of red and blue 
is purple while the union of yellow and red is orange. Orange and purple intersect in 
red, Such application is truly endless and quite inescapable because thought with 
words has unique pattern. Since a word generally has a set of senses, some of which 
may intersect, a word-form is a set of classes. In eventof ambiguity of meaning doubt 
is founded upon union of possible meanings. Clearly set addition is mostly non-com- 
mutative since meaning of words depends on their order although combinations some- 
times occur where over-all meaning is not changed by change of order. A sentence is a 
complete set of words whereas a description is an incomplete set of words. Neverthe- 
less a one sentence description is possible and occurs in the use of language with an 
indefinite frequency. Notion © words and meaning ( word C sentence C abstract. 


- 
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The result of this method has been the construction of a logical semantics. (Re- 
ceived March 16, 1949.) 


GEOMETRY 


416. P. O. Bell: On hypergeodestc triangles the ratio of those integral 
curvature lo angular excess is constant. 


A new system of hypergeodesics G, (generalized geodesics) is characterized on a 
general analytic surface S by. the property that on any triangle T formed by arcs of 
the system G+ the ratio of the integral curvature of T to the “angular excess” of T is 
equal to k, a constant. The geodesics of S constitute the special system G1. Let e denote 
a unit tangent vector at a point x of a curve Cy of the system G;and let ds denote the 
element of arc length of Cy at x. Let Gi, Cy denote the curves passing through x of 
an arbitrary orthogonal net N of S,and let &,, es and dsı, dss denote the unit tangent 
vectors at x and the elements of arc length Ci, Cs, respectively. The components 
of vector curvature de/ds normal to the surface and tangent to the surface are 
kan and ye*, respectively, where &, is the normal curvature of S for the direction 
A, y is the geodesic curvature of Cy at x, and e* is the unit tangent vector perpendicu- 
lar to e such that e* Xen, The geometric characterization of the vector curva- 
ture de/ds is completed on establishing the following result: The geodesic curva- 
ture y of a hypergeodesic ‘of the system Gy is given by the scalar product y=(k—1) 
> (de, /ds,-+-des/ds_) +e* in which de,/ds,and des/ds; are the vector curvatures of C; and 
Cs, respectively. (Received March 16, 1949.) 


417t. John DeCicco: General geometry of second order elements. 


The group of arbitrary point transformations of the plane induces a certain eight 
parameter group Gs on the differential elements of second order, all of which pass 
through a given point (x, y). In 1910, Kasner obtained all the invariants under this 
Gs for n such elements. In the present paper, the effect of this Gs upon the central 
locus C corresponding to a fixed point (x, y) of a second order differential equation is 
studied. It is proved that under Gs an arc length s exists for C involving derivatives of 
fifth order. The curvature x of C, invariant under Gs, is an expression involving 
derivatives of seventh order. Any two such curves whose curvatures K are the same 
functions of the arc length s are equivalent under Gs. (Received December 27, 1948.) 


418. R. C. Fisher and P. O. Bell: New geometric characterizalions 
for the lines of curvature and the geodestcs of a surface. 
Let m and rg denote the normal planes to an analytic surface S in ordinary space 


at a generic point x in the directions of the u and v parametric curves respectively. 
The planes +; and 73 generate developable surfaces as x moves along an arbitrary 


_ curve C of S. Let Pa and Q denote the intersections of the normal to Sat x with the 


characteristic lines of zı and rs for the direction X, The points P) and Qy coincide for 
an arbitrary parametric net if and only if the curve C) is a line of curvature. Let 
m denote the normal plane in the direction A. The intersections of the characteristic 
‚lines of ry for the # and v directions with the normal (tangent plane) coincide if and 
only if the curve G is a line of curvature (geodesic). If Cy and Cy are curves of a net 
on S, any two of the following conditions implies the third: (a) Ca and Cy intersect at 
a constant angle of S; (b) Cy is a geodesic; (c) the characteristic line of si for the direc- 
tion X is parallel to the tangent plane at x. (Received March 16, 1949.) 
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STATISTICS AND PROBABILITY 


419. C. L. Dolph and M. A. Woodbury: An application of the 
Carleman singular integral equation theory to the spectral representation 
of stochastic processes. Preliminary report. 


Implicit in Carleman’s work is a generalization of Mercer’s theorem to positive 
definite Hermitian kernels of his class I (that is, where the associated integral operator 
fols, HU )dt is hypermaximal) which reduces to a form of Bochner’s theorem when 
p(x, £)==p(s—#). This observation leads to a spectral representation of processes 


E(x|t) whose correlation function p(s, £) Eftalia] is of Carleman’s class I. 
This parallels and generalizes the Cramér-Karhunen representation of stationary 
processes. This representation does not seem to satisfy Karhunen’s definition of a 
spectral representation but is similar in many respects. (Received February 19, 1949.) 


420. J. I. Northam: Single and double dependent rare events. Pre- 
liminary report. 


Let n=nı+2n, where nı and ns are respectively the number of occurrences of cer- 
tain single and double rare events, and where nı and mz are assumed to follow a bi- 
variate Poisson distribution with parameters Aio, Am, Au. The probability generating 
function for P(n) is found by use of the probability generating function for a bivari- 
ate Poisson distribution. Previously, Cernuschi and Castagnetto (Ann. Math. Statist. 
vol. 17, no. 1) found P(n) for #==,+2n,+ ++ ++ - » - where the n; were as- 
sumed to follow independent Poisson laws with A, A,a""!/s I, a & 0. (Received March 
7, 1949.) 


TOPOLOGY 
421. R. H. Bing: Metrizatton of topological spaces. 


A collection of point sets is discrete if the closures of these point sets are mutually 
exclusive and any subcollection of these closures has a closed sum. Generalizing the 
notion of perfect separability, we say that space is perfectly screenable if there exists 
a sequence Gi, Ga, * + + such that Ge is a discrete collection of domains and for each 
domain D and each point p in D there is an integer n(, D) such that Garp, p) contains 
a domain which lies in D and contains p. A regular topological space is metrizable if 
and only if it is perfectly screenable. Space is screenable if for each open covering H 
of space, there is a sequence Hı, Has » - -such that A; is a collection of mutually 
exclusive domains and )_H; is a covering of space which is a refinement of H. While a 
screenable Moore space need not be normal, it is metrizable if it is normal. Space is 
collectionwise normal if for each discrete collection X of closed point sets, there is a 
collection Y of mutually exclusive domains covering X* such that no element of Y 
intersects two elements of X. A Moore space is metrizable if it is collectionwise 
normal. (Received March 14, 1949.) 


422. H. J. Cohen: Homogeneous plane continua. 


In 1924, S. Manzurkiewicz proved that a homogeneous, bounded, plane continuum 
M which is locally connected must be a simple closed curve. The existence of a homo- 
genous, bounded, plane continuum otker than a simple closed curve has been estab- 
lished by R. H. Bing (1948). The present paper strengthens the result of Mazurkiewicz 
by showing, first, that it holds even if M is locally homogeneous—that is, for each 
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pair of its points x, y, there exists a homeomorphism between two open subsets of 
M, one containing x, the other containing y, such that x maps into y. Alternatively, 
the requirement of local connectedness can be replaced by the condition that M con- 
tain a simple closed curve. It is incidentally shown that any bounded, plane con- 
tinuum which is the sum of a collection of disjoint simple closed curves is topologically 
equivalent to an annulus. (Received March 9, 1949.) 


423. O. H. Hamilton: Transformations topologically equivalent io iso- 
meirsc transformations in Hilbert space. 

It is shown that if T is a pointwise periodic transformation of a point set in an 
n-dimensional Euclidean space, then T is topologically equivalent to a transformation 


of a point set in a Hilbert space which leaves the distance between two points in- 
variant. (Received March 17, 1949.) 


J. W. T. Younes, 
Associate Secretary 


THE APRIL MEETING IN STANFORD UNIVERSITY 


The four hundred forty-eighth meeting of the American Mathe- 
matical Society was held at Stanford University, Palo Alto, Cali- 
fornia, on Saturday, April 30, 1949. The attendance was approxi- 
mately 85, including the following 71 members of the Society: 


M. I. Aissen, T. M. Apostol, H. A. Arnold, H. M. Bacon, E. M. Beesley, R. L. 
Belzer, H. F. Bohnenblust, J. L. Botsford, F. A. Butter, Lamberto Cesari, C. L. 
Clark, F. G. Creese, P. H. Daus, A. C. Davis, E. A. Davis, M. R. Demers, S. P. Dili- 
berto, Roy Dubisch, W. D. Duthie, J. M. G. Fell, G. E. Forsythe, A. L. Foster, R. A. 
Fuchs, P. R. Garabedian, M. A. Girshick, J. W. Green, Sarah Hallam, G. J. Haltiner, 
M. A. Heaslet, J. G. Herriot, M. R. Hestenes, R. E. Holdman, R. D. James, Samuel 
Karlin, J. L. Kelley, R. M. Lackness, Cornelius Lanczos, D. H. Lehmer, Hans Lewy, 
Eugene Lucacs, Rhoda Manning, W. A. Mereman, A. B. Mewborn, B. C. Meyer, 
E. D. Miller, F. R. Morris, Ivan Niven, A. M. Ostrowski, Anna Pell-Wheeler, R. S. 
Phillips, Edmund Pinney, Hugo Ribiero, J. B. Robinson, R. M. Robinson, H. L. 
Royden, Wladimir Seidel, Max Shiffman, D. C. Spencer, W. M. Stone, Irving Suss- 
man, J. D. Swift, L. H. Swinford, Gabor Szegé, J. L. Ullman, F. A. Valentine, R. L. 
Vaught, Morgan Ward, D. V. Widder, V. A. Widder, A. R. Williams, František Wolf. 


In the morning there was a general session for research papers and 
for the invited address, Quadratic forms in the calculus of vartations, 
by Professor M. R. Hestenes of the University of California, Los 
Angeles. Professor Max Shiffman presided. In the afternoon there 
were two sections, pure and applied mathematics, at which Professors 
D. C. Spencer and Gabor Szegé presided. 

After the meetings, those attending were guests at a tea in Stan- 
ford Union. 
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Abstracts of papers presented at the meetings follow. Papers whose 
abstract numbers are followed by “i” were presented by title. Paper 
433 was presented by Mr. Shapley. 


ALGEBRA AND THEORY OF NUMBERS 


424. T. M. Apostol: Dedekind sums and iheir generalizahions. 


The Dedekind sums s(k, k) which appear in Rademacher’s convergent series for 
the partition function p(s) satisfy a well known reciprocity law. The author obtains 
formulas which prove useful for computing these sums. The sums are generalized by 
considering sp(h, k) = AR (u/k) By(ku/k), where B>(x) is the pth Bernoulli function 
and sılk, k)=s(h, k). A reciprocity law for these sums is derived and the method 
gives a new arithmetic proof of the known law for s(A, k). The generalized sums are 
related to the functions G,(x) = 2: a par nPar much in the same way that s(h, k) 
is related to the modular form y(r) where log z(r) =rir/12 ~—G,(e%**), Transformation 
formulas relating Gp(e*™"") to G,(e""") are obtained for odd p, r’=(ar+b)/(er-+¢) 
being a modular transformation. The sp(h, k) appear in these formulas. The 
Sp(k, k) are also expressed as infinite series related to certain Lambert series and for 
odd p= 3, sp(h, k) is the Abel-sum of a divergent series. (Received February 7, 1949.) 


425. Roy Dubisch: Remarks on isotopy of nilpotent algebras. 


Isotopy (see A. A. Albert, Non-assoctative algebras I, Ann. of Math. vol. 43 (1942) 
pp. 685-707) is applied to Ghent’s classification of nilpotent algebras of order $4 (A 
nole on nilpotent algebras tn four units, Bull. Amer. Math. Soc. vol. 40 (1934) pp. 331- 
338) to yield a classification according to isotopy. It is also shown that the number of 
isotopy classes for any order is always less than the number of equivalence classes. 
Furthermore, it is shown that, for every order n, there exists a nilpotent algebra iso- 
topic to a non-nilpotent algebra. On the other hand, an example is given of a nilpotent 
algebra, not a zero algebra, which is not isotopic to a non-nilpotent algebra. All of 
this is for associative algebras. (Received April 30, 1949.) 


426. D. H. Lehmer: The evaluation of certain exponential sertes. 


The series under consideration have sth terms of the form f(#) exp (-anr) where 
am1, 313, 2 and where the numerical function f is any one of a large class of well 
known functions including e(n), the sum of the &th powers of the divisors of n, the 
number p(z) of unrestricted partitions of n and other familiar partition functions, 
Ramanujan's function r(#) and its generalizations (see Bull. Amer. Math. Soc. vol. 
54 (1948) p. 829), numbers of representations by sums of squares, and so on. All 
series are evaluated in closed form in terms of +, T(3/4), and .T(5/6) and their 
powers. Simple examples are J e (n) exp (—2xn) =x*{ [r(3/4)]* 320}-1—1/240, 
>. (—1)*n07(2) exp (342er) =0, and > p(n) exp (—x(24n —1)/12) =2U2e-4E (3/4), 
These results are derived from a consideration of the harmonic and equianharmonic 
cases of elliptic functions. (Received March 18, 1949.) 


427. Ivan Niven: A function associated wiih O(n). 


S. S. Pillai (On a function connected with (n), Bull. Amer. Math. Soc. vol. 35 (1929) 
pp. 837-841) has investigated the arithmetic function R(s) which is defined as the_ 
least integer r such that ¢"(#) =1, where ¢'(n) denotes the rth iterate of the Euler 


N 


t 


716 AMERICAN MATHEMATICAL SOCIETY [July 


¢-function. This function is investigated in slightly altered form: define g(s) as 
Rn) —1 for #23, and g(2)=g(1) =0. This alteration ‘is to enable one to state the 
fundamental theorem: g(ab) = g(a) +2(5), unless a and b are both even, in which case 
g(ab) = g(a) +g(b) +1. Various other properties of the function are obtained. (Received 
March 17, 1949.) 


428. R. L. Vaught: The continuous real-valued functions on a com- 
pletely regular space. Preliminary report. 


The linear algebra R(X) of all continuous real-valued functions on a completely 
regular topological space X is made into a topological algebra by the introduction of 
the topology in which convergence means uniform convergence on compact subsets 
of X. Itis shown that this topological algebra characterizes X, in fact that X is homeo- . 
morphic to the set of all continuous homomorphisms of K(X) into the real numbers 
(with the usual product topology). Certain subalgebras and ideals of R(X) are dis- 
cussed. It is hoped to use these results to study the possible uniform structures over a 
completely regular space. (Received April 30, 1949.) 


429. Morgan Ward: Diussihtliiy sequences with a rank function. 


Let ($): do=0, dim l,+ ++, ds, °° + be an integral-valued divisibility sequence. 
($) is said to admit a rank function if for every modulus m there exists an integer 
r=r(m) such that ¢, 0 (mod m) if and only if n=0 (mod r). Two new necessary and 
sufficient conditions for ($) to admit a rank function are obtained. The simpler of 
these is as follows: If $, g are any two primes, then for every », the greatest common 
divisor of ppa and pgn 18 da. (Received March 18, 1949.) 


ANALYSIS 


430. E. M. Beesley. Concerning total differentiability of functions of 
class P. 


Since 1900, some eight or more writers have formulated conditions under which a 
function of two real variables shall be said to be of bounded variation. Adams and 
Clarkson (Trans. Amer. Math. Soc. vol. 35 (1933) pp. 824-854; vol. 36 (1934) pp. 
711-730; vol. 46 (1939) p. 468) have examined and compared these definitions and 
have catalogued many of the properties of the functions which satisfy the various 
definitions. In the terminology of Adams and Clarkson, P is the class of functions 
-which are of bounded variation in the sense of Pierpont (see, for example, Adams and 
Clarkson, loc. cit., or H. Hahn, Theorie der Reelen Funktionen, Berlin, 1921, p. 539). 
One of the questions left open by these writers is the following: Do there exist func- 
tions of class P which are not totally differentiable almost everywhere? It is shown 
that there are continuous functions of class P which are nowhere totally differentiable. 
A specific example is exhibited and several questions concerning the category of the 
set of these functions in various function sets are considered. (Received March 18, 
1949.) 


431. Lamberto Cesari: On Geocse’s problem. 


Given a Fréchet surface S: x =x(u, 0), y=y(u, 0), s =z(u, 0), (u, EA (A a Jordan 
region), the Lebesgue area L(S) of S is the lim inf of the elementary areas a(Z) of all 


. polyhedral surfaces & for which IS, z||—0. L*(5) is the corresponding lim inf when £ 


is restricted to those £ inscribed in S. L*(S) 2 L($); Geocze’s problem is to prove 
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L*(S) =L(S). If the proof is developed only in terms of the functions x(w, v), (+, v), 
z(u, v) of the given representation of the surface S, this is the so-called strong form of 
the Geocze problem (Radó, Huskey); if it is permitted to use in the proof other and 
convenient representations of the same surface S, this is the weak form of the prob- 
lem (Mambriani). The author has proved, in the weak form and utilizing his previous 
research on representation of surfaces, that for each Fréchet surface S, L*(S)=L(S). 
(Received April 30, 1949.) 


432. R. D. James: A generalized iniegral. 11. 


The definition and some of the properties of what may be called a Perron second 
integral (P%integral) were given in a previous paper (Transactions of the Royal 
Society of Canada (3) vol. 40 (1946) pp. 25-35). In the present paper the definition is 
changed slightly and further properties are deduced. It is shown, for example, that the 
P2-jntegral provides a complete solution to a problem of Denjoy which he discussed 
in five notes in the C, R. Acad. Sci. Paris in 1921 (vol. 172, p. 653, p. 833, p. 903, p. 
1218; vol. 193, p. 127). It is also proved that if a trigonometric series converges in 
(0, 23) toa function f(x), then f(x) is P%-integrable, and that, with a suitable modifica- 
tion of the definition of the Fourier coefficients for the P?-integral, the trigonometric 
series is the Fourier series of f(x). (Received March 17, 1949.) 


433. Samuel Karlin and L. S. Shapley: Moment spaces and poly- 
nomial games. 


The reduced moment space D* is the set of points in E* whose coordinates are 
the first n moments of some distribution function #(é) over the interval [0, 1]. D* is 
the convex closure of the skew curve x, 1, 0 S/S1,¢=1,-+-+,. Boundary points 
of D" may be classified according to facial dimension: let a(x) denote the dimension 
of the intersection L(x) of all planes of support at x. The boundary has two faces of 
each dimension a=0), +» «+, »—1. Each x in the boundary is uniquely representable 
by extreme points and corresponds to a unique distribution ¢,. The number of points 
in the representation of x and in the spectrum of ¢, is the same, and is denoted by 
b(x), or by b(«) if the points 0 and 1 are counted with half weight when they appear. 
Then a(x) =25(x) —1 and b(x)=c(x)-+1, where c(x) is the dimension of L(x}(\D*. 
The moment-space game with strategies x& D", yD", and pay-off $ a,x, is 
equivalent to the polynomial game with strategies t, «@[0, 1] and pay-off > antut; 
the mixed strategies of the latter corresponding to the pure strategies of the former. 
The foregoing considerations reveal many facts about the solutions (best mixed 
strategies) of polynomial games. (Received April 30, 1949.) 


434. Cornelius Lanczos: An tleration method for solving the etgen- 
value problem of linear differential operators. 


Let Df(x) be a given linear differential operator of a given finite range, with linear 
homogeneous boundary conditions which establish an eigenvalue problem. Expand 
y=f(x) into a finite series of linearly independent functions, such as the powers of x. 
Determine the coefficients of this expansion by the condition that not only y, but also 
Dy, Dy, +++, D™y shall satisfy the given boundary conditions. Then an approximate 
representation of the first $ eigenfunctions of the operator Dy is obtainable as a given 
linear superposition of y, Dy, +--+, Dry; (k<2m). With increasing m (k fixed) the 
error converges to zero. Compared with the Rayleigh-Ritz method the following 
advantages may be listed: (1) The self-adjointness of Dy is not required. (2) No 
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integration is involved, only the solution of linear equations. (3) Instead of successive 
reductions, a whole set of eigenfunctions and eigenvalues can be obtained simul- 
taneously. The convergence is satisfactory if proper care is taken in the choice of the 
class of functions into which y is expanded. (Received March 17, 1949.) 


4354. Walter Leighton: Principal quadratic functionals. 


A principal quadratic functional is defined to be a functional of the form 
Jaf oir (x) 92 — p(x) 9 Jae, where b>0, r(x) and p(x) are continuous, and r(x) >0 on 
0<x*x3b. The minimizing of J among various classes of admissible curves is studied, 
and necessary and sufficient conditions are obtained. This paper, which will appear in 
the Trans. Amer. Math. Soc., may be regarded as a continuation of investigations 
begun by Morse and Leighton (Singular quadratic functionals, Trans. Amer. Math. 
Soc. vol. 40 (1936) pp. 252-286). (Received March 7, 1949.) 


436. W. A. Mersman: A new form of solution of Hermtie’s equation. 


In a certain compressible laminar boundary-layer investigation it is found neces- 
sary to solve the differential equation d*y/ds*+2zdy/ds—4d4ny=0, n being any non- 
negative integer, subject to the boundary condition that y(s) vanish at infinity. Al- 
though this equation is readily identifiable with the Hermite equation of order 2” with 
imaginary independent variable, the standard form of the classical solution is of no 
practical use in satisfying the condition at infinity. In the present paper, a general 
solution is obtained as the sum of three terms: (1) a polynomial, (2) a polynomial 
multiplied by the error function, and (3) a polynomial multiplied by exp (—2?). This 
form of solution is amenable to numerical computations for all values of z, whether 
large or small, and the condition at infinity is easily satisfied. (Received March 14, 
1949.) 


APPLIED MATHEMATICS 


4371. H. W. Becker: A new proof and application of Kirchhoffs rules. 


Philip Franklin (Journal of Mathematics and Physics (1925) pp. 97-102) gave a 
determinantal proof of Kirchhoff’s rules for assembling a network function, by exclud- 
ing terms whose complementaries contain meshes. A proof is here given, by ultimate 
fracto decomposition of the circuit into nothing but opens and shorts, using all 
branches as keys. Duality yields another rule, excluding terms containing modes, 
proper or improper (pairs or sets of adjacent modes). The rules are applied to the Z 
solution of all 16 fundamental bridge networks of from 6 to 11 unit branches in R. M. 
Foster’s enumeration (Transactions of the American Institute of Electrical Engineers 
(1932) pp. 309-317) and to all 54 fundamental passive bridge circuits therein im- 
bedded. If Z=(sa-+b)/(se-+d) is the driving point impedence of a circuit, and 
Z,@ (sa +-b)/f is the transfer impedence from the source to branch z, then the transfer 
factor f= (ad—bc)"? entails (f) =af \d, where (f) is the set of terms of f without re- 
gard to sign. That is, a=(f)-+a, d=(f)+8, so the source ¢~z interchange factor 
h=a—d is irreducibly 4a—é. (Received March 7, 1949.) 


438. H. W. Becker: Circuttoidal functions. 


These are quotients Za D/N, where D is a partial sum of products of n variables 
pata time, and N isa p.s.p. of the n or less variables z—1 ata time, The number of 
such possible quotient forms CF(n) =3[(n—1)1!]3, n=2, 3, 4. Those C.F. which are 
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not driving point or transfer impedences of any physical circuit (and for » 24, such 
are in the vast majority) have the status of imaginary circuits. The simplest is Cohn’s 
LC, 2c, (w-+v) > (wolle) =(szu+zer+tw)/(s+w-+rv). The ic. may be a fracto 
imaginary (the fracto sum of physical circuits having consistent multiplicity but not 
topology) or a semi-imaginary (the quotient of physical semicircuits having c.m.n.t.) 
or both f.i. and s.i. or neither of them. Ze is both f.i. and s.i., and so sometimes is 
~Z, the dual of a nonplanar circuit. If Sis a setand Q an operation such that Mand 
m being any two members of S, m’ = M Qm is nota member of S, then S is a exogroup 
(exogamous group) with respect to N. If S is the infinite class of proper series-parallel 
circuits (having no opened or shorted branches), then 5 is an exogroup with respect to 
fracto addition,/. (Received March 14, 1949.) 


439. A. M. Ostrowski: A problem of abstract algebra connected with 
Horner's rule. 


In applying Horner's rule for computing the values of polynomials to polynomials 
in several variables, N—1 multiplicationsand the same number of additions are to be 
carried out, where N is the number of terms in the corresponding “complete” poly- 
nomial. The question whether for polynomials in one variable this number is the best 
is discussed and for the first four degrees solved. (Received April 30, 1949.) 


440. R. S. Phillips: The electromagnetic field produced by a helix. 


Starting with the retarded vector potential produced by a sinusoidal current 
traveling along an infinitely-thin perfectly-conducting helix, the phase velocity of this 
current is determined so that the electric field along the helix is “essentially” zero. 
The phase velocity along the helix so obtained is equal to the free space velocity of 
propagation. A Bessel function expansion is found for the electromagnetic field from 
integral evaluations of the type f"_ e(ce@®®/R)dpe4a do. et? (In(Ina)Ka(Tap) 
where Rm ({*--a?-+-p?—2ap cos(p—t/a))¥2, Ta ((B~n/a)?~K2)¥2 and p>a. In 
order to determine the phase velocity, it is shown that lim,..+ Q(8, p) = © and 
lim,e+ Q(B, p)/O(P:, p)=1 for any real Aı and fa where 0Q(8, p)= eae 
IT) Ka(Tap). (Received February 16, 1949.) 


441. Edmund Pinney: Elastic vibrations due to a point source 
within a semt-tnfintie solid. 


P or S waves originating at a point within a semi-infinite solid are investigated. 
Surface accelerations are calculated. (Received March 21, 1949.) 


GEOMETRY 


442}. D. B. Dekker: Hypergeodeste curvature and torsion. 


This paper deals with the differential equation of an arbitrary family of hyper- 
geodesics on a surface and definitions of hypergeodesic curvature and hypergeodesic 
torsion relative to the family in such a manner that the definitions reduce to those for 
union curvature and union torsion when the family is a family of union curves. The 
differential equation is first expressed in a tensor form as the vanishing of a certain 
scalar for any curve of the family. Then this single differential equ: tion is transformed 
into two equations stating that a certain vector shall have zero components for any 
curve of the family. Hypergeodesic curvature and the hypergeodesic curvature vector 
are defined as the above mentioned scalar and vector respectively. A study of the cusp 
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cone provides a geometric interpretation of hypergeodesic curvature of an arbitrary 
curve on the surface. An expression for the torsion of a hypergeodesic yields a defini- 
tion of hypergeodesic torsion of a curve and leads to the theorem that a hypergeodesic 
is a plane curve if and only if the elements of contact of the osculating planes with the 
corresponding cusp cones along the curve form a developable. (Received March 14, 
1949.) 


443. J. W. Green: Seis subtending a constant angle on a ctrcle. 


Let C be a closed circular area in the plane and C’ its circumference. Let K bea 
convex set in C which subtends at each point of C’ the constant angle,a, O<a<r. 
The paper considers the possibility of the existence of non-circular sets K with this 
property. It is found that if æ is an irrational multiple of + or if a=(m/n)x, mandn | 
relatively prime and odd, there is only the obvious concentric circle to C as solution; 
in all other cases there is a large class of solutions. In the case where non-circular 
solutions are possible, a number of extremal problems are solved, involving the length, 
width, diameter, and area of these sets. For example, among ail convex sets in a 
circle subtending 7/2 on its circumference (and there are many, including a one- 
parameter family of ellipses) the circle has the greatest length. The minimum length 
is not attained but the limiting case is a diameter of C. (Received March 17, 1949.) 


444, F. A. Valentine: Some properties of C-convex sets. 


A set is said to be C-convex if each of its components is convex. A C-convex set 
having s components is called a C,-convex set. A set S is called an La set if each pair 
of points in S can be joined by a polygonal line in S having at most # segments. The 
author shows that in the plane an open, bounded C,-convex set (n>1) isan Lay set. 
In order to prove this, use is made of the notion of maximal family. A family of » dis- 
joint open convex sets Ma is said to be maximal if no member of the family is a proper 
subset of an open convex set which is disjoint with the remaining members of the 
family. The boundary of an open maximal family M, is the sum of linear edges, and 
it may or may not be connected. In the plane, each component of the complement of 
the closure of an open maximal family Mw is a convex set bounded by a closed polygon. 
Further properties of such sets are obtained and applied to the study of C,-convex 
sets. (Received March 17, 1949.) 


J. W. GREEN, 


Associate Secretary 


BOOK REVIEWS 


Regular polytopes. By H. S. M. Coxeter. London, Methuen, 1948; 
New York, Pitman 1949. 20+321 pp. $10.00. 


The study of polytopes (that is, polygons and polyhedra of three or 
higher dimensions) appears to interest more different kinds of people 
than any other branch of mathematics with the possible exception of 
number theory. Its beauties inspired the rug merchant, P. S. Don- 
chian, patiently to construct a remarkable set of models representing 
all varietiés of polytopes. It enabled the housewife, Alicia Boole 
Stott, a daughter of George Boole, to capitalize on her unusual powers 
of geometrical visualization in spite of her meager mathematical edu- 
cation. It provided the struggling young lawyer, Thorold Gosset, 
with an amusing and constructive pastime during his long waits be- 
tween clients. And equally well it has attracted the attention of many 
‘famous mathematicians such as Klein, Poincaré, Poinsot, Schlifii, 
Cayley, Euler, and Goursat, to mention only a few. Nor is it solely a 
“pure” discipline devoted to beauty but not utility, for it has been 
cultivated by a number of crystallographers such as Fedorov. 

Coxeter has spent a major portion of his mathematical career dig- 
ging out the obscure references in early works, in making personal 
contact with contemporary gifted amateurs, and in developing his 
own outstanding contributions to the field. In this book he has poured 
forth all his devotion and scholarship and has produced a work which 
will be the standard treatise in this field for many years. It is beauti- 
fully illustrated with photographs of Donchian’s models and with 
numerous drawings. Its value as a reference book is greatly enhanced 
by historical material at the end of each chapter, by tables giving 
the essential combinatorial and metric properties of polytopes of 
many varieties, by an exhaustive bibliography, and by a carefully con- 
structed index. It is a particular pleasure to record this last feature; 
for its omission in so many mathematical books published in England 
greatly detracts from their value. 

In his preface Coxeter follows the lead of Birkhoff-MacLane and 
says: “Anyone familiar with elementary algebra, geometry, and 
trigonometry will be able to appreciate this book.” In a literal sense 
this is true, but let no one be deceived—this is a serious book, full of 
advanced ideas, and worthy of careful study by professional mathe- 
maticians. In the elementary section Coxeter gives a brief résumé of 
the Platonic solids, and then discusses other solids related to these 
which, though not regular, have many regular features. Examples are 
the cuboctahedron, the rhombic dodecahedron, and the zonohedra. 
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The serious mathematics begins with the third chapter in which 
Coxeter introduces the symmetry groups of the Platonic solids. After 
a full discussion of this important topic, he turns to degenerate poly- 
hedra such as tessellations and honeycombs and their groups. These 
lead to results of crystallographic importance. Under the heading - 
“The Kaleidoscope” he then describes the discrete groups generated 
by reflections. The exposition is greatly illuminated by his own 
“sraphical notation” which makes complicated relations self-evident. 
The treatment of three-dimensional solids closes with a chapter on 
regular solids which are not quite polyhedra in the strict sense. 
These are obtained from the Platonic solids by “stellating” (adding 
pointed solid pieces) or “faceting” (removing solid pieces). This 
process raises the number of regular polyhedra from five to nine. 

The remaining two-thirds of the book is devoted to polytopes of 
higher dimensions. The general program is similar to that carried out 
for ordinary polyhedra. It is shown that in four-space there are six 
regular polytopes and that in n-space (n>4) there are only three 
regular polytopes. Explicit constructions are given for these and 
metrical properties are derived. There are even photographs of 
models of three-dimensional projections of some of these hyper- 
solids. The methods used are increasingly analytic, but the underlying 
geometry is never lost among the formulae. 

I have only one regret about this theory, and Coxeter should not 
be blamed for this. I refer to the formidable terminology, doubtless 
invented by mathematicians with a far better education in classical 
languages than myself. Dry-sounding words like “enantiomorphous” 
and “great stellated triacontahedron” tend to obscure the geo- 
metrical treasures of the subject. This is a place where a judicious 
use of American slang would greatly improve the situation. 


C. B. ALLENDOERFER 
Mathematical theory of human relations. An approach to a mathematical 
biology of social phenomena. By N. Rashevsky. Bloomington, Prin- 
cipia, 1947. 14+202 pp. $4.00. 


The name Rashevsky is virtually synonymous with the term 
“mathematical biophysics,” a term which he coined to designate a 
field created and developed by himself and under his own direction. 
In this field he is the author of two books, one recently reissued in 
revised and greatly: expanded form, and the editor of a quarterly 
journal, the Bulletin of Mathematical Biophysics. 

Professor Rashevsky entered this field by way of a theoretical study 
of the behavior of liquid drops within which constituents drawn from 
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the surrounding medium undergo chemical transfermation. The 
analogy to a metabolizing biological cell is obvious. From the “vegeta- 
tive” cell, he passed quickly to the “sensitive” cell, which has lost the 
capacity to grow and divide, but undergoes characteristic reversible 
changes when subjected to external influences of certain types. 

The next step was to consider an organized aggregate of cells of 
either type. Concentrating attention upon the vegetative constitu- 
ents, he developed a theory of organic form. In considering the sensi- 
tive constituents one has a model of the central nervous system, whose 
structure imposes certain general patterns upon its own activity. 

The mathematical theory of human relations applies a similar 
methodology to the consideration of interacting organisms. Much of 
the content has appeared over the past 10 years in a series of papers 
published in Psychometrika. The point of departure is the observa- 
tion that the actions of an individual are dependent jointly upon his 
own desires and the influence of others. In qualitative terms the 
observation is as trite as the “law of supply and demand,” but with 
the assignment of numerical parameters and specific functional de- 
pendences it yields a tool that can be worked with. 

Of course, there are horrible complexities already present at the 
start. There are many types of activity; there are attitudes toward 
each ranging all the way from psychopathic aversion to equally 
psychopathic drive; and there are all degrees of influence, varying with 
both of the parties and with the activity. These complexities the 
author sidesteps in characteristic fashion by renouncing any claim to 
realism, indulging merely in the mathematical exercise of manipulat- 
ing a few systems of the simplest conceivable type. He considers a 
single type of activity, usually economic, and generally considers two 
or three groups, each characterized by only a single coefficient of in- 
fluence averaged over the group. 

Herein is exhibited Rashevsky’s gardinal methodological principle. 
Any approximation is better than none; any guess is better than none, 
if it is quantitative. Simplify equations until they become manage- 
able, study these, and add complexities as you are able to take care 
of them. By progressing in this fashion one may hope ultimately to 
arrive at estimates that are reliable. In the present instance the di- 
chotomies and abstractions accepted as temporary makeshifts are 
very little different from, and scarcely worse than, those commonly 
accepted in either the forum or the academy. 

In the main course of the development, individuals are classed into 
two groups, the “actives,” having a high coefficient of influence, and 
the “passives,” having a low one. The actives may, themselves, be 
split on some issue, in which case the passives are found to drift, 
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ultimately, all into the same party. This is a secular trend: presi- 
dential elections are not an example! 

In the economic field, the actives are the organizing and directing 
group, whose skills can greatly enhance the productivity of the pas- 
sives. For this reason the passives will accept their direction, receiv- 
ing for their own labors a certain portion of the output. Or one may 
consider a governing group in addition to the two industrial groups, 
‚ exacting payment (taxes) from both. 

The development becomes most dramatic when consideration is 
given to the fact that once the social lines are drawn, membership in 
a social group may be hereditary while the characteristics are not. 
Over the generations there will be born into each class individuals 
who are members of this by birth but have characteristics that would 
place them in the other. Such a course of events may lead, as one 
illustration, to the eventual passage of control into the hands of the 
active subclass of the “passive” group, or, as another example, to 
the shift of control from one group of actives to another. The signifi- 
cant feature of the discussion is not the qualitative conclusion, which 
is, perhaps, obvious enough, but the possibility of estimating the 
duration of an epoch. 

As the subtitle indicates, this is “an approach” to the problem, 
rather than a systematic development. The endeavor throughout is 
to suggest problems for study, to indicate the relevant variables and 
how they might be measured, rather than to elaborate any single line. 
A few graphs are presented (some should have been made as scatter 
plots or bar graphs) to show that the predicted variation goes in the 
right direction. But the success of the book must be measured ulti- 
mately by the extent to which others will pick up and carry on the 
suggestions in it. For this reason, since its incompleteness is re- 
peatedly pointed out by the author himself, the book is scarcely a 
subject for legitimate criticism. One may feel that the approach is 
fruitless, and with this feeling there can be no argument until there 
are fruits to show. 

The type of mathematics can be fairly well guessed in advance. 
The integral and integro-differential equations are generally pared 
down by simplifying assumptions to ordinary finite or differential 
equations. Statisticians may be startled to find essentially no sta- 
tistical concepts whatever, but this is only an aspect of the early em- 
bryonic phase in which the subject is left. 


ALSTON S. HOUSEHOLDER 


NOTES 


Mr. W. D. Lambert, formerly of the U. S. Coast and Geodetic 
Survey, has been elected to membership in the National Academy of 
Science. He has also been awarded the William Bowie Medal for 
leadership in the study of earth sciences by the American Geophysical 
Union. \ ! 

Professor Saunders MacLane of the University of Chicago has been 
elected to membership in the American Philosophical Society and the 
National Academy of Science. 

Assistant Professor Wilfred Kaplan of the University of Michigan, 
Professor S. C. Kleene of the University of Wisconsin, Associate 
Professor G. W. Mackey of Harvard University, and Associate Pro- 
fessor J. W. Tukey of Princeton University have been awarded 
Guggenheim Fellowships. 

Professor G. Elfving of the University of Helsingfors has been ap- 
pointed to a visiting professorship of mathematical statistics at 
Cornell University. ) 

Dr. Nachman Aronszajn of the National Center for Scientific Re- 
search in France has been appointed to a research professorship at 
Oklahoma Agricultural and Mechanical College. 

Dr. A. L. Blakers of Princeton University has been appointed to an 
assistant professorship at Lehigh University. 

Dr. Mary L. Boas has been appointed lecturer at Wellesley College. 

Dr. K. Chandrasekharan of the Institute for Advanced Study has 
been appointed to the position of reader in mathematics at the Tata 
Institute of Fundamental Research. 

Associate Professor John DeCicco of the Illinois Institute of Tech- 
nology has been appointed to a visiting professorship at DePaul 
University. 

Professor J. L. Doob of the University of Illinois is on leave of 
absence and will spend the coming academic year at Cornell Uni- 
versity. 

Professor H. L. Dorwart of Washington and Jefferson College has 
been appointed to the Seabury professorship of mathematics and 
natural philosophy, Trinity College. 

Dr. Arthur Erdélyi of the University of Edinburgh has been ap- 
pointed to a professorship at the California Institute of Technology. 

Mr. F. H. Fowler of Lessells and Associates, Brighton, Massa- 
chusetts, has accepted a position as associate editor with the McGraw- 
Hill Publishing Company. 
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Dr. S. W. Hahn of the University of Michigan has been appointed 
to an assistant professorship at Wittenberg College. 

Dr. I. I. Hirschman of Harvard University has been appointed to 
an assistant professorship at Washington University. l 

Dr. Gilbert Hunt has been appointed to an assistant professorship 
at Cornell University. 

Dr. Joseph Lehner of Hydrocarbon Research, Inc., New York 
City, has been appointed to an associate professorship at the Univer- 
sity of Pennsylvania. 

Miss Zung-nyi Loh of Wellesley College has been appointed to an 
assistant professorship at Wilson College. 

Professor Dorothy McCoy of Belhaven College, Jackson, Missis- 
sippi, has been appointed to a professorship at Wayland College, 
Plainview, Texas. 

Professor H. B. Mann of Ohio State University has accepted a 
position at the Applied Mathematics Laboratory of the National 
Bureau of Standards. 

Mr. E. P. Miles of Duke University has been appointed to an asso- 
ciate professorship at Alabama Polytechnic Institute. 

Dr. C. W. Moran of Wright Junior College has been appointed 
lecturer at DePaul University. 

Assistant Professor F. M. Pulliam of the University of Kentucky 
“has been appointed to an assistant professorship at the U. S. Naval 
Postgraduate School. 

Dr. J. M. Sachs of Chicago Teachers College has been appointed 
lecturer at DePaul University. 

Professor Emeritus E. W. Sheldon of the University of Alberta has 
been appointed to an interim professorship at Acadia University. 

Mr. W. B. Stovall of the University of Florida has accepted a posi- 
tion as statistician with the Bureau of Vital Statistics, Florida State 
Board of Health. 

Associate Professor G. W. Whitehead of Brown University has been 
appointed to an assistant professorship at Massachusetts Institute of 
Technology. 

Dr. Danie! Zelinsky of the Institute for Advanced Study has been 
appointed to an assistant professorship at Northwestern University. 

The following promotions are announced: 

J. H. Bell, Michigan State College, to an associate professorship. 

J. D. Hill, Michigan State College, to a professorship. 

Leo Katz, Michigan State College, to an associate professorship. 

Mary D. Kirby, Manhattanville College of the Sacred Heart toa 
professorship. 
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Norman Levinson, Massachusetts Institute of Technology, to a 
professorship. 


Eric Reissner, Massachusetts Institute of Technology, to a profes- 
sorship. 

J. R. Vatnsdal, State College of Washington, to a professorship. 

The following appointment to an instructorship is announced: ~ 
Pennsylvania State College, Miss Helen F. Story. 

Professor A. Buhl of the University of Toulouse died March 24, 
1949, at the age of seventy-one years. 

Professor William Threlfall of the University of Heidelberg died 
on April 4, 1949, at the age of sixty years. 

Professor Helen A. Merrill of Wellesley College died on May 2, 
1949, at the age of eighty-six years. She had been a member of the 
Society for forty-six years. 


NEW PUBLICATIONS 


ALBERT, A. Solid analytic geometry, New York, McGraw-Hill, 1949. 10-4162 pp. 
$3.00. 

BIRKHOFF, G. Lattice theory. Rev. ed. (American Mathematical Society Colloquium 

/ Publications, vol. 25.) New York, American Mathematical Society, 1949. 14+280 
pp. $6.00. 

BLANCHE, E. E. You can't win. Washington, Public Affairs Press, 1949, 155 pp. $2.00. 

Boca, A., and GUILLAUMIN, G. La géomttrie intégrale du contour gauche, Paris, Gau- 
thier-Villars, 1949. 6-+141 pp. 1500 Fr. 

Boyer, C. B. The concept of the calculus. Reprint. Foreword by R. Courant. New 
York, Hafner, 1949. 124346 pp. $5.50. 

DADOURIAN, H. M. Introduction to analytic geometry and the calculus. New York, 
Ronald, 1949, 10+246 pp. $3.25. 

Dark, H. J. The life and works of Herbert Elsworth Slaught. Nashville, George Pea- 
body College for Teachers, 1948. 8+152 pp. $2.25. 

Davin, F. N. Probability theory for statistical methods. Cambridge University Press, 
1949, 10+230 pp. $3.50. 

GREEN, S. L. The theory and use of the complex variable. London, Pitman, 1949, 8+-136 

/ pp. 12s 6d. 

GUILLAUMIN, G. See BLOCA, A. 

RDY G. H. Divergent series. Oxford University Press, 1949. 16+396 pp. $8.00. 

HEFFTER, L. Kurvenintegral und Begründung der Funkttonentheorte. Berlin, Springer, 

/  1948.4-+48 pp. 5.40 DM. 

VAN DER KULK, W. See SCHOUTEN, J. A. 

Miter, F. H. Analytic geometry and calculus: a unified treatment. New York, Wiley, 
1949, 658 pp. $5.00. 

SCHOUTEN, J. A. and VAN DER Kuk, W. Pfaff’s problem and its generahizahons. Ox- 
ford University Press, 1949. 16-+542 pp. $12.50. 

SOMMERFELD, A. Partial differential equations in physics. New York, Academic Press, 
1949. 329 pp. $5.80. 

Tables of the Bessel functions of fractional order. Vol. 2. Prepared by the Computation 
Laboratory of the National Bureau of Standards. New York, Columbia Univer- 
sity Press, 1949, 18+365 pp. $10.00. 

Tables of inverse hyperbolic functions. (The Annals of the Computation Laboratory of 
Harvard University, vol. 20.) Cambridge, Harvard University Press, 1949. 
20-+290 pp. $10.00. 

Weiss, M. J. Higher algebra for the undergraduate. New York, Wiley, 1949. 162 pp. 
$3.75. : 

WHITEHEAD, A. N. An introduction to mathematics. Oxford University Press, 1948. 
192 pp. 5s. 
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SPLITTING CRITERIA AND EXTENSION TYPES! 
REINHOLD BAER AND CHRISTINE WILLIAMS 


Introduction. Following the lead given by Galois theory it appears 
natural to term extensions G and H of the group N equivalent ex- 
tensions, if there exists an isomorphism of G upon H which leaves 
invariant every element in N. But if G is an extension of N, and if S 
is some group, then it will, in general, be impossible to assert the 
equivalence of the extensions G and G®S of N in spite of the fact 
that these two extensions of N do not differ in any interesting feature. 
Thus one may feel that the concept of equivalence provides too nar- 
row a principle of classification of extensions. With this in mind we 
say that the extension type of the extension G of N is contained in 
the extension type of the extension H of N, if there exists a homo- 
morphism of G into H which leaves invariant every element in N 
and which maps normal subgroups of G upon normal subgroups of H; 
and we say that the extensions G and H of N belong to the same 
extension type if the type of G is contained in the type of H and the 
type of H is contained in the type of G. In this way we obtain a 
partially ordered set of extension types of N (§3). 

It is clear that the extensions Gand G@S of N, mentioned before, 
belong to the same extension type of N; and more generally GOS 
and G@T belong to the same extension type of N, if G is an extension 
of N. In order to obtain criteria for the validity of the converse we 
need splitting criteria asserting the existence of complements 
which are normal subgroups. Since hardly any such criteria are 
available in the literature (see Baer [2]? for references) we devote 
the first section to the derivation of such criteria which may be of 
interest independent of the applications in §3. In these applications 
there exists always a normal subgroup whose elements are left in- 
variant by the endomorphisms under consideration. This makes it 
possible to weaken the hypotheses usually needed; and a systematic 
account of these phenomena is given in §2. In an appendix we show 
that finitely generated groups are not isomorphic to proper quotient 
groups, if their normality preserving endomorphisms split. 


1. Normality and uniformity of splitting. We consider M-groups 
G where the composition of elements in G is addition x-+-y and where 

Received by the editors May 15, 1948. 

1 This work has been done partially under a contract with the Office of Naval Re- 
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2 Numbers in brackets refer to the bibliography at the end of the paper. 
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the operators in M are left-multipliers so that the effect of applying m 
in M on g in G is indicated by mg. Addition and multiplication meet 
the customary requirements. We note that no composition of the 
elements in M is defined. 

Terms like M-subgroup and M-endomorphism and so on are used 
in the customary way. In particular we note that we have m(gy) 
= (mg)n=mgn for m in M, g in G and n an M-endomorphism. The 
kernel of n will be denoted by K(n) and the join of the ascending 
chain of kernels K{n‘) is the radical R(n). Kernel and radical are 
M-admissible normal subgroups of G. 

An M-admissible subgroup C of G is called a complement of the 
endomorphism n of G, if C= Cy and if every coset of G modulo R(n) 
contains one and only one element in C. Then 7 induces essentially 
the same automorphism in G/R(n) and in the complement C. If it 
so happens that 7 possesses one and only one complement, then we 
designate the uniquely determined complement of y by C(n). 

We shall be interested in finding complements that are normal 
subgroups too, since then the group G is represented as the direct 
sum R®C of the radical and complement of n. That this is by no 
means a rare occurrence may be seen from the following criterion. 

If the M-endomorphism n of G possesses one and only one comple- 
meni C(n), and if n commutes with every inner automorphism of G, 
then C(n) is a normal subgroup of G. 

Proor. If g is an element in G, then —g+R{n)+g=R{n), since 
R(n) is a normal subgroup of G. Hence every coset of G modulo R(n) 
contains one and only one element in —g+C(n)+g. But n commutes 
with inner automorphisms. Hence 


[~g + Ci) + gl = — g+ Clan tHg = —g+Cln) +2. 


Thus —g+C(n)+g is a complement of 7. But 7 possesses only one 
complement. Hence C(n) = —g-+C(y)+g. This proves the normality 
of Cm). 

In our applications in $3 we shall not be able to make use of this 
criterion, since then we shall not be assured of the hypothesis that 7 
commutes with the inner automorphisms, as the endomorphisms - 
considered there are products of homomorphisms. Thus we turn now 
to the derivation of another type of criterion which assures at the 
same time the existence of a complement. 

A subgroup 5 of G is (M, n)-admissible, if MS SS and Sn £S. The 
subgroups L; form an ascending Loewy ne for n, if 

(a) 0 = Lo <lıs > ZlS Lins - 

(b) vey Liisa aaa (M, admissible subgroup L of G; 
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(c) every Lii:1/L, is the sum of (a finite or infinite number of) 
minimal normal (M, 7)-admissible subgroups of G/L. 

Here we note that J/L, is a minimal normal (M, 7)-admissible 
subgroup of G/L; if, and only if, J is a normal (M, 7)-admissible 
subgroup of G such that L,<J and such that L;<SSJ together 
with normality and (M, 7)-admissibility of the subgroup S imply 
S= J, 

At present it does not matter whether such a chain terminates after 
a finite number of steps or not. Since equality of successive terms is 
permitted, we may always assume these chains to be formally 
infinite. 


LEMMA 1. Let n be an M-endomorphism of the M-group G. If J is a 
minimal normal (M, n)-subgroup of G, then either 

(a) Jn =0 or 

(b) n maps J ssomorphically upon Jn. 


Proor. Since K(y) is an (M, n)-subgroup which is normal in G 
and K(n)O\/ SJ, either 

(a) K(n)(\J=J so that n maps every element of J into zero or 

(b) K(m)f\J=0 so that 7 induces an isomorphism of J onto J». 

A particular type of M-endomorphism will be of importance in our 
considerations. We shall say that the M-endomorphism 7 is a 
normality preserving M-endomorphism of G if n maps normal M-sub- 
groups of G upon normal M-subgroups of G. 


Lemma 2. If S ts the sum of minimal normal (M, n)-subgroups of 
G, SIVR(y) = SVK (9); there existis one and only one normal (M, n)- 
subgroup C such that S=C®[SOR(n) |. Furthermore, if n is a normal- 
tiy preserving M-endomorphism of G, C= Ch = Sy. 


ProoF. Define C to be the sum of all minimal normal (M, n)-sub- 
groups J of G contained in S with Jy+0. Then since S is the sum 
of the minimal normal (M, n)-subgroups contained in it, S=C 
+[SAK(n)]. 

If x is an element of R(n) MC, x is in some direct sum Jı® - - - @J,, 
where the J, are minimal normal (M, n)-subgroups with J,n 0: 
hence x=%1+ +++ +2, with x, in J,. Since x belongs to R(n), there 
is a positive integer m such that 0O=xy"=xin"+ - - - +x,n™; but 
x,n™ is in J, and the sum of the J, is a direct sum so that 0=xın* 
= ++. =x,n”. Since it follows from Lemma 1 that n (and hence 7*) 
induces an isomorphic mapping of J, this implies that «= - - - 
=%,=0 and therefore, x=0. Hence C/\R(n)=0. Since SNK(n) 
sSNR(n), we deduce from the Dedekind law that SOR(n) 
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= [SAR(m)]O[C+ (SAK(n))] = [SARAC] + [SAK (4) ] =S 
(\K(n). Thus S=C@[SAR(y)}. 

That C is the only normal (M, n)-admissible subgroup such that 
S=CB|SNR(n)] is a consequence of the fact that C contains every 
minimal normal (M, n)-admissible subgroup which is not part of 
SOR(n). 

If n is normality preserving, Jn=J for a minimal normal (M, 7)- 
subgroup J contained in C. Hence if JSC, J=JnSCn so that 
CS Cy and C= Cn. 

An example shows that for the last result, that is, that S=Sy 
© [SAR(n)], it is necessary to assume that y is a normality preserv- 
ing M-endomorphism of G. 

EXAMPLE 1. Let S be a simple group which possesses an isomorphic 
proper subgroup R (for instance, S can be taken as the group of all 
finite even permutations of the positive integers, and R as the sub- 
group which consists of all permutations of S which leave 1 fixed; 
see Schreier-Ulam [1]). Let M be void, and let 7 be the endomorphism 
which maps S isomorphically onto R. 

Then Sis a minimal normal (M, n)-subgroup of itself and X(n) =0 
but S¥S7=R., 


PROPOSITION 1. If the L; form an ascending Loewy chain of (M, n)- 
admissible subgroups of G, then Li \R(n) = Lid \K(y') and y induces 
an isomorphism of Lin! upon Ly. If q ts normality preserving, 
L=Ln'®[L:NR(n)] and Lin is the one and only complement of the 
endomorphism which ts induced in L; by y. 


Proor. We show first that LiNR(n) =LiOK(y. By Lemma 2, 
LNR&R(n) =Li\K(n); assume that ZıN&R(n) = LiN\K (nt). Since 
L;/Li_1 is the sum of minimal normal (M, n)-subgroups of G/L;..ı, by 
Lemma 2 L,/Lis=Ci/Li1@R;/Lin, where R; consists of all x in 
L, such that x7 is in Lı; and R; contains every x in L; such that 
xn? is in Li for some j. Suppose that x is in Z,\R(n); then xn”=0 
for some m and hence x is in R; But this implies that xy is in Di 
(\R(n) SK(n*). Thus xn‘ = (xy) n*-!=0 and x is in X (nf). Therefore, 
LAR) H= LINK (94). 

It is clear that 7 maps Lin‘ homomorphically upon Zin'*!. Suppose 
that x,n? is in Lm’ with x; in L; and that (x,7%n=0; then x; is an 
element of Li\R(q) = Li\K(n4 so that xmt=0. Hence y maps Ly’ 
isomorphically upon Ln. 

For the remainder of the proof we assume that y is a normality 
preserving M-endomorphism of G. By Lemma 2, Lin?=Lin; we use 
induction to show that Lwyt!=L,n' for +=1, 2, 3,---. 
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Assume that Lian = Lii. Then L;/ La= Ci/ Lii D R;/ Liis 
where R; is the subgroup of all elements x in L: such that xn belongs 
to Lia and where [L;/Lyaln=[Ci/Lisln=C./Li1 by Lemma 
2. Hence Cr=Lianthia=CaytLin, Cott =L tL an =Layt 
+L;_n'=Ln‘; on the other hand, Citt = Cint Lim = Ct 
+L:-m'=Cnt. Hence Lint = Cmi! = C't = Lmt! Thus we have 
shown that n (and its powers) induce automorphisms in every Ln‘. 

We prove next that Li=Lim'@[R(y) OL, |. Lin's RMOL: are 
normal subgroups and Lyy'M\[R(y) OL;] = Lint NK(n‘) =0, since n! 
induces an automorphism of L,n*. Hence it suffices to show that 
L=Ln'+ [R(n) El: 

Let x, be in La; since Z,y'=_Ln?", there exists a yin L; such that 
zn'= [ynt] and x.=yen'+(—yn'+ai). Since(—yqi-+-x,)9!= am‘ 
+x7'!=0, —ynt-+x, is in R(n)OL; and Ly=L.n'® [R(n) OL; ]. 

Finally we show that Z;n? is the one and only complement of 7 in 
L;. We have already shown that L,y‘ is a complement of 7 in Li. 
Suppose C” is any complement of y in L.. If x’ isin C’ then x' =x,n'+3, 
with x; in Z,,and gin Rn) Ni; = Km) OL; hence x’n*=x,n** so that 
C=C’n'sLa'; but since C’ has one element in each coset of L, 
modulo L.f\R(n), C =L’. 


THEOREM 1. If n is a normality preserving M-endomorphism of the 
M-group G, and sf there exists an ascending Loewy chain of normal 
(M, n)-subgroups such that G is their join, then G=C(n)®R(n), 
where C(n) is the unique normal complement of n. Furthermore, +f N is 
a normal (M, n)-subgroup of G, N=[NOC(n)]®[NOR(n) |. 


PROOF. Let 0=I,SSıS --- SS,S +--+ be an ascending Loewy 
chain of normal (M, 7)-subgroups of G and let N= >of, Si. By 
Proposition 1, S,=.5,n'® [S;7R(n) |. If x is an element of NOR(n), 
x is some S;R(n) so that NOR(q)= >of, [SOR(m)]. Let 
Q= > 72, Sint; since Sm’ NR(n) =0 for each i, ONR(n) =0. Further- 
more, S;SSi7't+[NOR(m)]SO0+[NAR(n)]SN for each i; there- 
fore, N=Q@[NMR(n)]. Also Syy'=S,y*!SQn for each # so that 
Qn =Q. 

Now let 0=L,SLıS - -- SL,S --- be an ascending Loewy 
chain of normal (M, n)-subgroups of G such that G= X, L.. Then 
if C(n)= dof, Lat, G=C(n) R(n) and Cln) is a complement of 
n. Let N be a normal (M, n)-subgroup of G; then 0= NAL= Ld 
SNOM=LiS +++ SNNL=L/S --- is an ascending chain of 
normal (M, n)-subgroups of G with N= >of, L/. Also Li,,/L! 
= NN. /[NNou]NZ; (L: + [NOL D/L: S Lin/Le this iso- 
morphy between Li}ı/L{ and the normal (M, 7)-subgroup 
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Lit [Lin NN]/L; of G/L; maps normal subgroups of G/L! upon 
normal subgroups of G/L.. Hence Lj,,/L/ is the sum of minimal 
normal (M, n)-subgroups of G/L/ and the L/ form an ascending 
Loewy chain. Therefore, as we showed above, N= IL!‘ 
@ INNR(n)]. But BIT v= 2 INNL,]»‘ SNA Doe 
= N(\C(n) and we deduce from the Dedekind law that 
N A Cln) =[ Qo Lint + INORG] A [N A ca] 
= Der Lent + [N AO Ra] AINA C@)]] 
KA Diet Lim‘. 
Hence N = [NAC] [NAR]. 

Assume that C’ is a normal complement of G. Then C’ = CAC), 
since C’\R(n) =0; but this implies that C’SC(n), which shows that 
C’=C(n). Thus C(n) is the unique normal complement of 7. 

If the M-endomorphism 7 of the group G possesses a complement, 
then n is said to spit G. If S is an M-subgroup of G, and if Sys, 
then 7 induces an M-endomorphism in S. If this induced endo- 
morphism splits S, for every (M, n)-admissible subgroup S of G, 
then we say that y is a uniformly spliting endomorphism of G. Else- 
where a characterization of uniformly splitting endomorphisms has 
been given (Baer [2, Theorem A]); and it has been shown there that 
untformly splitting endomorphisms possess one and only one comple- 
ment (Baer [2, Corollary to Theorem AJ). 

The criterion for splitting given in Theorem 1 assures splitting of 
normal subgroups only so that this result cannot be used; and we can 
prove only the uniqueness of normal complements. 

REMARK 1. Elsewhere (Baer [2, p. 515]) one may find an example 
of an endomorphism of an abelian operator group which does not 
split in spite of the fact that this group is the (w+1)th term of its 
ascending Loewy chain. Thus our hypothesis on the length of the 
Loewy chain cannot be weakened in general. 

We offer one application of the preceding results. If G is an M- 
group, then we define inductively the normal M-subgroups £,(G) of 
G by the rules: 

L(G) =0, Ln(G)/L.(G) is the sum of all the minimal normal 
M-subgroups of G/L.(G). 

It is easily seen that the L,(G) form a well defined ascending chain 
of characteristic and normal M-subgroups of G and that every 
normality preserving M-endomorphism of G maps every L; into it- 
self. 


THEOREM 2. Suppose that the M-group G meets the following re- 


1949) SPLITTING CRITERIA AND EXTENSION TYPES 735 


quirements : 

(a) Every element in G belongs to at least one L,(G). 

b) LOLO) ts the sum of a finite number of minimal normal 
M-subgroups of G/L,(G). 

Then normaly preserving M-endomorphisms of G possess unique 
normal complements. 


Proor. The normal M-subgroups of G situated between L;(G) and 
L441(G) satisfy the double chain condition, by (b). If 7 is a normality 
preserving M-endomorphism of G, then L;(G)nSZ,(G). Consequently 
we may construct, by intercalation of terms between L,(G) and 
L.41(G), an ascending chain of (M, n)-admissible normal subgroups 
S, of G with the following properties: S,,:/.5, is either 0 or a minimal 
normal (M, n)-subgroup of G/S,; every element in G belongs to at 
least one S,. Then the S, form an ascending Loewy chain of normal 
(M, n)-subgroups of G with join G; and now it is clear how to deduce 
Theorem 2 from the preceding results. 

REMARK 2. It is not difficult to verify that Theorem C of Baer [2], 
if applied only on operator groups whose admissible subgroups are 
normal, will be a special case of Theorem 2. 


2. Almost periodicity on a subgroup. The M-endomorphism y of 
the M-group G is said to be almost periodic on the M-subgroup S of G, 
if 

(a) Sy SS and 

(b) there exists to every element s in S a positive integer n=n(s) 
such that s=sn*. 

If 7 is almost periodic on the normal M-subgroup N of G, then y 
induces an M-endomorphism in G/N. It is our object in the present 
section to relate the splitting properties of this induced endomorphism 
with those of 7 itself. 


Lemma 1. If the M-endomorphism n of the M-group G is almost 
periodic on the normal M-subgroup N of G, then 


NOR) = 0 


and [NOR(n)]/N is the radical of the endomorphism induced by n 
in G/N. 


Proor. If x belongs to N\R(n), then there exist positive integers ¢ 
and » such that x7'=0 and xy*=x. Then x=xn*=0, Thus NO R(n) 
== (), 

It is clear that [N+R(n)]/N is part of the radical R/N of the 
endomorphism which 7 induces in G/N. If furthermore x belongs to 
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R, then there exists a positive integer ¢ such that (N +x)n'!=0; and 
this is equivalent to saying that x7‘ belongs to N. Consequently 
there exists a positive integer n=n(xn*) such that xn!=xnit*, This 
implies xnf=x«n't*, Let y=x—xn*, Then)yn'=0 so that y belongs 
to R(n). Furthermore xy” = x(n‘)* belongs to N, since x7 belongs to 
N, and since N admits n. Hence x=y-+xn belongs to R(n) +N. 
This shows that R=R(n)+N; and this completes the proof. 


PROPOSITION 1. Suppose that the M-endomorphism n of the M-group 
G ts almost periodic on the normal M-subgroup N of G. Then Cisa 
complement of n if, and only if, NSC and C/N is a complement of the 
endomorphism induced by n in G/N. 


PROOF. Assume first that C is a complement of 7. If x is an element 
in N, then there exists one and only one element c in C such that 
x=c modulo R(n). Consequently there exists a positive integer ¢ such 
that xn'=cn?. Since x is in N, there exists a positive integer n such 
that x=xn". Hence x =x" =c" belongs to C, since C admits 7. 
Thus we have shown that N <C. 

From NSC we infer by Dedekind’s law that 


CA [N + R] = N+ [COA RG)] =N, 


since the complement C meets R(n) in 0. It follows now from Lemma 
1 that 0 is the cross cut of C/N and the radical of the endomorphism’ 
which y induces in G/N. 

From C+-N-+R(7) =C+R(y) =G we infer that G/N is the sum of 
C/N and of the radical of the endomorphism induced in G/N by 7; 
and now it is easily verified that C/N is a complement of the endo- 
morphism induced by 7 in G/N. 

Assume now conversely that NSC and that C/N is a complement 
of the endomorphism which is induced by 7 in G/N. Since comple- 
ment and radical have only 0 in common, it follows from Lemma 1 
that 

N=CA [N +R] =N + [CO R()) 


by Dedekind’s law. Hence COR(n) SN and it follows from Lemma 1 


that 
CARD = COV Ry) ON = 0. 


Since the sum of radical and complement is the full group, it follows 
from Lemma 1 that 


G=C+(N+R@)] = C + Ri), 
since NSC. Thus we have shown that every coset of G modulo 
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R(n) contains one and only one element in C. Since the endomorphism 
induces an automorphism in the complement, it follows that 


Cn +t N =C. 


Thus there exist to every element x in C elements y and z in C and 
N respectively such that <=yn+z. Since z is in N, there exists a 
positive integer n such that z= z7”. Since N admits 7, and since 3 is 
in N, sn”! belongs to N too. Since N SC, this implies that y+sy""!=c 
is an element in C. Hence 


x= yy +z = yy + "= oy 
belongs to Cy. Thus we have shown that 
Cn SCH N=CSCh or C = Cnh; 


and this completes the proof of the fact that C is a complement. 

For a convenient enunciation of the next proposition we say that 
an endomorphism is normally spisiting if one of its complements is a 
normal subgroup; and that the endomorphism is untquely seime 
if it possesses one and only one complement. 


PROPOSITION 2. Suppose that the M-endomorphism n of the M-group 
G is almost periodic on the normal M-subgroup N of G. Then 

(a) n is a normally splitting endomorphism of G if, and only if, 7 
induces a normally splatting endomorphism in G/N. 

(b) 7.45 a uniquely splitting endomorphism of G if, and only tf, n 
induces a uniquely spistiing endomorphism in G/N. 

(c) n is a uniformly splitting endomorphism of G tf, and only if, n 
induces a untformly splitting endomorphism in G/N. 


The statements (a) and (b) are immediate consequences of Proposi- 
tion 1, and a proof of (c) may be constructed without too much diff- 
culty by using Proposition 1 and Baer [2, Corollary to Theorem A, 
p. 512]. We note that this theorem constitutes a generalization of 
Baer [2, Theorem B]. 


3. The partially ordered set of extension types. It will be conven- 
lent to express the fact that N is a normal and M-admissible sub- 
group of the M-group G by saying: the M-group G is an extension of 
the M-group N. This makes it possible to begin with some M-group 
N and to consider all the extensions of N. For comparison of exten- 
sions we need the following concept. 

DEFINITION 1. The M-homomorphism 7 of the extension G of N into 
the extension H of N is a normality preserving N-M-homomorphism, if 

(a) x=xnņ for every x in N; and 
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(b) n maps normal M-subgroups of G upon normal M-subgroups of 


Using this concept we are able to construct the partially ordered 
set of extension types of the M-group N. If the M-groups G and H 
are extensions of the M-group N, and if there exists a normality 
preserving N-M-homomorphism of G into H, then we say that the 
extension type of the extension G of N is less than or equal to the 
extension type of the extension H of N; in symbols: (N <G} s (N <H}. 
It is clear that (N<A)S(N<B) and (N<B)S(N<C) imply 
(N<A)S(N<C). If we supplement this definition by the further 
definition: (N<G)=(N<EH) if, and only if, (N<G)s(N<H) and 
(N<H)S(N<G) then we see easily that the extension types of N 
form a partially ordered set. (See Baer [3] for a discussion of these 
concepts in a concrete situation.) 

In order to be able to apply the results of the preceding sections to 
the problem of characterizing the extension types we are going to 
restrict our attention to those extensions which meet the following 
requirement: 

(S) Every normality preserving N-M-endomorphism of the exten- 
ston G of the M-group N is a normally splitting endomorphism (pos- 
sesses a complement which ts a normal subgroup). 

REMARK 1. It is an immediate consequence of §2, Proposition 2 
that the extension G of the M-group N meets requirement (S), if 

(S’) every normality preserving M-endomorphism of G/N is a 
normally splitting endomorphism of G/N. 

We note furthermore that, as a consequence of $1, Theorem 2, 
Condition (S’) will be satisfied whenever G/N meets the following 
requirement: 

(S’’) Every element in G/N belongs to at least one L,(G/N); and 
every Liii(G/N)/L,(G/N) is the sum of a finite number of minimal 
normal M-subgroups of [G/N ]/L,(G/N). 

Consequently the subsequent results will be applicable whenever 
we restrict our attention to extensions by groups G/N meeting re- 
quirement (S’’). 

THEOREM 1. Suppose that G and H are extenstons of the M-group 
N and that Condition (S) ts satisfied by the extension G of N. Then 
(N<G)=(N<H) if, and only tf, there exist direct decompostitons of 
the M-groups G and H: 

(D) G=G'@G" ond H=H'@ HB” 
such that N<SG' and there exists an M-isomorphism of G’ upon H’ 
which leaves invariant every element in N. 
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REMARK 2. The existence of an M-isomorphism of G’ upon H’ 
which leaves invariant every element in N implies that NSH’ and 
that, in the usual terminology borrowed from Galois theory, G’ and 
H' are equivalent extensions of the M-group N. 

ProorF. If there exist decompositions (D) which meet our require- 
ments, then we denote by y the normality preserving N-M-endo- 
morphism of G which leaves invariant every element in G’ and which 
maps G’’ upon 0; and we denote by p an M-isomorphism of G’ upon 
H' which leaves invariant every element in N. Then p is a normality 
preserving N- M-homomorphism of Ginto H so that (N <G) s (N< H}; 
and (N<H)S(N<G) may be shown likewise. Hence (N<G) 
=(N <H}. Thus our conditions are sufficient. 

Assume conversely that (V<G)=(N<H). Then there exists a 
normality preserving N-M-homomorphism a of G into H and a 
normality preserving N-M-homomorphism ß of H into G. It is 
clear that aß is a normality preserving N-M-endomorphism of G. 
Thus we may apply Condition (S) on af. Consequently ‚there exists 
a complement C of a8 which is a normal M-subgroup of G. Further- 
more, since af leaves invariant every element of N, it follows from §2, 
Proposition 1 that NSC. This shows that 

(1) G=C@R(a8), NSC and aß induces an automorphism of C. 

If x is in C and xa=0, then xaf=0. But aß induces an auto- 
morphism in C. Hence x =0. Consequently 

(2) œ induces an isomorphism of C upon D = Cæ which leaves in- 
variant every element in N. 

Since C is a normal subgroup of G, and since œ maps normal M- 
subgroups of G upon normal M-subgroups of H, D is a normal 
M-subgroup of H. If x belongs to the cross cut of D and R(8a), then 
xß belongs to the cross cut of D8 = Caß =C and R(fa)8 Ss R(aß), as 
is easily seen. But the latter cross cut is 0 so that x8 =0. Since x is 
in D= Cæ, there exists an element y in C such that x=ya. Hence 
yaß=xß=0. But aß induces an automorphism in C. Hence y=0 and 
this implies x =0. Consequently DR(Ba) =0. If k is an element in 
H, then #8 belongs to G=C®R(aß). Consequently there exist ele- 
ments A’, k” in C and R(aß) respectively such that A4B=h’+h’’. 
Since af induces an automorphism in C, we have C= Cag. Hence 
there exists an element cin C such that A’ =caß. Then(—ca+h)B=h”’ 
is an element in R(a$); and this implies clearly that —ca+h belongs 
to R(Ba). Since ca belongs to Ca=D, it follows that k belongs to 
D+R(Sa). Hence we have shown that H=D+R(fa). Combining 
the results of this paragraph we obtain: 


(3) H = D @ R(ße). 
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But it follows from (2) that C and D are equivalent extensions of 
the M-group N. Thus these direct decompositions G = C@®R(ef) and 
H=D@RK (Ga) are of the desired type (D). This completes the proof. 

REMARK 3. Theorem 1 shows that extensions of the M-group N 
which belong to the same extension type really have all the essential 
features of the extension in common. For if G=G'@G"” and NsG’, 
then G” is clearly a trivial component of the extension whereas the 
problematic part of this extension is already contained in the step 
from N to G’. This leads us to the following concept. 

DEFINITION 2. The extension G of the M-group N is a minimal ex- 
tension of N, if G=G’®G” and NSG’ imply that G=G’ and G’’=0. 

It is a rather obvious consequence of Theorem 1 that minimal 
extensions of the M-group N which meet requirement (S) are equiva- 
lent extensions. 


THEOREM 2. Suppose that the extension G of the M-group N satisfies 
Condstion (S); and that 


G= E J = E" es" 


are direct decompostttons of the M-group G such that E' and E” are 
minimal extensions of the M-group N=Æ0. Then 

(a) E’ and E’ are equivaleni extensions of the M-group N; 

(b) J’ and J” are M-isomorphic M-groups; 

(c) there exists an M-automorphism of G which leaves invariant 
every elemeni in N, maps E' upon E” and J’ upon J”; and 

(d) G=E' 9J” =E” Os’. 


Proor. We note first that Condition (S) is satisfied by E’ and E”, 
since every normality preserving N-M-endomorphism of E’ (E”) 
is induced by one and only one endomorphism of G which maps 
J’ (J'^ upon 0, and since the latter is necessarily a normality pre- 
serving N-M-endomorphism of G. 

Denote now by a, 8, y, ô the decomposition endomorphisms satis- 
fying J‘a=E’B=J"y=E"$§=0 and x=xa for x in E’, x=xB for x 
in J’, x=xy for x in E”, x=x6 for x in J”. 

Then ay is a normality preserving N-M-endomorphism in Æ”. 
Since (S) holds in E’’, there exists a direct decomposition E! = CD 
such that D is the radical of the endomorphism æy of E” and Ca 
complement. It follows from §2, Proposition 1 that NSC. But E’’ 
is a minimal extension of N. Hence C=E’’. But ey induces auto- 
morphisms in its complements. Thus we have shown that 

(1’”) ay induces an automorphism in E’’; 
and we see likewise that 
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(1’) ya induces an automorphism in £’. 
It is clear that E’y SE” and Z’asE’. Hence we have 


E=EyasEliasE or E = Ea: 


and E” = E'’'y is shown likewise. Now one deduces readily from (1’) 
and (17°) that 

(2) y induces an M-isomorphism of E’ upon E” and & induces an 
M-isomorphism of E’’ upon E’; and both these isomorphisms leave 
invariant every element in N. 

The statement (a) is contained in (2). Next we prove 


(3) G=E 0J" =E" Os’. 


If x belongs to E’NJ’”’, then xy=0. But y induces, by (2), an M- 
isomorphism in E’. Hence x=0. Thus we have shown that 


EAJ” = 90. 


If x is an element in E’, then x=xy-+xö. But xô belongs to J’: 

and so xy is in 2’®J’’. Hence it follows from (2) that 

EK! = E'y sr os", 
Hence G= EE" OJ" SE’'OJ” or G=E’®J”, and the other equation 
(3) is shown likewise. 

From (3) we deduce (b) in the stronger form: 

(b*) there exist central M-tsomorphisms between J’ and J": and 
(a) may be strengthened likewise. 

The statement (c) is a fairly obvious consequence of (a) and (b), 
and (d) is just a restatement of (3). 

REMARK 4. To insure the existence of direct decompositions of G, 
as considered in Theorem 2, one may make for instance either of the 
following hypotheses: 

(A) Every ascending chain of direct summands of G terminates 
after a finite number of steps; or 

(D) every descending chain of direct summands of G which all 
contain N terminates after a finite number of steps. 

REMARK 5. Combining Theorems 1 and 2 one sees that the exten- 
sion type of an extension G of N is essentially characterized by the 
“essential component” E of G which is a minimal extension of N, 
provided this extension meets suitable requirements, like (S) and 
(A) on (D). The “inessential component” J is uniquely determined 
too (up to central isomorphisms) and is needed to characterize the 
equivalence class of G within its extension type. 


Appendix: Q-groups. Groups which are not isomorphic to proper 
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quotient groups have been termed elsewhere Q-groups (Baer [1]). It 
is an important problem to decide whether all finitely generated 
groups are Q-groups. This problem is as yet unsolved. An example 
purporting to be a counter-example contains a fairly obvious mis- 
take (Baer [1, p. 273, line 12]). Thus the following criterion appears 
to be interesting. 


‘THEOREM. If G ts a finitely generated M-group, and if every normality 
preserving M-endomorphism of G splits G, then G ts a Q-group. 


Proor. If N is a normal M-subgroup of G such that G and G/N are 
M-isomorphic, then there exists an M-endomorphism 7 such that N 
is the kernel of 7 and such that G=Gn. It is clear that n maps normal 
M-subgroups of G upon normal M-subgroups of G, since every sub- 
set of G is the image under y of some subset of G. Thus y is a nor- 
mality preserving M-endomorphism of G; and we infer from our hy- 
pothesis the existence of a complement C of 7. 

Since G is finitely generated, there exists a finite number of ele- 
ments gı, * ° © , Ea which generate the M-group G. Since every coset 
of G/R(n) contains one and only one element in the complement C, 
there exist uniquely determined elements c; in C such that g; =c, 
modulo R(n). Thus every g-c, belongs to R(n). Since g—c, are 
finite in number, there exists a positive integer m such that 


(g: —G)n™ = 0 fori = 1,.---,n or gn*™=cm™fors=1,--+,n. 
If tis an element in M, then 
(ig.)n™ = Ken”) = Hem”) = (tei) fort+=1,---, mn. 


Thus g, and Mg; are mapped by 1* into Cy™ = C, since Casa comple- 
ment is 7-invariant. But the M-group G is generated by the elements 


Br 
Hence it follows from G = Gy that 


G=Gn" SC SGorG=C,N SGN R) =CO Rn) =00rN=0. 


Hence G is a O-group, as we claimed. It follows furthermore that 7 is 
an automorphism of G; and thus one deduces readily from the pre- 
ceding arguments the validity of the following proposition. 


COROLLARY. The M-endomorphism n of the finitely generated M- 
group G is an automorphism if, and only if, G=Gn and 9 splits G. 


REMARK. An attempt to combine the preceding theorem with $1, 
Theorem 2 leads to trivial results, since finitely generated M-groups 
G, satisfying the conditions (a) and (b) of §1, Theorem 2, satisfy the 
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double chain condition for normal M-subgroups. But an M-group is 
easily (and trivially) seen to be a Q-group, if it satisfies the ascending 
chain condition for normal M-subgroups. 


BIBLIOGRAPHY 
REINHOLD BAER 


1. Groups without proper isomorphic quotient groups, Bull. Amer. Math. Soc. vol. 
50 (1944) pp. 267-278. 


2. Splitting endomorphisms, Trans. Amer. Math. Soc. vol. 61 (1947) pp. 508-516. 
3. Extension types of Abelian groups, Amer. J. Math. vol. 71 (1949) pp. 461-490. 


J. SCHREIER AND S. ULAM 


1. Uber die Permutationsgruppe der naturlichen Zahlenfolge, Studia Math. vol. 
4 (1933) pp. 134-141. 


UNIVERSITY OF ILLINOIS AND 
CORNELL UNIVERSITY 


A NOTE ON LOCALLY COMPACT GROUPS 
A, M. GLEASON 


In this note we shall prove that every locally compact group can be 
embedded as a closed subgroup in a unimodular group. If the original 
group is locally Euclidean, the enlarged group will be also, hence the 
fifth problem of Hilbert is reduced to the unimodular case. 

We shall use certain results concerning Haar measure whose proof 
may be found in A. Weil, L’entegration dans les groupes topologiques 
et ses applicaitons, Paris, Hermann, 1938, Chap. II, which we shall 
refer to as AW. 

Let f stand for a left Haar integral. There is (AW) a continuous 
function A defined on G such that f@f(xs~)dx=A(s) fa f(x)dx for 
all integrable functions f and all sGG. 


LEMMA. Let G be a locally compact topological group and let K bea 
closed normal unimodular subgroup such that G/K ts also unimodular. 
If sEG the automorphism of K defined by k>s—!ks mulitplies the Haar 
measure of K by A(s). 


Proor. Let s be fixed and let u be a left Haar measure on K. Be- 
cause of unicity properties of Haar measure, there is a constant ¢ such 
that, for all measurable sets E, u(s!Es) =cu(E); we must show that 
c=A(s). The first formula implies that, for any integrable function f, 
Ix f(k)d(s“ks) =cfx f(k)dk, which may be abbreviated by the 
formula d(s~!ks) =cdk. 

Let f be a non-negative continuous function on G which vanishes 
outside a compact set but is not everywhere zero. If the integrals are 
suitably normalized, we have (AW) [ef(x)dx = fax F(X)dX, where 
x—>X is the natural map of G onto G/K and F(X) = [x f(xy)dy, the 
latter being independent of the choice of representative x of X. 
Let f*(x)=f(xs). Putting F*(X) =fxf*(xy)dy =Sxf(xys)dy 
= [x f(xs—k)d(s ks) =cfx f(xs kh) dk =cF(XS-), we have 


[je = | Pax = | „rwax = ef POSDA 


= ¢ F(X)dX = ef, f(x)dx 


G/E 


(recalling that G/K is unimodular), which shows that c=A(s) since 
Se f(x)dx is not zero. 
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THEOREM. A locally compact group G is tsomorphic to a closed sub- 
group of a unimodular locally compact group whose space ts GXR, 
where R ts the real line. 


Proor. The function A is a homomorphism of G into the positive | 
real numbers under multiplication since A(st) =A(s)A(é). The kernel 
K of this homomorphism is a unimodular normal subgroup of G (AW) 
and G/K is abelian and hence unimodular. Applying the lemma we ob- 
tain d(gkg—') =A(g—)dk for REK and gEG. 

Let H=GXR as a topological space; then H is locally compact. 
Define a binary operation in H by setting (gı, 1r1)(gs, r2) = (gıßa, 
rıA(g2')-+r:). This is easily verified to be associative; there is a unit 
element (e, 0); the element (g, r) has the inverse (g-!, —rA(g)); and 
both the operation and its inverse are continuous: hence H is a 
locally compact topological group. Since GX { 0} is a closed subgroup 
of H isomorphic to G, the proof will be complete if we show that H is 
unimodular. 

The set L of all pairs (k, r), where REK, is a closed subgroup of H. 
Since A(k) =1 for all KEK, L is the direct product of the groups K 
and R. The Haar measure of L is the product of the Haar measures 
of K and R, which we may symbolize by the formula d(k, r) =dkdr. 
Since both these groups are unimodular, Z is unimodular. Let (g, x) 
be a fixed element of H, and let (k, r) EL. Then (g, x)(k, r)(g, x)! 
= (gkg—!, rA(g)) CL. Hence L is normal. Moreover, the automorphism 
of L induced by (g, x) is measure preserving since d(gkg!, rA(g)) > 
= d(gkg—1)d(rA(g)) =A(g)dkA(g)dr =dkdr =d(k, r). The group H/L 
(=G/K) is abelian and hence unimodular. Applying the lemma, we 
see that Z is unimodular. 
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ON THE EXISTENCE OF THE INVERSE OPERATION 
IN ALTERNATION GROUPOIDS! 


MARLOW SHOLANDER 


Introduction. An Abelian quasigroup S may be defined as a set 
of elements a, b, c, - + - for which the following postulates hold: 

Postulate I. There is an equivalence relation in S, denoted by * =” 
—that is, equality of elements is reflexive, symmetric, and transitive. 
There is a binary operation in S, denoted by # or, when convenient, 
by the notation of multiplication. It is understood that this implies S 
is closed with respect to #, and that # is uniquely defined in S—that 
is, if a=b and c=d, then ac=bd. 

Postulate II. # is an alternation—that is, if a, b, c, and d are ele- 
ments in S, (ab) (cd) = (ac) (bd). 

Postulate III. Each element in S is proper (see §2 for definitions). 

D. C. Murdoch [1, p. 516]? pointed out that an Abelian quasigroup 
is a natural generalization of an Abelian group. The same author [2, 
Theorem 11] proved that in an Abelian quasigroup it is always 
possible to define a new operation under which the elements of the 
quasigroup form an Abelian group. R. H. Bruck [3, Theorem 12] 
in a sense completed the theory by showing how all Abelian quasi- 
groups may be derived from Abelian groups. 

In this paper a set of elements S for which postulates I and II hold 
is called an alternation groupoid. A series of extensions of an alterna- 
tion groupoid is described which for certain groupoids leads to an 
Abelian quasigroup (Corollary 5.5). This imbedding process has as a 
special case the well known procedure for imbedding commutative 
semigroups in groups or, more generally, the procedure for imbedding 
a space S, in which there is a commutative and associative operation, 
in a space S’ in such a way that each “regular” element in S has an 
inverse in S’ (see, for example, [4, p. 24]). It should be noted that 
A. Malcev [5, §2] has given an example of a noncommutative semi- 
group which cannot be imbedded in a group. 

Some interesting examples of Abelian quasigroups and alternation 
groupoids are given in §1. l 


1. Examples of alternation groupoids. The examples of Abelian 


Presented to the Society, November 30, 1946; received by the editors June 12, 
1948. 

1 A part of this paper was written while the author was receiving support from the 
Office of Naval Research. 

2 Numbers in brackets refer to references cited at the end of the paper. 
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quasigroups that have appeared in print fall mainly in two classes— 
those based on a finite set of elements and those based on a properly 
chosen set of numbers by defining x # y as ax-+by-+te, or cx“y5, where 
a, b, and c are constants (in particular, # can be ordinary addition, 
subtraction, multiplication, division, or the operation of taking an 
arithmetic or geometric mean). These examples give little indication 
of the variety of form found in alternation groupoids. 

Moreover, the geometric interest of alternation groupoids can be 
given greater emphasis. For instance, each Abelian quasigroup 
furnishes an analogue of the theorem that the midpoints of a quad- 
rilateral determine a parallelogram. To see this, let S be the set of 
points in the plane and let # be the operation of taking the midpoint. 
Consider the associated group operation defined by Murdoch—for 
fixed elements r and s in S, x o y is defined as uv where x=ur and 
y=sv. Under o, the elements of S form a commutative group which 
has sr as its unit element. Thus ur o sv=uv o sr and sr, sv, uv, and 
ur are the vertices of a parallelogram. In the case of example E below, 
this process gives an interesting construction for an ordinary paral- 
lelogram. From example F, we obtain an odd construction for projec- 
tive addition by following the steps in the definition of operation o. 

A. Let S be the set of positive integers. Let a, 8, y, and 6 be integers 
such that a, y, a +8, and y+6 are positive and af +6=y8+6. De- 
fine x # y as max [ax+8, yy+6]. 

B. Let a and b be points in the projective plane. Let S be the set of 
points of the plane not on the line ab. Define x # y as the point of 
intersection of the lines xa and yb. 

C. Let a be a point in the complex plane and S the set of points 
in the plane excluding a and œ. Let x # y=x—a(y—a)/y—a-+a, 
the reflection of x with respect to the line ay. 

D. Let a and S be chosen as in the preceding example but let 
x # y=(y—a)y—a/x—a-+a, the inverse of x with respect to the 
circle of center a which passes through y. 

E. Let S be the set of points in the Euclidean plane and a, b, and 
c fixed elements of S. Let x # y be defined as the point g which de- 
termines a triangle xys strictly similar to the triangle abc in such a 
way that vertices x, y, z correspond respectively to vertices a, b, c. 

F. Let S be the set of points on the projective line, s a fixed ele- 
ment of S, and r a fixed real number. Let x # y be defined as the 
point s for which the double ratio (sxyz)=r. Defined in numeri- 
cal terms x # y= [xy—s{x(1—r)+9r} ]/[xr+y(1—r) —s] and when 
r=1/2 we see that the arithmetic and harmonic means are special 
cases of this alternation. 
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2. Definitions and notation. In the pages following S denotes an 
alternation groupoid. It is well known that if S has a unit element the 
alternation is commutative and associative and that, conversely, if 
an operation is commutative and associative it is an alternation. 

An element a in S is called left regular if, for all elements x and y 
in S, ax =ay implies x=. In much of the material which follows we 
consider only “left” conditions and their consequences. We shall 
omit statements with corresponding “right” or “left and right” condi- 
tions. Here, for example, right regularity of an element has an obvious 
definition and to say an element is regular means that it is both left 
and right regular. 

An element a in S is called left proper if, for all elements 6 in S, 
ax =b has a unique solution, x, in S. It follows that each element left 
proper in S is left regular in S. An element @ in S is called left null if 
0x=6 for all elements x in S. If S has more than one element, a left 
null element is not left regular. 

An element, $(x), is a power of x if it belongs to the set of elements 
(x) defined recursively by the rules: 

(i). x belongs to P(x), 

(ii). If y and z belong to ®(x), ys belongs to P(x). 

Murdoch has shown that in an alternation groupoid a power of a 
power of x is a power of x and that the following laws hold: 


play) = O(x)b(y), he = rer). 


An element of S is said to be left regular* if all of its powers are left 
regular. We denote by L, L*, and L** respectively the sets of ele- 
ments in S which are left regular, left regular*, and left proper in S. 
The sets of elements with the corresponding right properties are 
denoted by R, R*, and R** respectively. Finally, we let P=L**(\R** 
and Q=L*AR*. 


3. Relations between subsets of S. 
THEOREM 3.1. L* is an alternation groupoid. 


Proor. It is sufficient to show that L* is closed under #. Let ¢(ad) 
be a power of ab where a, bEL*. Assume that for some x, ySS, 
&(ab)x=&(ab)y. Then 
[$(aa) (22) | [4(bb)x] = [$(aa)(b8) [olaaa] 

= o{ (aa) (bb) } [$(¢a)x] = gf (ab) (ab) } [6(ao) x] 
= [$(ab)¢(aa) ][o(ab)x] = [$(ab)¢(24) ][$(o5) >]. 
Similarly, 
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[#(aa)p(aa) ][6(85) 4] = [6(ad)$(aa) | [o(ad)y]. 


We may cancel to obtain ġ(bb)x =ġ(bb)y and x=y. Hence L* is 
closed under #. 


COROLLARY 3.2. L is an alternation groupoid sf and only sf 
L=L*, 


THEOREM 3.3. L** is an alternation groupoid. 


Proor. We must show that L** is closed under $. For h and RE L** 
and a&s, we find a solution x of the equation (kk)x=a by choosing 
y, 2, wand x so that ky =a, he=h, kw=y, and x=2w. 


COROLLARY 3.4, L**CL*CL, 


Proor. The second inclusion relation follows from the definitions 
of L and L*. Since the theorem implies that all powers of a left proper 
element are left proper and since a left proper element is left regular, 
the first inclusion relation is valid. 


THEOREM 3.5. If abEL, then bEL. If in addition R#0, aEl. 


Proor. If we have bx=by, (ab) [(ab)x] = [a(ab) ](bx) = [a (ad) | (by) 
= (ab) [(ab)y] and x=y. If rE R and ax =ay, (ab) (xr) =(ab)(yr), and 
x=. 

COROLLARY 3.6. If abEL* bEL*. If in addition R#0, aC L*. 

THEOREM 3.7. If L* 0 and R*#0, then L* = R*=Q, 


Proor. Consider elements } and r in L* and R* respectively and 
p, a power of r. We first prove that 1pCL. Suppose (lp)x= (lp)y. 
Then 


[Weli] = Aele) 


= [Uy] aA] = yl] 


and x=y. By Theorem 3.5, IpEL implies pCL. Hence r&_L* and 
R*CL*. Similarly, we prove L*CR*. 


LEMMA 3.8. If hkEL**, h(hk) EL. 


Proor. Let hk=1. If (Al)x=(hl)y choose z and w so lg=x, lw=y. 
Then 


[WN] = [m A (22) ] 


= [()(m) [Rx] = [@) Ca) ] [Cy]. 
Similarly, 
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LOEW] = [mar [CAD y - 


We cancel to obtain s=w. Hence x=y. 
THEOREM 3.9, If hREL**, REL**. 


Proor. Let /=hk. To solve the equation, kx =a choose y and x so 
ly=(hi)a and Ix=y. Then (hl) (kx) = (hk) (ix) =ly=(hADa. By the 
previous lemma, kx =a. 


COROLLARY 3.10. All elements left proper in S are left proper in L**. 
COROLLARY 3.11. If L**+0 and R** +0, then L** = R** =P, 


Proor. To prove, say, R**CL**, consider rC R**. Since there exists 
an element x such that xr =I, it follows from the theorem that re L**. 


LEMMA 3.12. If L** #0, aCL*, bEL, and cER, then abEL and 
bcER. 


Proor. If JEL*, land alCL*. If (ab)x = (ab)y, let lz =x and lw =y. 
Then (al) (bs) = (al) (bw), z=w, and x=. Thus ab EL. It follows as a 
particular case of this result that EL. Hence if x(be) =y(be), 
(1b) (zc) = (7b) (we), s=w, and x =y. 


LEMMA 3.13. If L** <0 and R#0, LCR. 


Proor. Let bEL and cE R. By Lemma 3.12, bcER. By the “right” 
dual of Theorem 3.5, ER implies DER. 


LEMMA 3.14. If R¥0, LY*CR*. 

Proor. Let rE R and let d() bea power of (EC L**. By Lemma 3.12, 
$r ER. Hence dl) ER and ER”. 

THEOREM 3.15. If L**0 and R#0, L*¥* COCLCR. 


Proor. The inclusion relations are consequences of Corollary 3.4, 
Lemmas 3.13 and 3.14, and Theorem 3.7. 


THEOREM 3.16. IF P0, POO=L=R. 


Proor. If P0, neither L nor R* is null. By the dual of Theorem 
3.15, R**COCRCL. From these relations, from Theorem 3.15, and 
from Corollary 3.11, the conclusion of this theorem follows. 

As an immediate consequence of our definitions, we have the follow- 
ing relations. 


THEOREM 3.17. If Sı and Sa are alternation groupoids and SiG Sa, 
then LS AL: and LEDSGALF. 
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4. The imbedding theorem. This section is devoted to a proof of 
Theorem 4.1. If S has no left regular* element we may satisfy the 
theorem by choosing Sw as S. Hence throughout the section we as- 
sume L* <0. Notations such as L$, the set of left regular* elements 
in So, have an obviously meaning. We show in Theorem 4.11 that 
the following theorem cannot be made stronger by replacing left 
regularity” with mere left regularity. 


THEOREM 4.1. An alternatton groupoid S can be tmbedded in an 
alternation groupotd Sa with the folowing properites: 

(A). L* ts isomorphic to a subset of L}. 

(B). Left regular* elements in Sa are lefi proper in Se. 

(C). S. ts a minimal extenston of S into an alternation groupotd 
with properties A and B. 


DEFINITION. Sı, the first left extension of S, is a groupoid whose 
elements are ordered pairs (a, b), where a&L* and JCS. In Sı we 
define a binary operation # and the equality of elements as follows: 

(i). (a, b) # (c, d) = (ac, ba). 

(ii). (a, b) = (c, d) if and only if, in S, (aa)d = (ac)b. 

When the notation (a, b) is used it is assumed a is left regular*. 
By ¢(a, b) we shall mean ¢((a, 5)). This power obviously has the 
value (f(a), #(8)). 


LEMMA 4.2. $ is a binary operation in Sı. 


PRooF. Sı is clearly closed with respect to #. To show the operation 
is uniquely defined, we assume (a, b)=(c, d) and (e, f)=(g, h). It 
follows that 


[(ae)(ae) (dh) = [(aa)d][(ee)h] = [(a0)d][(eg)f] = [(ae)(cg) er), 
(ae, bf) = (cg, dh), and (a, b)(e, f) = (c, d) (g, h). 


Lemma 4.3. If (a, b)=(c, d), then (xa)d=(xc)b for all x in S. 
Conversely, tf xEL* and (xa)d =(xc)b, then (a, b) =(c, d). 


Proor. Since (aa)d = (ac), 
[(aa)a]|(xc)b] = [(ax)a][(ac)b] = [(ax)a]|(aa)d] = [(aa)a][(xa)d]. 


Since (aa)a is left regular, the first statement is proved. The second 
statement has a similar proof. 


Lemma 4.4. The relation “=” is an equivalence relation in Sı. 


Proor. That the equality is reflexive is trivial; that it is symmetric 


752 MARLOW SHOLANDER [August 


follows from the previous lemma. To prove transitivity, assume 
(a, b) =(c, d) and (c, d)=(e, f). It follows that 


{(ce)(ce)]{(aa)f] = [(cc)(aa)} ieo] 
= [(ca)(ca) |[(ce)d] = [(ca) (ce) ][(ca)d] 
= [(ce)(ae) ] [(cc)] = [(cc) (cc) ] [(ae)b]. 


Cancellation of (cc)(cc) gives the condition that (a, b) =(e, f). 

We have shown that S, satisfies postulate I. We can show without 
difficulty that postulate II is also satisfied, and we state the following 
theorem by way of summary. 


THEOREM 4.5. Sı fs an alternation groupoid. 
THROREM 4.6. (a, x) CL#[resp. Ri*| if and only if x CL* (resp. R*]. 


Proor. Proofs of both statements are similar—that the conditions 
are sufficient is easily seen. To prove necessity assume, say, x«@-L*. 
There exist elements y and z and a power of x such that ys but 
o(x)y=(x)z. Then (a, x)(a, »)=(d(a)a, o(x)y) = (dla)a, $(x)z) 
=(a, x)(a, 2). If la, x) EL, (a, y) = (a, 2) and y=z. Hence ġ(a, x) 
GL, and (a, x) EL. 


COROLLARY 4.7. R* =0 if and only tf R* =Q. 
Lemma 4.8. (a, ax) = (b, by) sf and only tf x=. 


THEOREM 4.9. If eC L*, the correspondence x~(e, ex) defines an 
isomorphism of S to a subset of Sı under which L* is isomorphic to a 
subset of Li. 


Proor. That the correspondence determines an isomorphism fol- 
lows from Lemma 4.8. From Theorems 3.1 and 4.6 and from Corol- 
lary 3.6, (e, ex) Ly if and only if «EL*. 

Whenever it proves convenient, we identify S with the subset of 
Sı to which it is isomorphic. 

We have shown that Si satisfies property (A) of Theorem 4.1. 
That we cannot expect it to satisfy properties (B) and (C) follows 
from consideration of the example where S is the set of real numbers 
on a finite interval and where x # y is defined as (x-+y)/2. Sı does, 
however, satisfy a weakened form of Theorem 4.1 given below. 


THEOREM 4.10. Sı can be uniquely characterized as a minimal ex- 
tension of S into an alternation groupoid which satisfies property (A) 
of Theorem 4.1 and the following property: If aCL* and BES, then 
ax=b has a solution x sn Sı. 
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ProoF. Since (e, ea)(a, b) = (e, eb), (a, b) is the required solution. 
If S is imbedded in a space T with this property and property (A), 
let T; be the subset of T made up of elements which are solutions of 
the equations ax =b where a&L* and BES. Each element of 7; can 
be represented as an ordered pair [a, b]. It is a routine matter to show 
that the correspondence (a, b)-~[a, b] maps S, isomorphically on T}. 

DEFINITION. Sa, the nth left extension of S, is defined as the first 
left extension of Sa, n=2, 3,--°-+. So, the left extension of S, is 
defined as the union of the spaces Sp. 

Thus by repeating the imbedding process just discussed, we obtain 
SCS,CS5,C +++ CS,. It is evident that Se is an alternation 
groupoid and that L*C Lt. If aE Lt and BES,, there exists (see 
Theorem 4.9) an integer n such that aC L,* and @CS,. By Theorem 
4.10, ax =8 has a solution x in S,..CS,, and thus aE L™. Finally it is 
not difficult to show 5S,, is the minimal extension described in Theorem 
4.1, and the proof of that theorem is now complete. 

If we measure the worth of an extension T of S by the number of 
elements of S which are left proper in T, the following theorem 
shows that the left extension of S, described in this section, is the best 
possible. The theorem is a direct consequence of Theorem 3.17 and 
Corollary 3.4. 


THEOREM 4.11. There exists no extension of an aliernalion groupoid 
S into an alternation groupoid T such that an element not left regular* 
in S ts left proper, or even lefi regular*, in T. 


THEOREM 4.12. The properties of being right regular*, right proper 
and left proper are preserved under left extension. 


Proor. That right regularity* is preserved follows from Theorems 
3.7 and 4.6 (it can be shown that if L** 0, even right regularity is 
preserved). To show right properness is preserved it will be sufficient 
to find an element of Sı which when multiplied on the right by 
(e, er) gives (a, f), where rE R**, e and aC L*, and fES. Choose g and 
dsof=g(rr) and a=dr. Applying Theorem 3.7 and the dual of Corol- 
lary 3.6, we have aC. R*, dE R*, and dC L*. Hence (d, g) is an ele- 
ment in Sı. It proves to be the element we sought. That left proper- 
ness is preserved is proved similarly. 

Before leaving this section we note the inclusion relations which 
have been established by Theorems 3.17, 4.1, 4.12, and Corollary 3.4. 


THEOREM 4.13, L* CL 9 = LE, R* CRY, L*=SOL*, and R* =S 
ARJ. 
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5. General extensions of S. It is necessary to introduce new nota- 
tion. Let So be S. Let Sao be Se and let Sao be Sa, the nth left extension 
of S. Let Sos and Son be respectively the right extension and the nth 
right extension of S. Finally let Sma be (Smo)on where m and n are 
any non-negative integers or where either m and n or both are re- 
placed by the symbol œ. It is evident that S„}1ı0= (Sao)ıo and 
So nti=(Son)o1. It is consistent with what we have done in $4 to define 
Sip = 5S [Sa =S] in case L’=0 [R*=0]. 


LEMMA 5.1. Su ts tsomor phic to (Sor)ıo. 


Proor. If L*=0, £5,=0 by the dual of Corollary 4.7, and (So1)10 
= So > (Sio)oı= Su. Similarly if R*=0, Sı= (So)ıo. We now assume 
L*=R*>0 (see Theorem 3.7) and let x €Su. We define a cor- 
respondence £ ~y, where y„E(Soı)ıo by means of six equations. By 
Theorem 4.10 and its dual, there exist elements 7, in Rio, fn in Sio, Gn 
and 6, in L*, and c, and g, in S, such that £an = pn in Sii, Anfn = Ca in 
Sio, and babna = 2, in Sio. Since a, and r, are regular* in Sio, Ca is regu- 
lar* in Sip and hence in S (see Theorems 3.1, 3.17, and 4.12). Let s, 
and qa be elements in So such that s,a,=0, and qacan = £n in So. By 
the dual of Corollary 3.6, s, is right regular* and hence regular* in 
Su. There exists an element y, in (So1)19 such that Sa¥~,=@a im (So1)10. 
That a different choice of elements fa, Pa, An, On, Ca and gp will lead to 
the same element y, will follow from our proof that x, =x, if and only 
if Ym=Yn. We apply repeatedly Lemma 4.3, Theorem 4.10, and their 
duals. Assume, say, xı=%2 By the definition of equality (in the 
1st right extension of S10), Palrırı) =Pilrrrı) in Sio. But 


[Bı(a201) | [pa(rars) ] = gileei) 
and 
[ds(a1aı) |[palrır) ] = gleic). 
Hence, in S, 
[{bs(axa) } {d1(a2a1) } ]{ ga(crer)} = [fba } {b2(a1as) } {gales § 
or, restated, 
{ (bsbs)g2} [{ (@ras)er} { (araxdar}] = { (bibs) g1} [{ (arar)ea} { (ara)er} J. 
This equality implies that the solutions & and £ of the equations 


al(a1ı)ca] = (bibs) g2, 
B[(a1a2)e1] = (bibs) gs 
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are equal in So. These solutions are (s151)q2 and (sis2)q:. Their equality 
implies that yı=ys in (.So1)10. Since these steps are reversible, the cor- 
respondence of x, to y„ is one to one. It remains to prove that the 
correspondence is an isomorphism. If zı>yı and xe~ys, let xix: = Xs, 
fıfa=ra, Pips=ps, and so on. It follows that zn =xy »yı = yya. 

For convenience, we identify Su with (Sojo and use equality be- 
low instead of an isomorphism notation, 


LEMMA 5.2. (Son)mo = (Smo)on for m,m=0,1,2,---. 


Proor. As in Lemma 5.1 we may assume L* = R* 0. Clearly the 
equality holds if either m or n=0. We assume m0 and n0 and 
proceed by induction from the result of Lemma 5.1. If Sar=(So1) a0, 
then Shel = (Srrı 0) 01 = [ (So) 10 Jor = [(.S%0) 01 }10 = [ (S01) av ]ıo = (So) h+1 0) 
and Smt = (So1)mo for m=1, 2; ae Similarly, if Sms = (Son) mo; 
Sm a+1= (So a41)mo, and the lemma is proved. 


THEOREM 5.3. The right extension of the left extension of S ts iso- 
morphic to the left extension of the right extension of S. 


PROOF. It is easy to validate the two equalities below which have 
not yet been established. Su. = (Swt) 00 = Ua(UmSno) on = Ur la (Sno) on 
= UnUa(Son) no T U UnSor)mo = (Sow) w0. 

The following theorem follows principally from Theorems 4.1, 
4.13, and their duals. 


THEOREM 5.4. In Theorem 4.1 we may replace Sa by Se. and lefi 
regularity* properties by the corresponding regularity* properties. 


COROLLARY 5.5. An alternation groupotd S may be imbedded in an 
Abelian quastgroup if and only tf all elements of S are regular. 


We may classify alternation groupoids according to whether or 
not they have left regular* or right regular* elements. Members in 
different classes, as we have seen, have distinctly different types of 
extensions. 

I. L*¥=R*=0. 

Here S..=S has no left or right proper element. An example: 
example A of §2 witha=5, 8 = —2, y=3, and ô= —1. In this example, 
1 is regular and 2ER. 

Il. L*=0, R*=0. 

Here Son = So and in Se we have L*=L*CL, and R,=0. 
Example: let S be the set of points (x, y) in the square -1sx<si1, 
—1sysi1 and define (xı, yı) $ (x, ys) as (xı/2-+x3/2, Ya). 

Ill. The situation dual to that of II. 
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IV. L*=R* <0. 

Here Ss% is such that Pye=Qa0o=Leo=Reo ( So Son, L** 
=Q GL G&R and R2*=0.) Example: example A of §2 with a=3, 
B= —2, y=2, and 6=—1. In this example, 1€Q and 2ER. 


6. Conditions which insure that L= L*. Since a necessary and 
sufficient condition that S have an extension with left proper elements 
is that L*>0, it is of interest to find what conditions insure that left 
regular elements are left regular* or, in other words, that the left 
regular elements are closed under #. This closure property holds in 
many special alternation groupoids—for example, an idempotent 
groupoid or a groupoid in which # is associative. The following 
theorem shows in general how badly an alternation groupoid must 
behave if L#L*. 


THEOREM 6.1. If S ts an alternation groupoid in which L+0 and 
L#L*, then: 

(1). Sts infinite. 

(2). There is no proper element in S. 

(3). If S has a right proper element, S has left regular elements which 
are not right regular. 

(4). If S has a left proper element, then either S has no right regular 
element or S has right regular elements which are not left regular. 

(5). S has left regular elements whose squares are not left regular. 

(6). There are elements in S neither left regular nor left null. 


Proor. One proves property (1) just as one proves every finite 
integral domain is a field. Assume S contains a finite number of ele- 
ments %1, %3, Xs °° * , £a Where xı, say, GL. Since no two elements in 
the set xixi, %1%2, * * * , 41%, are equal, this set consists of the elements 
of S in some order. Hence x,CL**, and by Corollary 3.4, x,CL*. 

Property (2) is a direct consequence of Theorem 3.16. To prove 
property (5) we show that if all squares of left regular elements are 
left regular, L is closed under #. Let a and bEL and let (ab)x = (ab) y. 
Then [(aa) (aa) ][(62)x] = [(ab) (aa) ] [(ab)x] = [(aa) (aa) ][(85)y]. Since 
bb, aa, and (aa)(aa) CL, x =y. 

We prove property (3) by showing that if it does not hold property 
(5) does not hold. Let a&L and assume LCR. Then, by the dual of 
Lemma 3.12, aa@L. Property (4) is proved similarly. Property (6) 
is a consequence of Theorem 6.6 to a proof of which the remainder of 
this section is devoted. 

Let N, Nı and N; denote respectively the sets of null, left null, and 
right null elements in S. The following lemma holds for any groupoid 
satisfying postulate I of the introduction. 
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LEMMA 6.2. If Nix¥0 and N10, there exists a null element 0 and 
N=N,=N;3= (8). 


Proor. If HEN, and GEN, CA = 9,64 = 0. Thus each left null ele- 
ment equals every right null element and, in particular, all null ele- 
ments are equal. 


LEMMA 6.3. If an alternation groupoid S has more than one element 
and if abEL, then nether a nor bE Ni. 


Proor. If aE&N, ab=aGMi. If bE NM, (ab) [(ad)a] = [a(ab) | (ba) 
= [a(ab) (bb) = (ab) [(ab)b] and a=bEM,. 


Lemma 6.4. if S= LUM, tf Nix0, and tf NiS, there exisis a 
null element 6 in S. 


PROOF. Let «CS, EL, 0, and hEN, By Lemma 6.3, x6, and xô; 
CN, Hence af; = (abı) (02a) = (ar) (6:4) = a8e, and 9, =9.. Thus all left 
null elements are equal, say, to @. In particular x9, being left null, 
equals ®. 

As acorollary to Lemmas 6.2 and 6.4 we have: 


Lemma 6.5. If S=LUN,, tf £0, and if LS, there extsts a null 
element 0 such that LI (0) = S. 


THEOREM 6.6. If S=LUN, L=L*, 


Proor. If L=0 or L=S, the theorem holds. If neither equality 
holds, Nı = (0) by Lemma 6.5. Then a and BEL implies ab EL, for if 
ab =9, ab=a, and b=9. 
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A THEOREM ON QUADRATIC FORMS OVER 
THE RING OF 2-ADIC INTEGERS! 


BURTON W. JONES AND WILLIAM H. DURFEE 


1. Introduction. The theory of the equivalence of quadratic forms 
over the ring of 2-adic integers is considerably more difficult than the 
corresponding theory for forms over the p-adic integers, p an odd 
prime, and has only recently been worked out to a comparable de- 
gree. A problem still not completely solved is Witt’s cancellation 
theorem: namely, if f, g and A are forms such that g and k have no 
variables in common with f, then f-Fg equivalent to f-++A implies g 
equivalent to A. This theorem, though true for p-adic integers when 
p is odd, does not always hold when p is even. We give here a case 
when it does hold (see theorem below). While this theorem follows 
almost immediately from results in a paper by Jones [1, Theorems 2 
and 6]?it seems worthwhile in view of the rather long arguments of 
the'theorems there to give an independent proof, especially since it in 
turn can be used to shorten some of the proofs of that paper. 


2. Proof of the theorem. We denote by capital italic letters 
matrices over R(2), the ring of 2-adic integers, while small italic 
letters with the exception of f, g and h will stand for numbers in 
R(2). We shall consider only forms whose symmetric matrices have 
elements in R(2). A matrix is unimodular if its elements are in R(2) 
and its determinant a unit of R(2). A form is called unimodular if 
its symmetric matrix is unimodular. 


THEOREM. Lei fi and fa be two equivalent unimodular forms over 
R(2) in x1, %2,°°°,%n, g a nonsingular form over R(2) in Xati, 
CPEE ° °°» PET und ha nonsingular form over R(2) tn Satis Any, ° 
Kurs Lf Ihre is a matrix over R(2) taking fit2g into fe+2h, then thee 
is one over R(2) taking g into h; if s=t and the former matrix ts uni- 
modular, then so is the latier. 


ProoF. Since fı and fs are equivalent we may take fi-+ 2g into fe+2g 
by a unimodular transformation and thus we set fi=fr=f. By [1, 
Lemma 1] f is equivalent to either a diagonal form or a sum of 
binary forms. If the latter is the case, then x?-+f will be equivalent to 
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a diagonal form and since x?+f+2g is equivalent to x?--f+2h we 
shall assume that f is a unimodular diagonal form. Let f, g and A 
have respectively F, G and H as their symmetric metrices over R(2) 
and let Q be the n+s by n-+é matrix taking F+2G into F+2H, 
where + denotes direct sum, that is, 


F 0 
F + 2G = i 
+ # a 
T Ss 
0=-(, ,) 
3 

where T is an n by n matrix, S:isa by #, Sis s by n and Sis s by & 
Then 0’(F+2G)0= F+2H yields the following equations: 


(1) T'FT + Si 2GS, = F, 
(2) TFS, -+ S 2GS, = 0, 
(3) S4 FS; + Si 2GS, = 2H. 


We show in the following lemma that, since equation (1) implies 
T' FT =F (mod 2), there is an automorph D of F over R(2) such that 
2(T+D)~ is in R(2). (An automorph of F is a matrix D such that 
D’FD=F.) Furthermore equation (2) and the fact that LT! F | is a 
unit implies that Sg=0 (mod 2) and hence that 


S = Sa — S(T + D)15; 
has its elements in R(2). We shall show that S’2GS=2H. Now 
S’2GS = [Si — Si (T + DYS? ]2G[Si — S(T + DS] 
= 54 2GS, — S3 (T + D157 265, — S{2GS;(T + DYS: 
+ S3 (T + D) Si 2GS;(T + D) Sg. 
Using (1) we have 
S3 (T + D)' S$ 2GS3(T + DYS: 
= S (T + DY-1{F — TFT} (T + D)-1S,, 


Since F—T'FT=(D4TYF(D+T)—T'F(D+T)—(T+DY'FT, the 
right side of (4) equals 


S3FS3 — Si (T + D) TFS, — S{FT(T + DJS, 
which, using (2), becomes 


Sa FSa + S3 (T + D1S12GS4 + Si 2GS3(T + DJ1S,. 


(4) 
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Hence S’2GS =S 2GS,+-S] FSs=2H from equation (3). 

If s=i and Q is unimodular, we have not only S’GS=H, but also 
by symmetry S*’HS*=G for some s by s matrix S* over R(2). By 
substitution we see that, since |G] is not zero, | S| is a unit and S is 
unimodular. The condition that g and h be nonsingular is not essential, 
as it can be shown with little difficulty that the theorem is still true 
without this restriction. 

We now prove the basic lemma. 


Lemma. If F is a unimodular diagonal matrix over R(2) and Ta 
mairsx over R(2) such that T’FT=F (mod 2), then there is an auto- 
morph D of F over R(2) such that 2(T+D)— ts in R(2). 


Proor. Let T= (tu), t, 71, 2,---,n and F=a+tar+ - - -+a,. 
Since permuting the rows and the same columns of T and F does not 
alter the properties we desire, we shall do this at will. Note that 7’T 
=] (mod 2). 

First, suppose that tx is a non-unit for some f. Permute rows and 
columns, if necessary, to make # a non-unit, choose D=1--D, and 
set #=ty+1, which will be a unit. If we set 


1 -— IT hy T 
P= ( ) and 7-(7 J 
0 I Ts T 
where 7; is a 1 by n—1 matrix, 7; is n—1 by 1 and T; is n—1 by 
n—1, we have 


0) 


where 7;=7,—T:xu7!T; and Dı is to be chosen an automorph of 
Fi =at : - - +a,. By adding appropriate multiples of the first 
row of (5) to the later rows we can replace T; by 0 without altering 
T,+D,. Referring now to the proof of the theorem and there replacing 
T, Sı, S3, Sa by tu, Ta, Ts, Ta, respectively, we see that T'T =I (mod 2) 
implies that 7/ Tı=I (mod 2). 

Secondly, suppose that 4, is a unit for every $ and #,,¢4 is a unit 
for some ¢ and j, ixj. Permute rows and columns, if necessary, to 
make hatn a unit, and choose D = J,+-Ds, where Izis the 2 by 2 identity 


matrix. Then 
us (* +1 hs ) 
bs tea + 1 
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is unimodular and if we set 


I; —U“T Io T 
pe TA) re) 
0 I T; T 


where Tois a 2 by 2 matrix, T; 1s 2 by n—2, and so on, we have 


Tot I: 0 ) 
Ta Ti+ D: 


where Ti=T—T:U T: and Ds is to be chosen an automorph of 
Fy=a3tou+ : :: +a,. As in the preceding case we can replace Ts by 
0 and have 7/ Tı=/ (mod 2). 

Thirdly, suppose T has the property that t is a unit for every 
4, 4,;is a unit for some #7 and tjt; is a non-unit for every 447. Now 
T’T =I (mod 2) implies that each row and column of T contains an 
odd number of units and that for each t and j, +37, there is an even 
number of values of k such that é,sf;,=1 (mod 2). Thus by a permuta- 
tion of rows and columns we may assume the leading 3 by 3 minor 
of T to be congruent (mod 2) to 


T+ Dr =( 


itd 
0 1 1 
0 0 1 


Furthermore, two of the first three diagonal elements of F are con- 
gruent (mod 4) and by a permutation of rows and columns of F and 
T we may assume that œ and as are congruent (mod 4), that intitas 
ig a unit and ży a non-unit. We can complete the proof along the lines 
of the previous case if we can find an automorph Do of ay? +c, 
where 


since then 


will be unimodular. Suitable matrices D, are 


(. ”) ( ae 
or 
oo r 2 
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according as a, =a, (mod 8) or —3aı=as (mod 8), where g and r are 
p-adic units satisfying the equations a, =agg?, ~ 3a, = a7. 

Finally, suppose T=J (mod 2). Choose M= +1 so that fu+Aı is 
twice a unit and set D=),+D,. By adding appropriate multiples of 
the first column of 7+ JD to the other columns and then similarly 
for rows we can reduce the first row and column of T+D to (ty-+A1, 
0,---, 0). The remaining elements still will have the property that 
those on the diagonal are units and the non-diagonal elements are 
non-units. 

By continuing the above reductive process we can reduce T+D toa 
direct sum of matrices 7,+D,;, where each 7;-+D,; is one of three 
types: a unit, twice a unit, ora 2 by 2 unimodular matrix. Hence 
2(T7+D)— will be in R(2). 


BIBLIOGRAPHY 


1. B. W. Jones, A canonical quadratic form for the ring of 2-adic integers, Duke 
Math. J. vol. 11 (1944) pp. 715-727. 


CoRNELL UNIVERSITY AND 
DARTMOUTH COLLEGE 


ABSOLUTE-VALUED ALGEBRAIC ALGEBRAS 
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1. Introduction. An algebra X over a field Ẹ is a vector space over 
% which is closed with respect to a product xy which is linear in both 
x and y. The product is not necessarily associative. Every element x 
of NA generates a subalgebra $[x] of A and we call W an algebraic 
algebra if every [x] is a finite-dimensional vector space over §. 

We have shown elsewhere! that every absolute-valued real finite- 
dimensional algebra has dimension 1, 2, 4, or 8 and is either the 
field R of all real numbers, the complex field €, the real quaternion 
algebra ©, the real Cayley algebra D, or certain isotopes without 
unity quantities of © and D. In the present paper we shall extend 
these results to algebraic algebras over R showing that every algebraic 
algebra over R with a unity quantity is finite-dimensional and so is 
one of the algebras listed above. The results are extended immediately 
to absolute-valued algebraic division algebras, that is, to algebras 
without unity quantities whose nonzero quantities form a quasigroup. 


2. Quadratic algebras. Let % be a field whose characteristic is 
not two and Y be an algebra over % with a unity quantity 1. The scalar 
multiples a1 defined for a in § form a subalgebra of X isomorphic to 
f¥ and we may assume that § is actually a subalgebra of X whose unity 
element coincides with that of X. Then % is a subalgebra of the 
center? of A. We shall call the elements of X which are in § the scalars 
of A and all other elements of Y nonscalars. 

In an algebra of degree two over {$ every x is a root of an equation 


(1) JE, 2) = E — 2rle) — v(x) = 0, 


where r(x) and r(x) are functions on X to $. Then every nonscalar x 
of X determines a commutative associative algebra $[x] = +2x§ of 
order two over %. It is seen trivially that f(&, x) is unique for every 


Presented to the Society, September 10, 1948; received by the editors June 21, 
1948. 

1 See the author’s Absolute valued real algebras, Ann. of Math. vol. 48 (1947) pp. 
495-501. 

2 The center of a finite-dimensional algebra was defined in the author’s Non- 
associative algebras I, Ann. of Math. vol. 43 (1942) on page 707. The same definition 
was given later for rings by T. Nakayama, Über einfache distributive Systeme unend- 
licher Range, Proc. Imp. Acad. Tokyo vol. 20 (1944) p. 62 and by N. Jacobson, 
Structure theory of rings without finiteness assumptions, Trans. Amer. Math. Soc. vol. 
57 (1945) p. 239. 
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nonscalar x of X and that [x] =g [y] =F +yő where y=x—7(x), - 
T(y) =0, 


(2) y? = v(y) = v(x) + [r(x) f. 


It will be convenient to call an element y a square root if y is a non- 
scalar and r(y) =0 so that y?=p(y) is in §. 

An algebra A will be called a quadratic algebra if A has a unity 
quantity and § [x] is a quadratic field over § for every nonscalar x of 
N. Then X has degree two over § and every f(E, x) is irreducible for x 
a nonscalar, v(x) #0. Conversely an algebra X with a unity quantity 
and degree two over 5% is a quadratic algebra provided that v(x) ¥~0 
for every nonscalar x. For if f(—, x) were reducible we would have 
fE, x) =(E-a) (E—B), yy —B+a) =0 for y=x—a, y is a nonscalar 
such that »(y) =0. Assume throughout the remainder of this section 
that X is a quadratic algebra. 

The following lemma is due to L. E. Dickson.? 


LEMMA 1. Let u and v be square roots in A such thai 1, u, v are linearly 
independent in %. Then uv-+-ou ts a scalar. 


The proof is made by the computations u?=a, 97=8, (u-+9)? 
=Mu+r)+p, (4-+20)?=p(u-+20)+o for a, 8, `, u, p, ein. Then 
t=uvtou=A(utv)+yu—(a+f), 2i=plut20) ta —a—4ß so that 
2h=p=2p, \=0, uvtou=p—(a+f8) is in F. 

Two nonzero elements u and v of Ware said to be J-orthogonal if 
their Jordan product uv-+ou=0. We call um, >- +, Ua pairwise J- 
orthogonal when u; and u; are J-orthogonal for every tj. Then we 
have 


LEMMA 2. Lei un, + , un be pairwise J-orihogonal nonscalar ele- 


ments of a quadratic algebra X. Then 1, u, +++, Un are linearly tnde- 
pendent in ¥. 


For if tedıta+ «>: Antin to >=0 for Ao, Au * °°, An in 5 then 
tu; tuit = 2 (Agus ti) =0. If 4,40 we would have v(u;) =0 contrary 
to our hypothesis on A. Hence A,=0, Ao=0 as desired. 


LEMMA 3. Lei un, -> © , tn be pairwise J-orthogonal square roots of 
A and w be an element of U notin BO=F+wmH+ >- Hua. Then there 
exists an element b of B such that u=w—b is a square root of A and 
tii, © © ©, Un, & are pairwise J-orthogonal, 


3 Cf. Lincar algebras with associativity not assumed, Duke Math. J. vol. 1 (1935) pp. 
113-125. 
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We have w? =28w+y for 8 and y in $ and we put vy =w— $ and see 
that v?=y+ 8, v is a square root. Since v is not in 8 the quantities 
1, u, v are linearly independent and we apply Lemma 1 to obtain 
pu,-}-u,v = 5; in Y. Define bo =2—! 27, a ôu; where uj =a;. Then bon; 
+-urbo =a; dag =5,. But then (v — boju, Huv —bo) =O and my, + + +, Un, 
u are pairwise J-orthogonal if u=v—bọ=w—b where )=8+ 0p is in 
B. Also u?=02+2-! 07, ay 18,(vu;t+uv) +4! D7, a7 767 is in F and 
our proof is complete. 

We shall apply the simple results just obtained to prove the finite 
dimensionality of alternative quadratic algebras, that is, of quadratic 
algebras such that x(xy) = (xx)y, (yx)x =y(xx) for every x and y of M. 
It is necessary to consider only the case where N contains a subspace 
9 of dimension at least eight. Thus we may assume that A contains 
a pair of J-orthogonal square roots u and v such that #?=a +0 in 
P, 0? =8>£0 in §, uv = —vu. By the alternative law we have 


u(uv) = av, (uv)u = — (m)u = — pluu) = — av #0. 


Then uv and u are J-orthogonal. Similarly uo and v are J-orthogonal. 
But then 49540 is a nonscalar and, by Lemma 2, A contains the four- 
dimensional subspace =F tu tv tuvi of M. Also (uv)? =y + duo 
for y and 6 in $, «[(uv)?] = [u(uv)] (uv) =av(uv) = —av(vu) = —aßu 
=yu+adv. It follows that a =0 and so (uv)? =y = —af8. Evidently 
©) is a linear algebra which is a subring of Y and it is easily verified, 
since all products of basal elements of © are now known, that Q is 
an associative generalized quaternion algebra. We state the result as 


LEMMA 4, Let u and v be J-orthogonal square roots of an alternative 
quadratic algebra A. Then Q =F +u+0F + uf ts a four-dimenstonal 
subring of A and is a generalized quaternton associative algebra wtih 
“wi=a, v=, (uv)? = —aB, vu = —uv for a0, B¥0 in. 


Assume next that A contains © as well as an element not in ©. 
Then Lemma 3 implies that there exists a square root which is 
J-orthogonal to u, v and uv. For every such square root we prove 


LEMMA 5. Lei w:=4, t2=0, m =ur, u=w be a sei of pairwise J- 
orthogonal square roots of an alternative quadratic algebra A. Then 
u’, UUW, Ug=vwW, Ur=(uv)w are pairwise J-orthogonal, 
u =a; in G, uU, =Quyu for every ixj where au; ts in % and k depends 
onsandj. AlsoB=Gtuiht -- + +u ts an eighi-dimensional sub- 
algebra of Ñ. 


For let a=a;, =a, Y=a. Then (u+w)?=a-+y and by the al- 
ternative law (a+y)v= (u+w) v= (u+ w) (uv +w) =u(un) +w(ur) 
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+ u(we) +w(w) =av-+yo—u(vw) —(uv)w. Thus 
(3) u(vw) = — (uv) w. 


Similarly (@+Y)r=v(u +w)? = (vu+vw)(u+w) = (ou)u+ (ow) wt (vn) w 
“+ (vw), (vw)u = — (vu) w, 


(4) (ow) = (uv)w = — u(vw). 


We have proved that u and vw are J-orthogonal. By symmetry v is 
J-orthogonal to uw and 


(5) v(uw) = — (uw)o = (uv) w. 


However we may replace #, v by uv, v to see that vw and ug are 
J-orthogonal. Also §+v +w-+ow fF is a quaternion algebra and 
(ow)? = — By, vw and v are J-orthogonal. 

Formula (4) may be applied with u and v replaced by uv and « to 
yield 


(6) (uw)(uo) = [(un)ulw = — cow. 


Also (uw)v = (ou)w = —(uv)w. Then (u+uw)?(uv) = (@a-ay)uv 
= (ut+uw) [(u-+uw) (uv) | = (u+uw) (av —avw) = auvta(uw)e—au(rw) 
—a(uw) (vw). But a (uw)e—au(ow) = —a(us)w+a(uv)w=0. Hence 


(7) (uw) (vw) = yuv. 


Interchange u and v to obtain (vw)(uw) =yuu = — (uw) (vw). It fol- 
lows immediately that the symmetry among the elements u, v, uv 
implies that the elements «,---, #7 are pairwise J-orthogonal. 
They are square roots since a product such as uw is in a quaternion 
algebra § +u tw -+uwf and is a square root by Lemma 4. But (4) 
and (7) yield titt; = Qijtp. ) 

We finally assume that A contains B=$ tu + -+u and an 
element not in V. Then A contains an element g which is J-orthogonal 
to %ı, ** +, uz We form the product ¢=(uv)(ws). Now 27=65740 in 
%, (uw)i= —afws, [(uv)t]?=aSy5+0, t0. However we use the 
quaternion algebra §-+-uv§-+w y+ (uv) wi} with z and apply (4) to 
obtain i= — [(uv)w]z. Then t= [u(vw) ]z. Since z is orthogonal to u, 
vw and u(vw) we now have t= —u[(vw)z] =u[v(ws) |. Apply Lemma 5 
with =u, »=w, w=2 to get wz orthogonal to u. The same values, 
except for 4ı=v, yields wz orthogonal to.v and similarly “,=«v im- 
plies that wg is orthogonal to uv. But then (4) yields t= — (uv) (we) 
= —t, We have proved‘ 


4 Alternative quadratic algebras of finite dimension were determined by M. Zorn, 
Abh. Math, Sem. Hamburgischen Univ. vol. 9 (1933) pp. 395-402. 
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THEOREM 1. Every alternative quadratic algebra ts an algebra of 
order n=1, 2, 4, 8 over §. 


3. Absolute valued algebraic algebras. Let R be the field of all 
real numbers and X be an algebraic algebra over R. We assume the 
existence of a function |a| on A to R such that |0| =0, |a| >0 if 
a0, |ab| =|a| |b], |a+b| s|a| -+|b] for every a and b of A. Assume 
also that if a is in A and « is any real number then |aa| =|a| |a| 
where |&| is the ordinary absolute value of a. Then we call % an 
absolute-valued algebra. 

We shall assume that X has a unity quantity 1 so that R may be 
taken to be a subalgebra of M and the hypothesis |aa| = |«||a| now 
becomes simply the hypothesis that la] is the ordinary absolute 
value whenever a is a real number. The hypothesis that Wis an alge- 
bra over R implies that R[x] is an absolute-valued real algebra gen- 
erated by x and containing 1. However all real, absolute-valued alge- 
bras with a unity quantity are known,! they all have degree one or two 
and hence R[x] is isomorphic to either R or the field € of all complex 
numbers. It follows immediately that M is a quadratic algebra over Rt. 

Every element x of X now has the form «=a+fu where & and £ 
are real and 4?= —1. Then R(u) is isomorphic to ©, (x—a)?+8?=0, 
the roots of f(E, x) =£?—2aé+a?+? are p, p where p=a+ft, p=a 
Bi, pp=02+6%, |p| =(a?+6%)¥3, It is known? that the minimum 
function of x and R, coincide with f(&, x) and that |x| =|p| 
= (02493) 1/2, 

Assume that Hı, ° - +, #, are pairwise J-orthogonal quantities such 
that = —1. Then if = taımı+ +--+ tat, we have x?—2ax 
+op+ +--+ +a%=0. It follows that |x|?=ad ++ +--+ +03, 

We are now able to compute the absolute values of quantities and 
shall assume that A contains a pair of J-orthogonal quantities # and 
v such that #?=2?=—1. By Lemma 3 we may write u=) -+^ 
Haw tw where Ai, +--+, M are real, u, v, w are pairwise J-orthog- 
onal and w?= —1. Of course when uv is in +u +o% this will be 
given by M=0. Then |ww|?=|u]?|v|?=1=M +2 +2 +. But 
|1+v| 2=2,|u(140)|?=2=|u+uV = | Art (Ast1)u+targotryw] t =A 
HAM -HASH +14 Then As=0. A similar computation of 
| (1+u)v| ? yields \3=0, ^‘ -+X =1. Finally | (1-+u)(1-+v) | 4 = | (Ai-+1) 
+utotryw|t*=4=M+A+3420,, M=0, M=+t1, w=+w is J- 
orthogonal to v and v and (ur) =w= —1. 

Apply the argument above to the J-orthogonal quantities u and uv 
to see that [«(uv) ]?= —1 and that «(up) is J-orthogonal to both u and 
uv. Then u(uv) =&v-+nz where E and n are real, g is J-orthogonal to 
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u, v and uv, 3?= —1 and of course the nonexistence of such a z implies 
that n=0. Since |u(wv)|=|u|#/0]=1 we have #+7%=1. We 
form the product (—1-+)(o-+uv) = —v-+uv—uo+u(uv) = —v+u(uv) 
= (£—-1)v+ng and see that 4= | (E-1)v+ns] Roe Flt m! +1—2E —2E 
=2, = —1, &+-y?=1+77=1, 7 =0. Hence u(uv) = — 

The results above imply that Y is alternative. Indeed the relation 
x(xy) = (xx)y is equivalent to (a+) |(@+Bu)y] = [(a+Bu) (@+Bu) ]y 
for real a and 8 where u?=—1. But a(ay)+(Bu)ay+al(Bu)y| 
=aty-+ | (aB)uly+ [(Bu)a|y and so we need only prove u(uy) = (uu)y. 
We may also write y=A-+uu-+vo where A, u, » are real, uv= —vu and | 
v?= —1, and the linearity of our relation in y implies that we need 
only prove the trivial u(u?) =u°4 = —u and the relation u(uv) = (uu)v 
= —y proved above. Similarly the relation (yx)x=y(xx) is implied 
by (vu)u = — (uv)u = u(uv) = —v=0(un). We then apply Theorem 1 
to obtain 


THEOREM 2. Let N be an absolute-valued real algebraic algebra with 
a untty quantity. Then A ts a finste-dimenstonal algebra and ts indeed 
the field R or Q, the quaternton algebra © or the Cayley algebra D. 


An algebra is called a division algebra if its nonzero elements form 
a quasigroup. For such algebras we have 


THEOREM 3. Lei X be an absolute valued real algebratc division alge- 
bra without a unsty element. Then X ts an algebra of order four or eight. 


For the mappings x-«g=xR, and x—gxr=xL, are one-to-one 
mappings of Yon A for every g0 of A and so R, and L, have in- 
verses. Select g so that | g| =1 and take P=Rj', Q=L;'. Let Wo be 
the same real vector space as A and define multiplication in Wo by 
xy= (ep) (y0). Then if e=gg we have eP=eQ=g, e-y=g(yQ) 
=yL;7 L; =y, yre=(yR;')g=y and so Wy has e as its unity quantity. 
Since Mo is the same vector space as X the additive and scalar proper- 
ties of |x| all hold in Xu. But |x-y| =|«P|-|yQ] = |x| I since 
(xP)g=x, |x|=|xP||g|=|xP|, g0Q)=y, |y|=1ellyQol=|yQl. 
Thus Mo is an absolute valued algebraic algebra with a unity quantity 
and is finite-dimensional by Theorem 2, X is finite-dimensional. 
However the result on the dimension of A of our Theorem is known! 
for algebras. 
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INNER DERIVATIONS OF NON-ASSOCIATIVE ALGEBRAS 
R. D. SCHAFER 


In this note we propose a definition of inner derivation for non- 
associative algebras. This definition coincides with the usual one for 
Lie algebras, and for associative algebras with no absolute right (left) 
divisor of zero. It is well known that all derivations of semi-simple 
associative or Lie algebras over a field of characteristic zero are 
inner. 

Recent correspondence with N. Jacobson has revealed that a 
number of the ideas in this note duplicate some of his current re- 
searches.! In particular, he has shown that every derivation of a semi- 
simple non-associative algebra (that is, direct sum of simple algebras) 
with a unity quantity over a field of characteristic zero is inner in 
this sense. 


1. Preliminaries. A derivation of a non-associative algebra N 
over a field § is a linear transformation D on M satisfying 


(1) (xy)D = x(yD) + (xD)y 


for all x, y in 9. It is known [2]? that the set D of all derivations of 
Wis a Lie algebra over § if multiplication in D is defined by 


(2) [Du Da] = D:D: — D:D: 


where D,D: is the ordinary (associative) multiplication of linear 
transformations. D is called the derivation algebra of X. 
If we write R, for the right multiplication 


x- xy = xR; for all x in A 


and Ls for the left multiplication 


y= xy = yL: for all y in Y, 
the definition (1) is seen to be equivalent to either one of 
(3) [Rn D] = Ryp for all y in A 
or 
(4) [Ls, D] = Lap for all x in ll. 


Presented to the Society, April 30, 1949; received by the editors June 20, 1948. 

IN. Jacobson, Derivation algebras and multtplication algebras of semi-simple 
Jordan algebras, to appear in Ann. of Math. 

* Numbers in brackets refer to the references cited at the end of the paper. 
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We denote by R() (or L(M) the set of all right (or left) multiplica- 
tions of A. Then (3) and (4) imply 

(5) [RO D] s RW, LW, D] SLM, 


where by [S, T] we mean the linear set spanned by all [S, T] for 
Sin ©, T in ©. Anti-commutativity 


(6) [s, T] = - [7,5] 

and the Jacobi idenisiy 

(7) (Is, T], v] + HIT, v], s] + [[v, $], T] = 0 
for linear transformations on X imply 

(8) [S, =] = & S], 

(9) [[S, =], u] < [[€, 4], 5] + [[u, S], z] 


for linear sets ©, I, U of linear transformations on ¥.3 

A non-associative algebra A which is not the zero algebra of 
dimension one is called simple in case its only ideals are {0} and ¥. 
A semi-simple non-associative algebra A is the direct sum A=, 
® ---+ EA of simple components M. 

The center 3 of a non-associative algebra M consists of all elements 
cin WY such that 


(10) L= Ry RR = RR, = Rey 


for all y in X. The center of X is characteristic; that is, 3DS3. For 
Liv = [Loe D|=[R., D]=R.n, while RyR.p=([R,R., D]- [R,, DIR. 
= [R.R,, D]—R.[R,, D] = [R., D|R,=RepR, = Renn — Rown) = Ronw. 

Also the simple components of a semi-simple algebra are char- 
acteristic, for %=N; implies that x in A; may be written in the form 
x= ) 19,8, for y; sjin U. Then xD = $ (y2) D = y:(s;D)+ 2,,D)z; 
is in U, since M is an ideal of U. 

The center 3-of a simple non-associative algebra M is either fo} or 
a field. If X contains a unity element 1, then 3 {0 } ‚and A may be 
regarded as an algebra over 3. As such, it is central simple (that is, 
simple for all scalar extensions). 


2. Inner derivations. Let Dt be a linear set of transformations on 
A, and write 


(11) Mi = M, Wy = (Ma, Mir], 4=2,3,°+°. 


3 Throughout this note we use the notation 8+ for the sum of the linear sets 9, 
©; we do not mean necessarily that BAOG = {0}. 
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Then the set =M + ---+9ts+ - - -is the smallest Lie algebra 
containing M. For, when we prove 


(12) (Mts, Mi) S Mess, i j= 1,2,1., 


we have proved that £ is a Lie algebra. By virtue of (8) it is sufficient 
to prove (12) for j z1. Ifi=1 we have (12) by definition. We assume 
therefore that [Mt, Mi] SM4: for any Zk and for k<i. Then 
[M Mi] = [[Mı, M], MJS [iDN Ml, MuJ+ [[M,, Mil, Ml 
S Mi, Mi] + [M Mi] s Mis by (9). Now any Lie algebra 
containing M contains all M, and therefore £, so X is the smallest 
Lie algebra containing M. 

The role of X is analogous to that of the enveloping algebra of M, 
which is the smallest associative algebra containing M. Clearly % 
is contained in the enveloping algebra of M. 

Let M be the set R(M)+L(M) spanned by the right and left 
multiplications of X. Then we call X the Lie transformation algebra of 
Y. £ is contained in the so-called transformation algebra T(H), the en- 
veloping algebra of the right and left multiplications and the identity 
T. 


DEFINITION. We call a derivation D of a non-associative algebra 
N inner in case D is in the Lie transformation algebra £ of I. 
We recall that an algebra W is assoctative in case 


(13) (xy)z = x(yz) for x, y, z in A. 
It is easy to see that (13) is equivalent to any one of 
(14) Lays LLa (bi) =O. RR = Ria 
Let 
(15) D = R: — Li for d in M; 


then D is a derivation of A by (3) and (14) since [R,, Ra— La] 
= [R,, Ra] = Rya_a. Derivations of this form have always been called 
inner derivations of thé associative algebra A. They are inner deriva- 
tions by our definition. 


THEOREM 1. The Lie transformation algebra of an associative algebra 
Wis 
(16) g = RM) + LW. 


If A has no absolute right (left) divisor of sero, then a derivation D of 
A is inner if and only if D has the form (15). 


Any element of R(W)+Z(M%) has the form R,+ZL,. Then (14) 
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implies that [Rat Lyo Rart Ln] = [Ra Ral + [Lu Ly) = Risa 
+ Las in RQD+L(), so that RQD+L() is itself a Lie algebra, 
and (16) holds. Let Ra+ Ly in X be a derivation of M. Since (15) is a 
derivation, so is (Ra+L,;)—(Ra—La)=Ly,4. From (1) we have 
(ftdjay=xft+d)yt+(f+d)xy, or «<(f+d)y=xRyyay=0 for all x, y 
in X. Hence Ry:a,=0. Assuming there is no absolute right divisor 
of zero in I, we have (f+d)y=yLy;.¢=0 for all y, or Lyzpa=0, Rat+Ly 
=Ra— La. A similar argument may be made in case A contains no 
absolute left divisor of zero. 
The identities 


(17) xy = — yx, (ay)a + (ys)x + (zx)y = 0 

define a Lie algebra. These together are equivalent to 

(18) L= — Ra (Ry, Rs] = Ru 

Then (3) and (18) imply that 

(19) D = Ra for any din A 


is a derivation of Y; this has always been called an inner derivation of 
a Lie algebra. It is also inner by our definition., 


THEOREM 2. The Lie transformation algebra of a Lie algebra W ss 
(20) £= RA. 
A derivation D of A ts inner tf and only if D has the form (19). 

For L(M)=R(M and [R(W, R(W |S R(X) by (18). 


THEOREM 3. The set Y=LND of inner derivations of a non-associa- 
live algebra A is an ideal in the derivation algebra D. 


If Jis in X and D in D, we have [J, D] in D. Moreover, J may be 
written in the form J= >) M; ‚Mi in Dy. Now 
(21) [Ma D] S Me, #=1,2,---. 
The case i=1 of (21) is given by (5). We assume (21) in a proof by 
induction. Since M.41 is a sum of elements of the form [M M1], 
we have [M.;ı, D] a sum of elements of the form [[4%, M.], D] 
ania [[M;, D}, M,|— [[D, Mi], M,| in (D, Da] + [D MN, | = Mis. 
Then [J, D] is in I, [M D] S IM =z, and [7, DJIEF=LND. 


COROLLARY. If D is simple and X# {0}, then I=D; that is, all the 
derivations of U are inner. 


THEOREM 4. Lei A=A P --- BU, be a semi-simple non-assocta- 
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tive algebra, U; simple. All the derivations of A are inner if and only if 
all the derivations of U; are inner (i=1, 2,-++, 5). 


Since 9; is characteristic, any derivation D of induces a deriva- 
tion D™ on X, and 


(22) D= Dı -+ ans + Di, Di derivations of M, 


where the restriction of D, to M; is D® and W,D,;={0} for jæ1. 
Conversely, if D® is a derivation of A, the transformation D; on M, 
whose restriction to M; is D™ and for which X, D: = {o} if J1, isa 
derivation of M; then so is the sum (22). Since the M; are pairwise 
orthogonal ideals, a similar decomposition of right and left multiplica- 
tions is possible, and any element T of the Lie transformation algebra 
£ of A may be written as 


(23) T=Ti +.: +T, 


where 9,T;= {0} for ji, and the restriction of T; to 9; is an ele- 
ment 7“ of the Lie transformation algebra of 9,. Conversely if 7% 
is an element of the Lie transformation algebra of W;, define the 
transformation T, of A whose restriction to W; is T“ and for which 
,7;= {0} if ji; then T, is in £, and so is the sum (23). Then D=T 
if and only if DY =T® (=1, 2,--- 5s). 


3. Alternative algebras. An alternative algebra A is a non-associa- 
tive algebra in which 


(24) xy = x(xy), yx? = (yx)x for all x, y in M. 


All associative algebras are alternative. Moreover, all simple alterna- 
tive algebras are associative, except for algebras which are Cayley- 
Dickson algebras over their centers [4]. Cayley-Dickson algebras are 
algebras & of dimension 8 formed from a (generalized) quaternion 
algebra © as follows: the elements of €=O+vO are gi+nq:, q, in 
O; multiplication in € is defined by 


(25) (qr + 99¢2)(qs + 094) = (gigs + que) + 9(Gigs + gega) 


where y +0 in § and g=#(¢)1—g for gin Q with g?—#(g)qg+n(g)1=0. 

In an alternative algebra X the “associator” [xı, x2, xa] = (xxxs 
—x(x2%) “alternates”; that is, [xun x2, x3]=e[x,, x, xn] for any 
permutation fi, fa, 13 of 1, 2, 3, where e is 1 in case the permutation is 
even, —1 in case it is odd. Equivalently, 


Ras — R,R, = R,R,— Rus = 1,.— LL, = LL: — 2, 


(26) = |L; Rs] = [Rz, Ls]. 
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Now (26) implies that 


(27) [Rs Rs] = Riss) — 2[Le, Rs} 

and 

(28) [Le Ls] = — Lies — 2[Le, Rl], 

where by [x, z] we mean xs—zx in 9. Also 

(29) Di = 3[L. Li] + 2Ree,s} + Lie) 

is a derivation of Y for any x, g in YW, for it is easy to see from (26) that 
(30) [Ln (Ls, Le] ] = Lytte, tatsi) 


while (28) gives |Ly, 2Ris,1 +Lis, |= —Ly.te.2)). With (27) and (28) 
it is easy to write several variants of (29); indeed, if the character- 
istic of Ẹ is not two, we obtain the symmetrical expression 


(31) D= [Lay L,| + [La R,] + [Ray R, | 
for D=D,/2 in (29). Then the sum 
(32) D = 2 ([Z.. Lee T [Lays Ra,] F [Ray Rs,}) 


is also a derivation of X for x, s; in Il. 


THEOREM 5. The Lie transformation algebra of an alternative algebra 
A aver Y of characteristic not two is 


(33) L = RA) +LM + (LM, RM]. 


Let D4=R(A)+L(M) and H=-M+[LM, RM]. Then Mz 
= M, M] S2 by (27) and (28). Assume WiLL Then M; 
= [Mi Mia] < (Mi, Mat (L(A), RW] = Met (Mu, [Z(M), RA) ]]. 
Since the characteristic of § is not two, it follows from (28) and (30) 
that [Z,, [Z,, R]] is in &. Similarly it may be shown that 
[Ry [La R:]] is in &. Hence M, SL for all å, LS. But Lo £ Ma +M, 
so L=%. It is clear from (27) and (28) that we may also write 
f= R(M+L(M+ (LM, L(A) ]=RA)+L(4) + [R(W, RM]. 


THEOREM 6. All derivations of a Cayley-Dickson algebra © over a 
field of characteristic sero are inner. They have the form (32). 


4 Added in proof: Let I be an alternative algebra”with unity element over § of 
characteristic not two or three. Then (using = RW) +L(M) + (Z(H), L(A) ] and (29)) 
one may prove that a derivation D of X is inner if and only if D ia the sum of two 
derivations: one of the form (32), the other of the form (15) with d satisfying 
[d, x, y]=0 for all x, y in A. For a Cayley-Dickson algebra € the second derivation in 
the sum is zero. 
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The set of inner derivations of € is not {0}, for it is easy to choose 
a pair of quaternions x, z in O such that [s, x]=0. Then, applying D 
in (31) to v in (25), we obtain oD =o[z, 2|-++v[s, #|+0[s, «]=olz, x] 
since +z=1(z)1. Then D0. But D is inner and, by the corollary to 
Theorem 3, all derivations of € are inner, for it is known [3, p. 780] 
that the derivation algebra D of @ is simple (the exceptional simple 
Lie algebra of dimension 14). To see that the set Do of derivations 
(32) is an ideal in Ð, it is sufficient to show that for D, in (29) we 
have [D;, D’] in Do for any derivation D’ of Œ. But this is an easy 
consequence of the Jacobi identity and the fact that [x, 2]D’ 
= [x, zD']+[xD’, z]. Since Dox {0}, Do=D. 


THEOREM 7. All derivations of a semi-simple alternative algebra A 
over a field of charactertsitc sero are inner. 


Since X is the direct sum of simple components which are either 
associative or Cayley-Dickson algebras over their centers, and since 
it is well known that derivations of the associative components are 
inner, this theorem is reduced by Theorem 4 to the case where W is a 
Cayley-Dickson algebra © over its center 8. But, since the char- 
acteristic is zero, the derivations of X map the field 3 upon {0}; 
moreover, if D is the derivation algebra of €, then Dz is the derivation 
algebra of A. Then by Theorem 6 all derivations of X are inner. 


4. Jordan algebras. A Jordan algebra is a commutative algebra 
M in which 
(34) x:(x2y) = x(xty) for all x, y in M 


A. A. Albert has shown [1, equation (8), p. 550] thatin a Jordan alge- 
bra X over § of characteristic not two the identity 


(35) [Ry, [Ra R,]] = R(sy)s—s(ys) 


holds. That is, [R., R,] is a derivation of X for any x, sin A. So is the 
sum 


(36) D=), [R.,, R,, |, for xa sin. 
i 
THEOREM 8. The Lie transformation algebra of a Jordan algebra A 
over a field of charactertstic not two ts 
(37) L = RM) + IR, RM]. 


If A has a unity element 1, then a derivation D of Ñ is inner if and only 
4f D has the form (36). 
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Since M is commutative, Dı=R(N). Any element of M, = [R(W, 
[R(X), RW]] is a sum of elements of the form (35), so M: £ Mı. 
Then [M: Da] s u= (Mi, M] [M, M] =M: by (12). Hence 
M+M: is a Lie algebra, =M +M =R(A)+ [R(W, RM]. Let 
D=R,+ >>; [Re,, Rs,| be an inner derivation. Since 1D =0, we have 
y=0, 

We refer the reader to the proof of the following theorem by N. 
Jacobson in the paper mentioned in footnote 1. 


THEOREM 9 (JACOBSON). All derivations of a semi-simple Jordan 
algebra & over a field of characteristic sero are inner; they have the form 
(36). l 
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THE INSTITUTE FOR ADVANCED STUDY 


ON THE THEORY OF SUM-EQUATIONS 
I. M. SHEFFER 


1. Introduction. A system of linear equations is called a sum- 
equation system if it has the form 


(1.1) Gnotn + Gnin feo: = Cn (n = 0, i,---), 

with ano0. All quantities are assumed to be complex numbers. Let 

{A,(t)} be defined by 

(1.2) Anli) = Zi Gaal (n= 0,1,---), 
30 


and define the type of a sequence TA as the number ((y,)) given by 
(1.3) (on) = lim sup | ya | 


Suppose the functions {A,(é)} are analytic in |l <q, and that 
((c,)) = <q, so that the function 


(1.4) Ci) = > Gab” 


has the radius of convergence 1/56. 
Let functions {HsH} (j=0, 1,°-+,k—1; k=0, 1,---) be 
defined by 


(1.5) Ay, jt) = ¢7 + cpa? + cn” +--+, 

and let 
Heolt/i) (1/)Has(1/2) «<> (1/1 He a(l/? 
Ada)  wpAi(wst) +> or Arlo) 


(1.6) A,(é; H) = P 
7 Aws À os Ailo N) ... ar Aga D 
` where ' 

(1.7) wp = trish li — (—1)1/2], 


The functions H;,,,(#) are analytic in B <1/85, the function A,(é) 
given by 
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Ad At) ALÀ ... Aralt) 
Aolo) ews (ons) dla) +++ on Anal) 


a a 5 9 © © Ll a ae 


Ada D 0 Alor DE Ader Dre A D 


in |¢| <q, and the function A,(#; H) in the ring ô< |t| <q. 
The present article has two principal aims. One is to establish the 
following result on sum-equations: 


THEOREM 1.1. Let the functions {A,(t)} be analytic in |t| <q, 
with A,(0) +0, and let ((€a))=8 <q. If there exists an increasing se- 
quence of integers k, (s=1,2, +++) such that 


(1.9) lim kAr, (t; H)/Az,() = A*t), 


(1.8) 4) = 


ihe convergence being uniform in a ring R: q< | i| <q, with <q. Sq, 
then 


1 
(1.10) we Í i1A* (idi 
ri), 


is a solution of system (1.1), where y ts a rectifiable simple closed curve 
surrounding t=0 and lying in the ring R. Moreover, ((xa)) Sd where d 
is the maximum distance from y to the origin. 


This theorem will be obtained in $3 as the result of a limiting 
process based on the solution of associated k-periodic systems of 
equations. The second aim is to obtain solutions of homogeneous 
and nonhomogeneous k-periodic systems, tn closed form, as contour 
integrals. This is done in §§2 and 4, 


2. Nonhomogeneous k-periodic system. Sum-systems that are 
‘k-periodic (with or without perturbation terms) were treated else- 
where.! There the existence theorems did not give solutions in closed 
form. We now obtain closed solutions. System 


(2.1) Gnotn F Onia tits = Cn (n = 0,1,°++) 
is k-pertodtc if 
(2.2) Arnt) = A p(t) (p = 0, 1, + ,k-1n=0, 1, +), 


where the functions {4,(8) } are given by (1.2). We suppose here that 


1], M. Sheffer, On k-pertodtc systems of linear equations, Trans. Amer. Math. Soc. 
vol, 63 (1948) pp. 244-313. We shall refer to this article as Tr. 


1949] ON THE THEORY OF SUM-EQUATIONS 779 


each A,(¢) is analytic in ll Sq (so that q can be replaced by g+e for 
sufficiently small positive e), and that ((c„)) =ò Sq. 

Let y be the circle |:| =g’, where ö<g’, and where q’ is chosen 
close enough to ô so that the functions {A,()} are regular? in || Sq’ 
and also so that the function A,(?) given by (1.8) has no zeros on y. 
Define the sequence g? by 


(2.3) JR: BERN (QH ( ) a 
. En a — ee ‚0, #7 ? 
idy A ORN 

where H+.» is given by (1.5) and Az,,,;() ts the cofactor of the element 
in the rth row and jth column in A,(t). Moreover, g and v are (as yet 
undetermined) integers whose value will be made to depend on 7. 

Substitute the sequence 3% into the (ks-+r)th equation of (2.1). 
By uniform convergence, and the use of (2.2), 


A ketr [ { 2.” } | = > Gece ot, 


(2.4) == 
1 gretrte 1 
=— A Hao |) Ok 
rit Ar) ARENA © 


Make the substitution t=wu, where w, is given by (1.7) and X is 
an integer. As ¢ traverses y, so does 4, and on using the relations? 





(2.5) Aula) = Að, 
(2.6) By.) = Hu), 
we obtain 
,,_ 1 p ern IN Artn 
(2.7) Areilza }] = AN Alu) Hs, (—)e 


"A (wats) “Ako, (orn) au, 


Now sum over A=0, 1, +--+, k—1 and divide by &: 


a E 1 kette 
Ans[{e, }] = il A,(#) 


1 II Aiti) A A 
. Hy, (+) | >, Wy A,lw nit) Ars0, 7(onte) } du. 
Al 
2 This requirement is especially needed when d=q. 
3 (2.5) appears as Theorem 2.2 in Tr. (loc. cit.); and (2.6) is an immediate conse- 
quence of (1,5). 








(2.8) 
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From Lemma 3.2 of Tr. (loc. cit) we find that 








(2.9) Arvo, (0) = we Aral); 
> kıtrto 
Ale l] = 9 — = 
(2.10) r i i = 
Hi, (=H u a AnA } du. 
u hme 


But from the definition of Asa. as a cofactor in the determinant 
A(t), we have 


(2.11) > wy A, (wut) Aner, s(t) = 


AmQ 


Pi if y=r; 

0 if jr. 
Consequently, if we choose g = —7—1, as we now do, then the brace 
in (2.10) has the value A,(w) or 0 according as j=r or jr. 





Thus, forr,j7=0,1,°--+:,k-1;s=0,1,°°-, 
1 1 . 
(2.12) Auulls”}] = = en. (—)au aoe 
0, jr. 


Now choose v =j, and define {y,} by 


(2.13) ie in, 
so that 


1 {rl k—1 1 
(2.14) Ya = — { >; nd S) di. 


2riJ y Ark) \ yo 
Then from (2.12) we see that 


Alf eo) 
T n = u” rh u 
nn Ikid a 


1 1 
(2.15) = T | coeficient of win Hp, (—)| 
u 








1 
= — Chair, 
k ks 


so the following result has been established: 
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THEOREM 2.1. Let system (2.1) be k-pertodic, and let the functions 
A,(t)} be analytic in |2] <q, with A,(0) 0. Then for each sequence 
Cn} of type ô Sq, (2.1) has the solution 


(2.16) In = ky» 


where | ya} ts given by (2.14), the contour y being the circle [el =g', 
where q’ is larger than ò but smaller than the minimum radius of con- 
vergence of the sequence of functions {A,(t)}, and where, moreover, 
there are no zeros of the function Ax(t) on y. . 


REMARKS. (i) Curve y need not be a circle; it suffices that y be a 
rectifiable simple closed curve surrounding ¢=0 and lying in the ring 
5<|t|<R’ where R’ is the minimum radius of convergence of the 
power series [Au } (defined by (1.2)). 

(ii) Let R” be chosen (not to exceed R’) so that A(t) has no zeros 
in the ring ô< |:| <R”. Then all contours y, of Remark (i), that lie 
in this new ring will obviously yield the same solution (2.16). Inspec- 
tion of (2.14) shows that the type of TA and hence of {xn} cannot 
exceed d, where d is the maximum distance from y to the origin. 
Since y can be chosen as close to the circle |£| =ö as we wish, it fol- 
lows that for y in the ring 5<|#| <R”, the type of the solution (2.16) 
cannot exceed 6. If ((x,)) <6, it is easy to show that the sequence 
Anl{xa}], that is, the sequence {ca}, is also of type less than 5; which 
is a contradiction. Hence we conclude that tf contour y les in the ring 
ô < lal < R”, the solution (2.16) is of type equal to 6. 


COROLLARY. The solution (2.16) can be written 


k ja-l 
2.17 ed ee, 
eM) ri), Ax(t) wl; B) 


where Aalt; H) ts given by (1.6). 
This follows at once from (1.6), (2.14) and the meaning of Az,o,;(#) 


3. Proof of the theorem. We now establish Theorem 1.1. Choose 
the number Q to be less than q and also to lie in the range 8<OSqz. 
Consider an arbitrary positive integer k, and denote by «4 the 
k-periodic system obtained from (1.1) by using the first k equations 
of (1.1); that is, systems (1.1) and -4™ agree in their first $ eqhations. 
All the results of §2 apply to -4™ if we use Q in place of q. 

Since (1.9) holds uniformly (in the ring R), there exists an integer 
© such that if for an s>S the denominator A;,(#) has zeros in the 
ring, then these zeros are completely cancelled by corresponding 
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zeros in the numerator A(t; H). It is therefore not necessary that 
the contour avoid zeros‘ of the denominator. 

Choose y as a circle whose radius r lies in the range <r <Q. Given 
e>0, there exists an S=S, such that for all s>S, 


(3.1) | {kAr (t; B)/A H} — A*@| < e, 


uniformly on y. Let { x9 a) be the solution given by (2.17) corre- 
sponding to the k,-periodic system 4*9, and let TA be given by 
(1.10). Then 


14 }] — As[fe}]| = 








= (ba) = 
2 Gontntp — 2 DonXn+p 
n=l 


nl 


3.2 1 
en mail. PIA g(t) [Bada (b; H)/Az,(#) } - a(o lay 


nd 
A. 


ant 
sS M p'r?-6, 





where M,=max |48| for ton y. 
Let p be arbitrary but fixed, and choose s (already subject to the 
condition s>.S) so that k, >p. Then 


(3.3) Asia, es 

since {x®} satisfies system «4%, Hence 

(3.4) | cp — Aplf za} ]| < Mpera 

Since $ is fixed and e is arbitrary, it follows that 
Alita} ] = cr 


That is, {xn} satisfies the pth equation of system (1.1); and from the 
arbitrariness of p, {xa} satisfies system (1.1). The portion of Theorem 
1.1 referring to the type of solution {x,} follows at once from (1.10), 
so the proof of Theorem 1.1 is complete. 

REMARKS. (i) The hypothesis of Theorem 1.1 can be weakened in 
the following way without affecting the conclusion: Replace the con- 
dition that (1.9) holds untformly in the ring R: q< |l <q with 
ô <q: Sq by the condition that (1.9) holds uniformly on y, where y ts a 
rectifiable simple closed curve surrounding the origin and lying in the 
ring ô< |t| <a. 

(ii) If G(f) is analytic in and on y, then (1/21) f,i*G(Adi=0, 

t Since each A;(#) has in |2| $0 only a finite number of zeros, it is possible to choose 
y in the ring R so as to avoid all such zeros. For the purpose of a later Remark how- 
ever, it is undesirable that y be so restricted. 
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n=0,1,-+--.IntheratioA,(?; 7)/A,(t) that occurs in (1.9), one may 
therefore throw away all the positive powers of t (in the Laurent 
expansion for the ratio). Or one may state more generally: Jf there 
extsts a sequence of functions {Gi(t)}, analytic in and on Yy, and a 
sequence {k,}, such that 

lim [{ kiAs,(¢; H)/Az,()} + 16,0] = a**@), 


su 00 


the convergence being uniform on y, then (1.1) has the solution 
1 
tp = — Í Em-1A** (1) di, 
ri), 


4, k-periodic system, homogeneous case. It will now be shown 
that the homogeneous k-periodic system also has solutions that can 
be exhibited in closed form. The homogeneous system is 


(4.1) Gnotn + Onifa + = 0 (n = 0,1,-++-). 


It is assumed as before that A,(#) is analytic in |¢| Sq and that 
A,(0) #0. Since the determinant A,(¢) of (1.8) has the property (2.5), 
it follows that the zeros (if any) of A(t) in |l <q come in nests of k 
zeros each, such that if æ is a zero, then the zeros in the same nest’ are 
wia, s=0,1,-++,k—1. Moreover all zeros of a nest have the same 
multiplicity, so that the total number m of zeros of A,(#) in ll sq 
is a multiple of k: m=lk. We have termed } the order! of A,(#) (in 
ll <q), and have shown” that system (4.1) has precisely } linearly 
independent solutions of type not exceeding q. 

Consider a fixed nest of zeros {wia}. Let C be a rectifiable simple 
closed curve® surrounding the origin and all the zeros of the nest, 
with all the other zeros of A(t) exterior to C; and define the sequences 
XP: {aha} by 

wtel(zk __ „k\r 
(4.2) ae = =f Meca 
2nt/ E Ar) 


where J, l are in the range 0, 1, -,k—1, and 7 is a non-negative 
integer. The value of this integral is the same for all curves C ful- 
filling the above conditions. It is therefore no restriction to suppose, 


i Ax:o, (t) db, 


5 Note their symmetric position about the origin. 

8 Tr., $2 loc. cit. 

T Tr., Theorem 3.6, loc. cit. 

* C is also to lie in the common circle of convergence of the functions A,(é), 
n=0,1,°+-,k-1. 
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as we now do, that C is chosen so as to be invariant under a rotation 
of angle 2r/k around the origin. 
Let p=0, 1,---,k—1; s=0, 1,---+. Then, using (2.2), 


oo 
Akstp [X al — > Waa Gee 


rm G 
(4.3) 1 gkatpticgh — ak)r 
= — —:/4,M)Ats,,(H)dt. 
TER A.(2) p(t) 20,48) 


Since the only singularities of the integrand interior to C are at the 
zeros {aa}, we can replace C by k contours Co, * * +, Crs, where 
C, surrounds only the zero wa. In fact, Ca may be chosen as a small 
circle centered at this zero, and if the radii of these circles are equal, 
then a rotation of angle 2r/k around the origin will carry each circle 
into the next one. 

This replacement of fe by XOX} fa, being accomplished, make the 
change of variable :=w}u in the integral fc, As ¢ traces Cy the vari- 
able u traces Co. Consequently, 

Ban uhr 
Arse [Xa] = = baie 
dat Co Alu) 


k-1 
ke+p+1 Alp+i!+1) A A 
H { Dr‘ Ayla) Anie (our) du; 


Am) 


(4.4) 


and on using (2.9), 


(r) ks+p+ t 
(4.5) Amol Xil = — | ————-# By ,1,,(u)du, 
2rt Co Alu) 
where 
Bl Hl, |X 
(4.6) bp,1,(u) = Dio A p(wytt) Anja, (4) du. 
Aco 


For each 7, choose J=k—j—1. Then from (2.11) we obtain the rela- 
tion 

Arlu) if py, 
4.7 & = 
(4.7) p,kł—j1,; (4) f 0 ifpi 
In both cases (4.5) becomes 


(r) 
(4.8) Arsip X itii] = 0. 


To sum up: 


THEOREM 4.1. Let the functions {A,(t)} be analytic in |t| Sq, with 
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A,(0) 40. If { wha}, s=0,1,°-+,k—1,4t5 a nest of zeros of A(t) with 
la| <q, then for each j=0, 1,---,k—1 and for eachr=0, 1, -, 
the sequence (4.2) with l=k—j—1 4s a solution of the k-periodic homo- 
geneous system (4.1). 


In Theorem 4.1 it is conceivable that one or more of the solutions 
(4.2), with /=k—j—1, is identically zero. (This is certainly true for 
r sufficiently large.) We therefore examine the problem of linear in- 
dependence. On eliminating / in (4.2) we obtain sequences to be 
denoted by XP: 


i 2 1 pmtb-i-1(gh _ ar 
it Hit Dei. 
2ri C Aalt) 


and these are the sequences that have been shown to satisfy’ (4.1). 

If we replace C by its equivalent, namely the sum of the con- 
tours Co,:-°-, C-u and on Cy, set t= wku, then (4.9) is seen to be- 
come 


, Arno, s(t) dt; 


E 1 4% — wk\t 
(G40) ae Me ee "Ang aludu, 
out Co Ax(#) 
where 
k—1 
(4.11) Anm) = D wr Arp, i(t). 
p=0 


It is clear that 
(4.12) Akijnter(ts) = Anzn(%). 


Also, by use of (2.9), one obtains the relation Ar;p (wrt) =A z;p41, (44). 
Applying this to (4.11) one readily shows that 


(4.13) Ar: jn(@n) = on "Aa; i.n(#). 
From (4.13) it follows that 


1 
(4.14) (u) AA na) = — [urt#- 14, in(#) |, 
Wk 
so that the bracket possesses a power series of the following type: 


(4.15) ut.) = % bj nr? ; 
am] 


° They are also of type not exceeding q. 
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and from (4.12), 


i æ 
(4.16) UE due 7 kjapp) = UPE D, bjn 1 


ui 


Suppose «is a zero of multiplicity A for A,(#). Then this is also the 
multiplicity of each of the zeros in the nest { wha}, so that 


(4.17) Alh = (i — a*)*-0,(8) 


where Q(t) is analytic in ll Sq+e (e>0 sufficiently small) and has 
the properties Q,(wia) #0 and Q,(wit) = Q(t). 

Let the circles Co, - * +, Ca be chosen so small that as u traces 
Co, then z= * traces exactly once a rectifiable simple closed curve To 
that surrounds s=«* and has z=0 in its exterior. We have 


Arlu) = (s — a*)™ ql) 
where q;(s) is analytic in and on To and nowhere zero there. Conse- 


quently 


1 
4.18 ha =D R dz, 
(4.18) tin = 7 (z — a?) bi 1,n(3)d3 


where 





>> bina = Di dials ~a H 


(4.19) Dune) = 
u PER 
If aj and a p exist in the range 0, 1, ---, k—1 such that 

(4.20) Di: 3,p{a®) ¥ 0, 

then the h sequences (4.9); for r=0, 1,---,44—1, constitute a 
linearly independent set! of solutions of (4.1). To see this, we first 
observe that from (4.15) and (4.16) follows the relation Dg;;,m+(3) 
= 3'D;;j,m(2), so that 


i 1 
(4.21) timus = — | (8 — a”): 21Dy,;m(2)de. 
2kriJ T, 


Hence if XP, +--+, X?%-” are linearly dependent, then constants M 
exist, not all zero, such that 


{0} = > XE 3 


40 Tf rh, (4.18) shows that [= } = (0). 
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so, setting n=m-sk, 


a 1 hl 
(4.22) 0= J Nfa = J 2* Ds: 3,m(8) | > A(z — at) dz. 
rm Q 2k To rem) 


At 





This is an identity for m=0, 1, ---,%—1 and for alls=0,1,--:-. 
Choose s=0, 1, - ++, 4—1 and multiply the sth relation by u, where 
u. is Chosen so that 


k-1 
Da hg" = (3 — ch), 
s=0 
Also take m= p. Then 
= re f Dy; 3,p() (2 — a”) tds = MoD mi, pla); 
To 


and by assumption (4.20), we must therefore have ^o =0. In the same 
way it is shown that M= - + - =A, 1=0. This contradiction estab- 
lishes the linear independence of X®, ---, XP, as was asserted. 

From (4.15) and (4.19) we see that condition (4.20) is equivalent 


to this: p and j exist in 0, 1, +--+, —1 such that!! 

(4.23) Auss.p(ona) £ 0, s=0,1,++-,k—-1, 
Now suppose that (4.20), and hence (4.23), does not hold. Then for 
every j, p, sin O, 1, ---+-,k—1 we shall have 

(a) Ans j,p(wre) = 0. 


For each fixed j and s, take u=aja in (4.11). We obtain a system of 
linear homogeneous equations with a nonvanishing Vandermond 
determinant, so the “unknowns” must all be zero. Thus, 


(b) Arip (wre) = 0 (6,j,5=0,1,-++,k— 1). 


Conversely, (a) follows from (b). 

If we agree to say that system (4.1) is nonsingular at the nest of 
Zeros fola} if there exists a triple of integers (p, j, s) in the range 
0, 1,- -+ -, k—1 such that 


(4.24) Arip (wra) = 0, 


then we have established the following result: 


u Jf (4.23) holds for one value of s it will then hold for all s, as we see from (4.12). 
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THEOREM 4.2. In the k-periodic homogeneous system (4.1) let the 
functions A(t) be analytic in E Sq, with A,(0) +0. If (4.1) ts non- 
singular at the nest of zeros wa}, s=0, 1,+--,k-—I, then the h 
sequences XP, +--+, XP of (4.9) are linearly independent solutions 
of system (4.1) and are of type not exceeding q. 


REMARKS. (i) Let the order of A,(é) in |z| <q bel. If system (4.1) 
is nonsingular at every nest of zeros, then Theorem 4.2 provides us 
with sets of solutions, the total number of such solutions being 
_ exactly /, and the solutions in each set are linearly independent. It 
can be shown (although we shall not do so here) that the totality of 
these / solutions are linearly independent, and that they therefore 
constitute a complete set of solutions of type not exceeding g, of (4.1). 

Gi) If system (4.1) is not nonsingular at some nest of zeros 
f wta}, then (4.9) will not yield % linearly independent solutions, but 
may yield some. There are h linearly independent solutions corre- 
sponding to this nest, but their representation is not so simple as (4.9), 
and we do not discuss them here. 

(iii) One can proceed from (4.9) by a limiting process, and arrive 
at a result analogous to Theorem 1.1 for the homogeneous system 
corresponding to (1.1). However, one cannot be certain that the 
solution so obtained is not actually x,=0. 
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APPROXIMATION BY CURVES OF A 
UNISOLVENT FAMILY 


TH. MOTZKIN 


The aim of this paper is to extend theorems on the best approxima- 
tion of a given function by a polynomial! of a given degree, or more 
generally by a linear combination of given functions, first to the case 
where the approximating function is to be taken from a more general 
family of functions, which satisfies the requirements of continuity, 
solvence and unisolvence, to be specified below, and secondly to a 
class of related geometrical problems, for which that of approximat- 
ing a curve, or six given points, by an ellipse may serve as an example. 
The best approximation is said to be furnished by that curve for 
which the maximum distance between corresponding points of the 
approximating and the approximated curves is as small as possible. 

Let (S) be a family of curves S represented by one-valued functions 
y=S(x), -1sxSs1. The family (S) is assumed to be n-parametric, 
solvent, unisolvent, and continuous; more explicitly we assume: 

1. Solvence: for any n values xı, ©- -,x, with —1sau<--- 
<x„s1 and arbitrary real numbers 41, - ++, Ya there exists a func- 
tion S of (S) with S(x) =y; ¢=1,---,n; 

2. Untsolvence: only one such function exists, in the extended sense 
that not only, for any two different functions S, and S; of (S), So— Si 
has less than n roots (zeros), but also that this is true if any root x 
with |x| <1 for which S)—S; does not change sign between x—e 
and x+e is counted as two roots; 


3. Continutiy: S(x) = S(x; x41, * °°, Xa; Yu °° * , Yna) is a continuous 
function of x, Yy © ° * , Va 
It follows that there cannot exist n+1 values —1Sx,< -: + <x, 


$1 for which Sy, — S, has “alternating signs,” that is, is alternatingly 
non-negative and non-positive. 
For any curve S, e =0(S) shall denote the supremum of the values 


Received by the editors May 21, 1948. i 

1 For the approximation by linear systems of functions see S. Bernstein, Lecons 
sur les proprittés extrémales et la meilleure approximation des fonctions analytiques d'une 
variables réelle, Paris, 1926, Chap. 1. The approximation of systems of points in space 
and to some extent also of functions of several variables by linear functions and other 
polynomials is considered by P. Kirchberger, Ueber Tchebychefsche Annacherungs- 
meikoden, Math. Ann. vol. 57 (1903) pp. 509-540. It would-be desirable to extend the 
method of the present note to the case of several independent variables. 

According to Kirchberger loc. cit. p. 510, the approximation with least maximal 
deviation was first considered by Poncelet, and more systematically by Chebyshev. 
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| S(x)| ; because of the continuity of Sin the closed interval —-1SxS1 
this supremum is actually attained. We define furthermore the osctlla- 
kon number o=v(S)20 as one less than the maximum number 
of values xọo< +++ <x, such that | S(xo)| =o, S(x) = — S(x), 
t=1,...,v. If the number of such values is not bounded then 
0(S) = œ. 

A nearest curve So of a family (S) to y=0 will be a curve for which 
gdo =0 (S0) is as small as possible. The existence, uniqueness and prop- 
erties of Sp are given in the following three theorems. 


THEOREM I. Under the above assumptions on (S) there existis a 
curve y= S(x), and vo=0(So) Èn. 


THEOREM II. For every other curve Sı of (S) there are no values 
—1Sx%< +--+ <% S1 wih | Sizes) | Z 0o t=0, -- - , n, and aliernai- 
ing signs of Si(x:).? In particular v(Sı) <n, so that So ts unique and 
characterized by v(So) Zn. 

THEOREM III. Also when x ts restricted to n+1 values —~—1 Sxo< 
<% S1 with | Sc) | =o t=0,:-::+,n, and aliernating signs of 
So(x,), So ts the nearest curve to y=0. Moreover So ts the only curve of 
(S) with equal and aliernating ordinates at the abscissae x;. 


Theorems II and III follow immediately by remarking that if a 
curve 51% So of (S) were situated in contradiction to either of them, 


Sı—So would have alternating signs for Xo, © * * , Xn. 
To prove Theorem I we observe first that since o(S5) is a non- 
negative and continuous function a(yı, * * * , Ya) of the values of S 


for any n fixed numbers —1S4,< --- <x„S1, and since the func- 
tions S with oS N are bounded and form a closed family, the in- 
fimum oo20 of ø is in fact attained for a certain curve So. 

Now if v <n (and thus o»>0), then let Æ be the closed set of all 
roots of | So(x)| =o», and choose n — 1 values £;,4=1, --+,n-—1,such 
that: 

1. Each of the vp open intervals between consecutive numbers of 
= that give alternating signs to Sy contains one, or an odd number, of 
the values £;; 

2. Each of the other open intervals between consecutive numbers of 
=, (there may be 0 or a finite or infinite number of such intervals) con- 
tains none, or an even number, of the values &;; 

3. A half-open interval between —1 (inclusive) and the smallest 
number of &, or 1 (inclusive) and the greatest number of &, contains 
none, or any number, of the values &,; 


2 This contains as a special case a result of de la Vallée- Poussin and its generaliza- 
tion by Bernstein loc. cit. p. 6. 
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4. Finally n1 = 1, if 
(*) —1 and 1 belong to Æ and n — 1 —v is odd. 


Such a choice is obviously possible. 

We now consider the curves S’ of (S) for which S’(&;) =So(&,), 
t=1,---+,n-—1; because of the unisolvence assumed they meet only 
for x=; and cross each other (that is, their difference changes 
sign) there. Due to the solvence of (5), S’ may be chosen so that 
S'(€) = So(&)(1—) for a given value £ of & (different from 1 if (*) 
holds). For small e>0, S’ will be near So everywhere, because of 
the continuity of (S), and owing to the choice of the & we have 
|S d | <oy for every value of & (different from 1 if (*) holds) and there- 
fore everywhere. Hence o(5’)<oo, against the definition of oo (in 
case (*) holds we obtain LS (— 1)| <o, and apply the same procedure 
to 5’ instead of S,).2 Thus the oscillation number vp must be at least 
n. Q.E.D. 

The approximation of a given function f(x), continuous for —1 Sx 
<1, by a function of the family (S) has analogous properties; to see 
this replace every function S by S—f (which does not affect the con- 
ditions imposed on the family) and apply Theorems I, II and ITI. 

More generally the strip EJ si, ly <% may undergo a topo- 
logical mapping, the distance between the images of (x, y) and (x, y’) 
being defined as | y’—y| y 

If all functions S have the period 2, then the lines x= —1 and x=1 
may be identified, and we obtain an approximation of a closed curve 
on a cylinder or within an annulus. 

The extension of the theorems to approximations on the whole 
axis of real numbers, or in an open interval, requires additional 
assumptions. 

The proof of Theorems I-III remains the same if (every S(x) being 
still defined for —1 Sx <1) o(S) denotes the supremum of | S(x)| for 
values x belonging to a given closed partial set X of —1 Sx S1 that 
contains at least n+ 1 numbers. 

In the case of a finite set X = (xo, - - + , Xw) the nearest curve can 
be found by determining, for every n+1 numbers of X, the one curve 
whose ordinates at these abscissae are equal but alternating in sign, 
and choosing the best one from among the finite number of curves 
obtained. 

The related geometrical problem of finding, from a unisolvent 


3 In this case also, a single application of the procedure is sufficient: fix only 
n "+, & sand put S’(E)=So(f)(1—«) for £= —1 and &=1. There cannot be #—1 
common points of Su and S’ within —1 3x31, since n —1—v9 is odd. 
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n-parametric family (S) of plane curves, the nearest curve Sp to a 
finite number of given points Po,---, Psa, mzn, can be treated 
similarly. The family (S) is supposed to contain, within a certain 
domain of the real plane, through every » points one and only one 
curve, depending continuously on the situation of the n points. The 
nearest curve So (that one for which the greatest distance o(S) from 
it of one of the points P, is as small as possible), is again to be chosen 
from those curves for which n+1 from among the points P; have 
equal distances from the curve. Indeed, if the number of approxi- 
mated points P» with maximal distance from 5, were less than n+1, 
a small change of the curve could be effected (because of the solvence 
and continuity of the family) diminishing the maximal distance. 

Owing to the unisolvence we can also prove by the same method of 
fixing n—1 points of the approximating curve as in the proof of 
Theorem I that (#-+1)/2(+1/2) of the points P, are on either side 
of So, with alternating nearest points Qs on So, provided that there 
are exactly n+1 points P, and that to every P, there exists only one 
nearest point Qs. In the general case it is impossible to divide Sy by 
»—1 points into closed arcs, alternatingly called positive and nega- 
tive, so that every point P, on one side of So has one of its nearest 
points Q, on a positive arc, and every point P, on the other side of 
So has one of its nearest points Q, on a negative arc. The value of 
20(S,) may be called the breadth of the given point set (P,) with 
regard to the unisolvent family (5).* 

As examples of unisolvent families we mention the family of all 
straight lines, the family of all conics, the family of all circles or 
more generally of all curves (positively) homothetic to a given, 
closed or infinite, convex curve that contains no straight segment. 
Each family has to be closed by including its limiting curves: points, 
straight lines and pairs of straight lines. Evidently a point cannot bea 
nearest curve, but a pair of straight lines can, and this possibility 
must be separately taken care of when determining the nearest conic 
to a point set (P,). A straight line as So behaves like a general member 
of the family. 

It is easily seen that for a family of closed and bounded curves » will 
be odd. 

The family of all parabolas is neither solvent nor unisolvent. Still 
since, in a bounded domain, parabolas that are sufficiently near to 
each other intersect only in 3=2~—1 points of the domain (“local 

4 For other properties of unisolvent families cf. Th. Motzkin, Sur les arcs dont les 


courbes osculairices ne se coupent pas, C. R. Acad. Sci. Paris vol. 206 (1938) pp. 1700- 
1701. 
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unisolvence”), and since four points through which a parabola exists 
do not lose this property after a small change of position (“local 
solvence”) the former results remain valid. However not only pairs 
of parallel straight lines but also single straight lines must be sepa- 
rately considered, because the local solvence fails for groups of four 
collinear points. 

There are, of course, families without local solvence or unisolvence, 
for example the family of all cubics, or the family of all circles of 
given radius. The nearest circle of given radius to the vertices of an 
equilateral triangle has the same centre as the triangle, and the ap- 
proximated points are thus all on the same side of the circle. The 
nearest circle of given radius to the end points and mid point of a 
large segment has also the same centre as the segment, and there are 
only two farthest points though n =2. 

In the geometrical problems, Theorems Il and III, and in particular 
the uniqueness of the nearest curve, do not subsist. Thus the vertices 
of an equilateral m-gon and its centre ‘have 2m/(3+(—1)™") nearest 
straight lines, and m nearest circles. It seems however that in the 
vicinity of m+1 given points there are always m-+1 points with a 
unique nearest curve. 

When approximating an infinite (closed and bounded) set some of 
the n+1 extremal points P, may coincide. Thus the nearest straight 
line to an ellipse is its major axis, with 2, instead of 3, farthest points. 
There may also be an infinite number of nearest curves: to a circle, 
every diameter is a nearest straight line, and similarly for any curve 
of constant breadth; to a circle and its centre there are even doubly 
infinitely many nearest circles, most of them with 2, instead of 4, 
farthest points. 

Similar considerations apply to unisolvent families of curves on a 
surface. The generalization to different definitions of the distance 
of a point from a curve appears to be more difficult. 
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APPROXIMATION IN LIP (a, $) 
PAUL CIVIN 


Let Lp 1<p<, denote the class of measurable functions of 
period 2x for which (X, | f(x) | *dx)”? = M,(f) < œ, and let Lip (a, 9), 
0<a<o, represent that subclass of L, for which (fZ, | f(«+h) 
—f(x) | rdx)? =O(h-*) as h->0. The object of the present note is to 
demonstrate the following theorem. 


THEOREM. If f(x) ELip (a, p) and { P,(x)} ts a sequence of trigono- 
metric polynomials of order n such that 


(1) M,(f — Pa) S Kr”, 
then 
i „ [40 — ands, 0<aK<i, 
(2) (f | PX (x) Jaz) S {A log n, a= 1, 
= Ala — 1), l1<a<o 


where in each case A depends only on a and the sequence P,(x) but not 
on n. 


The method is that of M. Zamansky! [2] who obtained the corre- 
sponding results for functions in Lip a, O<a@S1. 

An application of the inequality of Zygmund [3] concerning the pth 
mean of the derivative of a trigonometric polynomial together with 
the Minkowski inequality shows that if (1) and (2) are satisfied by 
a sequence {Pa} with (j41/n,) =O(1) and if {rn} is any sequence of 
trigonometric polynomials of order n such that M An) =0(n"°), then 
the sequence f Pajtdn} (nen, nti, -nj l; j=1, 2,---) 
also satisfies (1) and (2). A further application of the same inequalities 
shows that if { P,} satisfies (1) and (2) and if Qu} satisfies (1), then 
{On} also satisfies (2). The proof of the theorem is thus reduced to 
the exhibition of a sequence Í Pas} of trigonometric polynomials of 
order n; with (n7,1/#,) =0(1) such that (1) and (2) hold for Í Pa, i. 

Let r be the smallest integer greater than (1+a)/2and g=p/(p—1). 
If f(x) EL, and 


u(r) = : "Ga t/t)?*dt 


Presented to the Society, November 27, 1948; received by the editors June 21, 
1948. 
1 Numbers in brackets refer to the references at the end of the note. 
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then 
Pa) = (u(y [fle + 2-4 (Gin 4/1)¥at 


is a trigonometric polynomial? [1] of order less than r2’. Let P,,(x) 
= F;(x)-+-n;~ cos nx for n,=r2?, so that P,,(x) is a trigonometric 
polynomial of order? nj; and (mj41/n;) =O(1). 

In view of the definition of r, it is possible to select 8 so that Bg>1 
and p(2r—ß—-a) >1. Therefore 


Mf — Pa) 


< As( f ( a | fle) — fle + 22-4) || sin islmat) ax) 


+ Bny* 


<s aS SC sin ijay 


i f i | f(x) — f(x + 22) |” | sin ulermräide) 


-+ Buy? 


oo x 1/p 
< a( f | sin ¢/¢| Gre f | fa) — fa + 2) deat) 
+ Bn;*® 


© 1/ 
= Ail f | sin t/t | | z= |erd) gr ae 


Came’. +] 


Ss Anz“, 


with the various A, and B independent of the #,. 
By a technique identical with that in the preceding paragraph, it is 
easily seen that 


M (Pa; = Pages) Ss Any“. 
Another application of the Zygmund inequality shows that 


2 The proof given in [1] is for continuous f(x). However, the proof is identical for 
f@R)EL,. 
® A term of order n, is also required for the completeness of the Zamansky proof 
[2] for f(x)€ Lip æ. As that proof was given, the difference in the actual and apparent 
order of the approximating polynomials causes the proof to fail in the case of functions 
f(x) with “large” gaps in their Fourier series. 


796 PAUL CIVIN 


r , 1a 
M,(Pa,— Pu) SAn; . 
The application of the Minkowski inequality to the sum 


k—1 
Pala) = > (Paala) — Paj(x)) + Pala), 


followed by summation over 7, completes the proof of the theorem. 
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ON DESCARTES-HARRIOT’S RULE} 


PAUL TURAN 
The classical rule of Descartes-Harriot asserts that if 
(1) f(x) = go + ar +++: + a,x" 


is a polynomial with real coefficients, then the number P of its posi- 
tive zeros cannot exceed the number Vo of the sign changes of the 
sequence 


(2) Go, Gn ** +, On 


(if some of the coefficients vanish they can be omitted). This rule has 
been extended and refined in various ways. Vo yields obviously an 
upper bound for the number P* of zeros lying in 0<x <1; then La- 
guerre? observed the P* is majorised also by the number Vı of sign 
changes of the sequence 


(3) do, (Go + Gi), © ", (to tart: ++ + an), (Go tee? tan), °°? 


which is not greater than Vo. More generally P* is majorised by Vz, 
where V; denotes the number of sign changes of that sequence which 
arises from (2), completing it with zeros to an infinite sequence and 
forming the sequence of k times iterated partial sums; these Vps 
form a nonincreasing sequence. One trend of the investigations is the 
study of the V; for large k; this was done mainly by M. Fekete and G. 
Pélya.* Another trend is to obtain similar rules representing f(x) in 
various other forms (Runge,* Sylvester,5 Obreschkoff,® I. J. Schoen- 
berg’) or even generally for the linear combinations 


h(x) = agbo(x) + +++ + Gabn(x) 


Received by the editors June 22, 1948. 

1 To the memory of my late friend, Ervin Feldheim. 

2E., Laguerre, Mémoire sur la théorie des équations numériques, J. Math. Pures 
Appl. (3) vol. 9 (1883) pp. 99-146. 

3 See in particular their joint paper in Rend. Circ. Mat. Palermo vol. 34 (1912) 
pp. 89-120 entitled Über ein Problem von Laguerre. 

t See the paper of G. Pólya, Über einige Verallgemeinerungen der Descartesschen 
Zetchenregel, Archiv der Mathematik und Physik vol. 23 (1915) pp. 22-32. 

‘J. J. Sylvester, Mathematical papers, vol. 2, pp. 360 and 401. 

6 N. Obreschkoff, Über die Wurzeln algebraischer Gleichungen, J. Deutschen 
Math. Verein vol. 33 (1924) pp. 52-64. 

7]. J. Schoenberg, Zur Absthlung der reellen Wurseln algebraischen Gleichungen, 
Math. Zeit. vol. 38 (1934) pp. 546-564. 
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of a prescribed system ¢o(x), di(x), - + » (Pölya-Szegd,3 S. Bernstein’). 
A further trend is the comparison of the different rules (F. Klein,?° 
I. J. Schoenberg’), extensions permitting complex coefficients in (1) 
and substituting the segments of the positive axis by more general 
domains (Obreschkoff," I. J. Schoenberg”), and finally the improving 
the rule by suitable Tschirnhausen-transformation (S. Lipka!?). But 
as far as we know no similar rule has been given to a lower estimation 
of the number P of the positive roots. The aim of this note is to 
give such a simple rule. This is based on the Laguerre-polynomial- 
representation of f(x): 


(4) ia BIG, iy ea 


where the Laguerre-polynomials Z,(x) are defined as is well known 
by 


d 





1 
(5) eL,(x) = = (er). 


| da’ 


The rule we are going to prove will assert that the number P of positive 
roots of f(x) is not less than the number of sign changes tn the sequence of 
successive differences of the coeficients b,, that 1s, in the sequence 


bo, [bo — di], [bo — 201 + be], +++, 


©) [bo — Crb: + Caba ++ (—1)*Cu nbn |. 


It is perhaps not uninteresting to notice that if 7, denotes the 
greatest positive root of L,(x), then® the number of sign changes of 
the coefficient-sequence 


bo, bi © ** , On 
itself furnishes an upper bound for the number of the roots of f(x) in 


5 G. Pólya and G. Szegë, Aufgaben und Lehrsätze aus der Analysts, vol. 2, chap. 5, 
probleme 87-90. 

? S, Bernstein, Leçons sur les propriétés extremales et la meilleure approximation des 
fonctions analytiques d une variable reelle, Paris, 1926. 

18 F, Klein, Geometrisches sur Abzählung der reellen Wurzeln algebraischer Glei- 
chungen, Gesammelte Mathematische Abhandlungen, pp. 198-208. 

u N. Obreschkoff, Sur un problème de Laguerre, C. R. Acad. Sci. Paris vol. 177 . 
(1923) pp. 102-104. ` 

12], J. Schoenberg, Extensions of theorems of Descartes and Laguerre to the complex 
domain, Duke Math. J. vol. 2 (1936) pp. 84-94. 

13 S, Lipka, Über die Descartessche Zeichenregel, Acta Univ. Szeged. vol. 7 (1934- 
1935) pp. 177-185. 
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the interval nasx <+ o. 

The proof of the rule (6) is extremely simple and actually gives 
more since it turns out, as a matter of fact, that even the number of 
the positive sign changing places of f(x) is not less than the number 
of sign changes of the sequence (6). It is based on the following 
theorem of Fejer.!* 

The number of the sign variations of a real function g(x) in the 
interval 0 <x <a (a S + œ) is not less than the number of sign changes 
of the sequence of moments: 


(7) Mo = J soa. ee., M, = f ora 


In order to prove our rule we form instead of the moments of f(x) 
those of f(x)e* 


(8) My = f fde tda, k=0, 1, e,n. 
0 
Owing to the expansion!’ 
k 
(9) xt = kl >) (~ 1Cr L(a) 
pum Ô 


and the well known orthogonality property" 
© 0 x 
f e*L,(2)L,(x)dx = t I 
0 


H = P, 


we obtain from (9) 
k 

(10) My = kl), (-1)CHh b», k=0,1,++°,m. 
Pow {) 


u I.. Fejér, Nombre des changement de signe d'une fonction dans un intervalle ei ses 

moments, C. R. Acad. Sci. Paris vol. 158 (1914) pp. 1328-1331. If some of the moments 
are 0, then we can of course simply drop them; we can get an improved lower estima- 
tion in the following way. Let, for example, M, 70. Let ¢,=M,; further for »<z, 
c= M, if M,x0 and c= —sge,,1 if M,=0; finally for >u, cym M, if M, 0 and 
Cy —sg6,_1 if M,=0, Then the number of sign changes of g(x) in 0<x<a is not less 
than even the number of sign changes in the sequence co ci, * * * , Gs. See Pélya-Szegs, 
loc. cit. footnote 8, vol. 2, p. 50. 
. BI don’t know to whom this identity is due. I have seen it stated and proved in 
the paper of E. Feldheim, Coniribuitons à la ihéorte des polynémes de Jacobs (Hun- 
_ garian with French summary), Matematikai és Physikai Lapok vol. 48 (1941) pp. 
453-504. 

18 See, for example, G. Szegt, Orthogonal polynomials, Amer. Math. Soc. Col- 
loquium Publications, vol. 23, 1939, p. 96. 
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This together with the quoted theorem of Fejér shows that the num- 
ber of positive sign changing places of f(x)e—* (or of f(x)) is not less 
than the number of sign changes in the sequence (10) or, what 
amounts to the same, in the sequence (6). 

Of course a similar reasoning yields similar rules for other poly- 
nomial expansions but the rule given for Laguerre expansion seems 
to be particularly simple and to a certain extent dual to the rule of 
Laguerre (3). The question of constructing such simple rules leads 
‘to interesting questions in the theory of or Roron polynomials; to 
these I shall return elsewhere. 


INSTITUTE FOR ADVANCED STUDY 


A BOUND FOR THE MEAN VALUE 
OF A FUNCTION 


J. ERNEST WILKINS, JR. 


Let f(#) be a bounded measurable function defined when 0SiSz. 
The Fourier sine series associated with f(f) is 


te] 2 T 
> basin ni, bh = — f f(é)sin nt dt. 
nel T 0 


We shall be interested in this paper in establishing a bound for the 
mean value! 


ja —f nu 


when f(t) is such that one of the coefficients 0, vanishes. 

We can suppose without essential loss of generality that | f(| S1. 
Since b =0 whenever f(t) is constant, it is clear that the only con- 
clusion on a that can be drawn from the inequality | HOI <1 and the 
equality bm =0 is that |a| $1, and this conclusion is valid whether 
bs, vanishes or not. Hence we shall restrict attention to b441. For the 
same reason we shall not discuss the vanishing of the coefficient 


2 T 
a, = f JH) cos ni dt 
rJo 


of the Fourier cosine series of f(t). 

Suppose that b»„41=0. Define a positive number y by the equation 
y=sin [sec—!(2n-+-2)] where the sec”! lies between 0 and 7/2. Let 
E be the sum of the intervals 


SS eat 

where the sin”! lies between 0 and 7/2. Then it is clear that 
z sin (2# + 1) 3 y if tis in E, 
sin (2n +1) < y if Zis notin Æ. 


Received by the editors February 11, 1948, and, in revised form, June 14, 1948. 

1 The importance of the concept of mean value in the study of Fourier series can 
be seen by consulting Bohr [1, pp. 7-29]. Numbers in brackets refer to the bibliog- 
raphy at the end of the paper. 
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Now let fo(#) = —1 if 4 is in E and f,(é) = +1 if ¢ is not in E. It fol- 
lows from the definitions of y and E that 


f (D sin (27 + rd = 0, 
; 0 


and that the mean value of fo(é) is 
&o = 1 — (2/x) meas E 
= [4(n + 1)/(2n + Dr] sec! (2n + 2) — 1/(2n + 1). 


We shall now prove that if f(#) is an arbitrary real-valued measur- 
able function such that | Jo] si and bm41=0, then jal Sado. Let 
g(t) =f(t) —fo(t). Then OSg(#) on E and O02 ¢(é) on the complement 
cE of E. By virtue of relations (1) we conclude that 


f g(À sin (Qn + 1)#di 2 y J g(t)dé, 


f g(t) sin (2n + 1i dt È y f e(t)dt. 
ok cE 
Adding and remembering that 63,,:=0 for both f and fo we see that 
02% f g(t) dt, 
0 


with equality if and only if g(#) =0 almost everywhere. Since y >0, we 
have that 


(2) f sa <f “Sa 


with equality if and only if f(#) =fo(#) almost everywhere. 
Now let k() =f) +f. Then 02k on E, OSA) on cE, and so 


f h() sin (2n + Didi S y f hd, 
f h(t) sin (2n + tdi S y f h(t) dt, 

oH oR 
0<sy f "hdt, 


(3) -f oa < f "foldas 
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with equality if and only if f(é)=—fo(#) almost everywhere. Com- 
bining the inequalities (2) and (3) we conclude that when f(t) ss a 
real-valued measurable function such that |f(t)| S1 and beayi=0, then 





(4) |a| = |= J E en — sec! (25 + 2) — x ; 
~ (2n + 1)r 2n + 1 
with equality if and only if f(t)= Lfi(t) almost everywhere. 

In particular, if b:=0, then |a| S$1/3=.3333, while if b:=0, then 
lal] $.7855. The right-hand side of the inequality (4) approaches 
unity as n approaches infinity. 

This conclusion may be extended to complex functions f(#) as 
follows. Let f(¢) =fi(4) +1fa(2), where fi(é) and f2(¢) are real. There exist 
real numbers x and y such that 


at ty? l, «| float + y f foes = 0. 


Hence it is true that the mean value of f(#) has the same absolute 
value as the mean value of the real function xf,(¢) —yf2(4). This real 
function has a Fourier coefficient baa;1 equal to zero since this is true 
for both fı(f) and fs(#) and is bounded by one since f(t) is and x?+-y" 
= 1. Since the inequality (4) is valid for xfı—yfa, it is therefore true 
for f(t). Moreover since equality for xfi—yfs implies that xfı— yf: 
= + folt), equality for f(#) implies that f(#) =cfa(t) where c is a con- 
stant of absolute value unity. 


BIBLIOGRAPHY 
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A GENERALIZED CONVOLUTION FOR FINITE 
FOURIER TRANSFORMATIONS! 


A. W. JACOBSON 


1. Introduction. The finite sine transformation and the finite 
cosine transformation of F(x) with respect to x are defined as 
follows: 


S{F(x)} = f ro sin nxdx = f,(n) (n = 1,2,---), 


C{F(x)} = f ro cos nedz = fan) (n= 0, 1,2, +++) 


respectively. For example, the sine transforms of the first and second 
derivatives of F(x) are S{F'(x)}=—nC{F(x)} and S{F’(x)} 
= — S| F(x) } +n [F(0)—(—1)*F()]. 

If F(x) in (—2r, Zr) and G(x) in (—r, T) are bounded and in- 
tegrable, then the function 


a) F(z)+G() = f "F(a — y)G(9)dy 


is called the convolution of Fand G on the interval (—7, x). 

If F(x) and G(x) are bounded and integrable on the interval 
0 Szr, and if F(x) is an odd periodic extension of F(x) and G(x) 
an odd extension of G(x), then the product of the sine transforms of 
F(x) and G(x) can be written in terms of the transform of the con- 
volution as follows: 


(2) S{Pi(x)}S{Gi(z)} = — 27°C {Fi(x) +Gi(x)}. 
See [1, p. 274]? and [2, p. 270]. 


2. The Fourier transformation of a generalized convolution. The 
purpose of this paper is to generalize the above results and to illus- 
trate the use of the generalized convolution. This generalization con- 
sists, primarily, of extending the concept of the convolution to any 

Presented to the Society, April 16, 1948; received by the editors June 25, 1948. 

1 The author wishes to thank Professor R. V, Churchill for his advice in the prep- 
aration of this paper. The content of this paper is part of a dissertation submitted in 
partial fulfillment of the requirements for the degree of doctor of philosophy in the 
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integrable function of two variables. The aim here is to obtain a 
generalization similar to the one made by Bartels and Churchill [3] 
regarding the Laplace transformation. It will be seen in the next sec- 
tion that with the aid of this generalized convolution, very general 
steady state boundary value problems can be resolved into simpler 
problems. 

Let F(x, y) be a bounded and integrable function of x and y over 
the square 0 Sx Sa, 0SsySse. A generalized Fourier convolution F*(x) 
of F(x, y) corresponding to the iterated finite sine transformation 


S{S{F(x, y)}} =f f F(x, y) sin nx sin n’ydady 
8 9 


(3) 
= f(n, n’) (n, n = 1,2,-+-) 
is defined by 


where F,(x, y) is an odd periodic extension of F(x, y) with respect to 
x and an odd extension with respect to y. 

In case F(x, y) = F(x), Gı(y), the function F*(x) is the convolution 
(1) of Fı and Gi. 


THEOREM. If F(x, y) is a bounded and integrable function of x and y 
over the square OSx Sm, OSySxr and tf n’ =n, then 
S{S{F(x, 9)}} = ice). 


Proor. Over the square OSA sr, 0 Su Sx the iterated integral (3) 
can be written as 


z f f "Fa, ) cos n({X — u)dAdu 
(5) 0 0 
— 2-1 J j f "FO, u) cos n(A + u)dAdu. 


In the first integral set `—u =x and a=y. Then the lines A=0 and 
A=r in the Au-plane become the lines x-+y=0 and x+y=r in the 
xy-plane. Let A denote the parallelogram bounded by the last two 
lines and the lines p=0, u=r. Since the Jacobian for this change of 
variables is unity, the first of the integrals (5) becomes 


ic + y, y) cos nadaxdy, 
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0 T 
f cos nada | F(x + y, y)dy 
(6) S u T T—T 
+f cos nada | F(x -+ y, y)dy. 
0 0 


If in the first integral in (6) x is replaced by — x, then the first integral 
in (5) can be written 


zu cos nadz| f F(a + y, y)dy +f Fly — 2, a. 
0 z 


By setting `+u =x% and u= in the second integral in (5), it can be 
shown to take the form 


| cos nade| f F(x — y, y)dy +f F(2r — x — y, 8 |. 

0 0 —n 

Hence for the iterated sine transformation (3) there results the. equa- 
tion 


S{S{F(a, y)}} = > [cos ande | - f re — y, y)dy 


(7) a f FO — x, y)dy + J Fa + y, y)dy 


-f F(2r — x — 9, själ. 


If Fı(x, y) is an odd periodic extension of F(x, y) with respect to x 
with period 2r and an odd extension with respect to y, then the 
quantity in brackets reduces to 


-f Fı(z — J; y)dy, 


which according to definition (4) is the generalized convolution F*(x) 
of F(x, y). So 
S{S{F(x, 9)} } = 21C{F*(x)}. 


If, in (7), Ji, D, Is, and J, denote the four integrals in brackets, it 
can be shown under the same conditions as in the above theorem 
that 


S{C{F(a, y)}} = 245 [F*(2)}, 
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where F*(x)=1,—Ig—IstJa; and C{C{ F(x, y)}} =2C{ F*(x)}, 
where F¥ (x) =h+44+41; and finally 


Sir = S {P*a}, 
where 
F*(%) = Il + l — I; — I. 
If F(x, y) is also periodic with respect to y with period 27, then 
S{C{F(m, y)}} = C{S{F(«, MH: 


3. Resolution of steady state temperature problem. With the aid 
of the generalized convolution a very general steady temperature 
problem can be resolved into a problem with simpler boundary 
conditions and source function. Furthermore, this method makes it 
possible to extend the Duhamel integral formula from time to space 
coordinates. 

Consider the function V(x, 41, y2). Let A and X denote the dif- 
ferential operators defined by 


2 ð ôV 
A{V} = CoV + > Ca (K —) 
t= y 


and 


2 oV 
MV} = V + Dia —) 
mi OYE 


where the coefficients of V and its derivatives are functions of yı 
and ys only. Let the region R be bounded by a cylinder whose ele- 
ments are parallel to the x-axis and whose bases are x=0 and x=r. 
Let O denote an arbitrary point on the lateral surface, and Ps and Pı 
arbitrary points on the bases. If the coefficients of the second partial 
derivatives of V with respect to y, and y, are positive, then the 
following boundary value problem represents a very general steady 
state temperature problem: 


y 
aa (a, Y y) HALV} = F(a, Yn Y3), x > 0, 


i A{ V(x, Q)} = G(x, Q), «> 0, 


V(+ 0, yu ya) = Ho(Po), Vir — 0, yn y) = Ai(Pr), 


where F, G, Ho, Hı are known functions. In the second of these equa- 
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tions it is understood that \{ V(x, Q)} represents the limit of 
A{ V(x, P)} as the interior point P approaches the point Q on the 
lateral surface in a prescribed manner. 
Let the corresponding small letter denote the sine transform of the 
function with respect to x. Applying the sine transformation to prob- 
lem (A) yields: 


— no(n, Yu 92) + 2[Ho(Po) — (-D*HılPı)] 
(A’) + Afo(n, yu ya) } = fm, Yu Yd), 
A {ols Q)} = g(x, O). 


Let the function U(x, x’, yı, Y2), depending on the parameter x’ 
independent of x, 41, Ya, be the solution in the region R of the follow- 
ing problem: 


I 
F(x", J 92); 





3U 
—— (#, 2, yy) +A {U} = 





3x2 
A{ U(x, x, O} = T Ee, Q), 
(B) ee 
U(+ 0, x, Yir ya) Se H(Po), 
ra x 
U(r — 0, 2, Yn 92) = Hı(Pı). 





The sine transformation of problem (B) with respect to x gives: 





er x! 
— n'u(n, x’, Yun Va) + N [Ho(Po) — (—1)*Hi(P,)] 


(B)) + Afu(n, a, yu y} = EC, Yu ya), 


Aula, £, Q)} = 21G(x’, Q). 


Let %(n, n’, Yn Y2) be the sine transform of u(n, x’, Yı, Y2) with respect 
to x’. When n’=n, problem (B’) becomes 


— n(n, yu y) + [Ho(Po) — (—1)*Ai(Pi)] 
(B”) a A{ a(n, Yis ys) } ore f(n, Yi Ya), 
d{ a(n, Q)} = wg(n, Q). 


If the equations in problem (B’’) are multiplied by the parameter 
n, it becomes evident that problems (A’) and (B’’) are equivalent 
and that n(n, Yı y2) is also a solution of (A’). Suppose that the 
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solution of (A’) is unique, then 
(8) o(n, Yu yı) = na(n, Yu Y2). 


Since &(n, Yı y2) is the iterated sine transform of U(x, x’, 41, 42), 
then according to our theorem of §2, 


uln, Yir Ya) = S{S{ U(x, x, Yu ya) } } 
= 2-1C{ U*(x, yn y2)}. 


Hence in view of (8) 
vun, Yis ya) u 21nC{U*(z, Yis ya) } 


ð 
= — 2'5 =- U*(x, 91, mb. 
Ox 
Since v(r, yı, y)=S{ V(x, Yu ys) }, then 
1 ð 
V(x, Yu Y) = ~ — — U*(x, Yu Ya). 
2 9x 


According to the definition (4) of the generalized convolution, this 
can be written as 


1 ð r 
(9) Via u) = — — f Dee al 


where U, is an odd periodic extension of U with respect to x an odd 
extension with respect to x’. 

Formula (9) is then an extension of the Duhamel integral formula 
from time to space coordinates. 

It can be shown that the above problem (B) can further be resolved 
into simpler problems, the solutions of which can be expressed in 
terms of some key functions. See [4]. 
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UNIVERSITY oF MICHIGAN 


A THEOREM ON MONOTONE INTERIOR 
TRANSFORMATIONS 


EDWIN E. MOISE 


B. Knaster! has raised the question whether there is a compact 
metric continuum M, irreducible between two of its points, and a 
monotone interior transformation T, throwing M into the unit 
interval, such that for each x of T(M), T”!(x) is an arc. In the present 
note, we shall answer this question in the negative. 

Suppose that such a continuum exists, and let T(M)=I=[0, 1]. 
Let K be a subcontinuum of M which contains points of T-!(x) and 
T-(y), where x, yl and xy. Since M is an irreducible continuum, 
K contains T—'(g) for each z between x and y; and since T is interior, 
K contains 7—'!(x) and T-/(y). It follows that each subcontinuum of 
M either is an arc or contains an open subset of M, but not both. In 
the first case, K lies in the inverse image of a point of J, and in the 
second case, K is the inverse image of a subinterval of Z. In either 
case, K is decomposable. 

Now let C, be a simple chain of open subsets of M, with links c, 
Ca * °°, Ge, covering 71(0), such that each link of Cı contains a 
point of T1(0) which does not lie in the closure of the sum of the 
other links of Cı. There is a subcontinuum K; of M, lying in Ic; and 
containing T-1(0), such that for each link c of Cy, each component of 
Kı-c-Kıis a boundary subset of M; each such component is there- 
fore an arc. Let K be T- I^}, I’CI. For each x of I’, & is the sum 
of two mutually exclusive closed point-sets H and H’, containing 
č T-1(0) and é,7—!(x) respectively. In fact, for each j <k, the closure 
of a+c +--+ +c, has a separation into closed sets which induces 
such a separation of ¢. But the closure of? C? obviously has no such 
separation; whence it follows that there is a component L of Ki— Ky: & 
which has a limit-point in H and a limit-point in H’. L must contain 
a point not in the closure of cotet - + +: +¢4-1; and being a boundary 
set, L is an arc. L is therefore a subset of the inverse image of a point 
y of I. Let A; be T!(0), and let As be T-!(y). 

By repeated application of the above procedure, we obtain a se- 
quence Ai, As, -- - of arcs lying in M, and a sequence Ci, Cs, + + - of 
simple chains of open subsets of M, such that (1) C; covers A,, (2) 

Presented to the Society, April 17, 1948; received by the editors June 10, 1948. 
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the closure of Cf, lies in C,*, (3) the maximum diameter of the links 
of C; is less than 1/s, and (4) Cip contains two mutually exclusive 
chains, each of which has a link in each link of Ci. 

Let N be the common part of the closures of the sets C7. Suppose 
that N is the sum of two mutually exclusive closed point-sets H and 
H’. Condition (3) now implies that for some s$, C: is the sum of two 
mutually exclusive open sets each of which is a sum of links of Ci; 
since C, is a simple chain, this is impossible. Therefore N is a con- 
tinuum. 

It is not difficult to show that N is indecomposable. The proof in- 
dicated below is very similar to a proof given in another connection by 
Knaster.? We wish to show that if N’ is a proper subcontinuum of N, 
then every point of N’ is a limit-point of N— N’. For each $, let C? be 
the set of all links of C; that contain a point of N’. There is a k such 
that for¢>, C;—C{ contains two intersecting links of C;. It follows 
‚that for +>, Ca contains two mutually exclusive chains, one of 
which covers N’ and both of which have a link in each link of Cy. 
Therefore N is the closure of N— N’. Since M, by hypothesis, con- 
tains no indecomposable continuum, the proof of the following 
theorem is now complete: 


THEOREM. For no compact, metric, irreductible continuum M ss there 
a monotone interior transformaiton throwing M into an arc A such that 
the inverse image of each potni of A ts an arc. 


UNIVERSITY OF MICHIGAN 


3 B. Knaster, Un continu dont tout sous-continu est tndécomposable, Fund. Math. 
vol. 3 (1922) p. 279. 


“A CONVEX METRIC FOR A LOCALLY 
CONNECTED CONTINUUM 


R. H. BING 


A topological space is metrizable if there is a distance function 
D(x, y) such that if x, y, z are points, then 


(1) D(x, y) = 0, the equality holding only if + = y, 
(2) D(x, y) = D(y, x) (symmetry), 

(3) D(x, y) + Dy, s) > D(x, z) (triangle condition), 
(4) D(x, y) preserves limit points. 


By (4) we mean that x is a limit point of the set T if and only if for 
each positive number e there is a point of Tata positive distance from 
x of less than e. We say that the metric D(x, y) is convex if for each 
pair of points x, y there is a point « such that 


(5) D(x, u) = D(u, y) = D(x, y)/2. 


A subset M of a topological space S is said to have a convex metric 
(even though S may have no metric) if the subspace M of S has a 
convex metric. 

It is known [5]! that a compact continuum is locally connected if it 
- has a convex metric. The question has been raised [5] as to whether or 
not a compact locally connected continuum M can be assigned a con- 
vex metric. Menger showed [5] that M is convexifiable if it possesses a 
metric D such that for each point p of M and each positive number e 
there is an open subset R of M containing p such that each point of 
R can be joined in M to $ by a rectifiable arc of length (under D) less 
than e. Kuratowski and Whyburn proved [4] that M has a convex 
metric if each of its cyclic elements does. Beer considered [1] the 
case where M is one-dimensional. Harrold found [3] M to be con- 
vexifiable if it has the additional property of being a plane continuum 
with only a finite number of complementary domains. 

We shall show that if M, and M; are two intersecting compact con- 
tinua with convex metrics Dı and D: respectively, then there is a 
convex metric D; on Mı+ Ma that preserves Dı on Mı (Theorem 1). 
Using this result, we show that any compact n-dimensional locally 
connected continuum has a convex metric (Theorem 6). We do not 
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answer the question: Does each compact locally connected continuum 
have a convex metric?? 

In my paper Extending a metric it is shown [2, Theorem 5] that if 
K is a closed subset of the metrizable space S and D; is a metric on 
K, then there is a metric D; on S that preserves D, on K. The fol- 
lowing result is a modification of that result. 


THEOREM 1. If M, and Ms are two intersecting compact continua with 
convex metrics Dı and D, respectively, there is a convex metric D, on 
M.+ M: that preserves Dı on My. 


Proor. Let G(x) be the least upper bound of D,(%, q) for all points 
p, qof Mı: Ma such that D2(p, g) Sx. Then 


(6) G[D:(p, q)] 2 Dı(p, q) ($, q elements of Mı Ma). 


Since G(x) is a monotone nondecreasing function of x that approaches 
zero as x approaches zero, there is a function F(x) (x>0) such that 
F(x) approaches zero as x approaches zero, F(x)2G(x), and the 
derivative of F(x) with respect to x is a continuous monotone non- 
increasing function greater than one. 

If C is an arc which lies except for possibly its end points in 
M,—M,-M; and fo F’[Ds(p, Mi) ]ds exists, where F’(x) represents 
the derivative of F(x) with respect to x, p is a variable point of C, s is 
the length along C under Da, and D;(p, M) is the greatest lower bound 
of D2(p, q) for all points g of Mi, we define the length Lo(C) of C under 
D, to be Lo(C) = feF’[Ds(p, My) |ds. We note that Lo(C) is not defined 
for all arcs C. However, if r and g are two points which lie on an arc 
C with such a length L,(C), then we call Do(r, q) the greatest lower 
bound of Zo(C) for all such arcs C from r to q. Since F’(x) >1, Do(r, g) 
= Dip, q). 

If r and q are two points of M, and Dy(r, q) is defined, then 


(7) Dor, q) & Dilr, g) 


because for each positive number e there is a curve C from r to g 
whose interior lies in Mı — My: M3 such that 


Dir, g) +e > f e [D:(p, Mi) les > f 208 


= F(length C under Dz) = G[D:(r, 0] = Difr, g). 
The first “=” relationship in (8) follows from the facts that F’(x) isa 


3 Since this paper was submitted, both E. E. Moise [8] and the author [9], working 
independently, have answered this question in the affirmative. 


(8) 
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nonincreasing function and s> Dp, M) since the end points of C 
lie on My; the second “2” results from the facts that F(x) =G(x), 
length C under D:2 D:(r, q), and G(x) is a monotone nondecreasing 
function; the third “=” is a consequence of (6). 

If gis a point of M:— Mı- My and C is a shortest arc from q to My 
under D,, then 


Li(C) = fr [Da(p, Mi) les = f BZ (s)ds = F[D3(q, Mı)]. 


Hence, if 1, pa, ++ -is a sequence of points of M— M: M, such 
that Ds(p;, Mı) approaches zero as ¢ increases without limit, then 
Dolpa Mi) approaches zero as ¢ increases without limit. 

If p and q are two points of My, we define D;(p, q) to be Di(p, g); 
if p is a point of M, and g is a point of M:— Mı Ma, we define 
D:(p, q) to be the greatest lower bound of D,(p, @)+Do(a, q) for all 
points @ of Mı; if both p and g are points of Ma— Mı- Mı, we define 
D;(p, q) to be the minimum of Delp, q) and the greatest lower bound 
of Do(p, a4) +Di(a, b)+Do(b, q), where a is a point of M, and so is 
b. If p=q, we define D;(p, q) to be equal to zero. 

The above definition of D;(p, q) is equivalent to defining D,(p, q) 
to be the greatest lower bound of the lengths of all arcs C from p to 
q where length in Mı is measured under D, and length in M:— Ahi: M3 
is measured under Do. It follows from (7) that we need only consider 
those arcs C which intersect M, in a connected piece if at all. 

Now the function D3(p, q) may be shown to satisfy conditions (1), 
(2), (3), (4), and (5). Hence, it is a convex metric for Mı+ Ma that 
preserves D, on Mai. 


THEOREM 2. If D, and Da are convex metrics for the intersecting com- 
pact continua M, and Ma respectively and DD, on Mı- Ma, then for 
each positive number e there ts a convex metric Dı for Mı+ Ma such that 
D= Dı on Mi, D3SD10n Mo, and the diameter under D, of each com- 
ponent of Mz:— Mı: Ms is less than e plus twice the diameter under D, of 
the boundary with respect to Mı-+ Ma of thts component. 


Proor. Define E(p, q) to be the greatest lower bound of all sums 
of the type flp, £1) +f(p1, ps) + -© +f(Ps, q) where adjacent points 
of p, Pu, +++, Pm q belong to the same one of the continua Mi, Ms 
and Flt., £;) is Di(p:, p) or D2(p., p3) according as p, +p; is or is not 
a subset of M. Since D: 2 Dı on Mi: Ms, n need be no larger than 2 for 
E(p, g) to attain this greatest lower bound. The convex metric E on 
M,-+ My, preserves Dı on Mı and ESD, on Mz. 

Let X be the set of all points p of Mı— Mı: M: such that the 
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distance from p to M, under E is greater than one-half the diameter 
under E of the boundary with respect to Mı+Mı of the component 
of M,— Mı- M, containing 2. 

Let n be a positive number so small that e/ is greater than twice 
the diameter of Ma under E. If C is a rectifiable (under E) arc in 
M,+ Ma from p to q, define L(C) to be the greatest lower bound of all 
sums of the type f(p, p1) +f(b:, Ps) + + > + Fr, q) where pi, pn >+, 
p are points of C and f(p;, d;) is either » times or 1 times the length 
under E of the subarc of C from p; to p; according as this subarc is or 
is not a subset of X. If Ds(p, q) is defined to be the greatest lower 
bound of all such values L(C), Ds satisfies the conditions of Theorem 
2 


THEOREM 3. Suppose Ms is a compact continuum wtth a convex metric, 
Ms les in a complete locally connected space S with a metric D, each 
component of S— Ma is of diameter under D of less than 6 and My ts a 
subcontinuum of Ms with a convex metric D, such that 


(9) Did, 2 S Db, q) if Dib, q) > 0 (p, q elements of Mi). 


For each positive number e there +s a continuum M; containing M, and 
a convex metric D, for M; such that Ds preserves Dı on M, and the 
boundary of each component of S— M, is of diameter less than 0+ e 
under Dy. i 


Proor. By Theorem 1, there is a convex metric Da for M; that 
preserves D, on Mı. Let n be an integer so large that 


(10) „Dis 9) > Dp, g) if Dd, g) > 6/8 (p, q elements of M3). 


Let X denote the collection of all pairs of points (x, y) such that 


both x and y are points of the boundary of the same component of 
5 — M g and 


(11) nDl, y) > O +. 


There is a finite subcollection X’ of X such that for each element 
(x, y) of X there is an element (x’, y^) of X’ such that both x’ and y’ 
are accessible from the same component of S— M: and 


(12) nD;3(x, x’) + nDaly’, y) < e/2. 


Let Ci, Co, © ++, C; be a finite collection of components of S— Ma 
irreducible with respect to the property that for each element of X’ 
there is an integer t less than or equal to j such that both points of 
this element of X’ are accessible from C,. 

There is a dendron T; (¢=1, 2, - - - , 7) such that T, lies except for 
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its ends in C; and the sum of the ends of T; is a finite subset Y; of the 
boundary of C; such that Y, contains all points of the sum of the ele- 
ments of X’ that are accessible from C; and for each point g of the 
boundary of C; there is a point r of Y; such that nD,(r, q) <e/2. Let 
D(T;) be a convex metric for T; such that if p and q are two end 
points of T; then 


(13) 0 + e/t < D(Tu p, Q <8 + e/2. 


Let E be a metric for M:+ $ ,T;=M; such that the distance be- 
tween two points of M; under E is the greatest lower bound of the 
lengths of arcs containing them where length is measured by nD: 
in Mand by D(T;,) in T;. If (x, y) is an element of X, it follows from 
(12) and (13) that 

The diameter of the boundary of each component of S— M, is 
less than d+e under E, for suppose p and g are two points of this 
boundary; if p+ is a subset of Ma, E(p, q) <O@+e by (11) and (14); 
if neither p nor q is a point of Ma, both belong to some T; whose diam- 
eter is less than @+/2; if p is an interior point of a T; which does not 
contain q, there is an end point r of T; such that nD:(r, q) <e/2 and 
then Elp, gq) SD(T,; p, r)-+nDalr, g) <O+e. 

We shall show that if r and s are two points of Mı, then Difr, s) 
< E(r, s). Suppose this is not the case and that rs is an arc from r to 
sin M, whose length is less than D,(r, s) under E. If Di(r, s) S0, then 
rs is a subset of M3 alone and 


(15) E(r, s) = nD,(r, $) & Dir, s) = Difr, $). 


Suppose rs is not a subset of Ms and pips, paps, + > +» Pajp are 
the subarcs of rs which lie except for their end points in M;— M: 
where pa;_ipex precedes pupei: on rs in the order from r to s. Let 
Z(t) be 0 or t according as t is less than e/8 or not. If Di(r, s)>90, it 
follows from (9), (3), and (10) that 

Dir, s) SD(r, s) S D(r, p1) + D(pu p1) + +++ + Dihin $) 
< D(r, $1) +O+ D( pa, ps) “fe + 6 + D pai, s) 
<Z[D(r, p) ] + Z[D(bs, d)] +--+ HZD 5)] 
(16) + j0 + (j + De/8 | 
5 nD,(r, pı) + 1.Da(ds, ds) er + nDal pry, s$) 
+ j@ + ¢/4) 
s length rs under E. 


1949] A CONVEX METRIC FOR A LOCALLY CONNECTED CONTINUUM 817 


It follows from (15) and (16) that Efr, s)2Di(r, s). 

It follows from Theorem 2 that there is a convex metric D; for M; 
such that D,=D, on Mı and D; SE. The boundary of each com- 
ponent of S— M; is of diameter less than 9+ e under D; because it is 
under £. 


THEOREM 4. Suppose M ts a compact locally connected continuum 
such that tf p is a point contained in an open subset Rı of M, there ts 
an oben subset Ra of R, containing p such that the boundary of R with 
respect to M is a subset of a subcontinuum of M with a convex metric. 
Then M has a convex metric. 


Proor, Let F be a metric for M. We shall show that there is a 
collection of continua My, Ms, : -in M and a collection of metrics 
D, Ds, ove such that: 

(a) Mi contains M.. 

(b) D; is a convex metric for M;. 

(c) D;+ı preserves D; on My. 

(d) Under F, each component of M — M; is of diameter less than 
1/4). 

(e) Under D; the boundary (with respect to M) of each com- 
ponent of M— M; is of diameter less than 1/4. 

(f) Under D;+1, the common part of the M;;ı and each component 
of M — M; is of diameter less than 3/4, 

First, we show that if e is a positive number, there is a subcon- 
tinuum W of M with a convex metric such that each component of 
M-W is of diameter less than e under F. By the Heine-Borel 
Theorem, we find that there is a finite collection G of subcontinua of 
M such that each element of G has a convex metric, for each point p 
of M there is an element g of G such that p belongs either to g or toa 
component of M —g of diameter under F of less than e, and the sum 
W of theelements of G is a continuum. Each component of M— W is of 
diameter less than e under F and it follows from Theorem 1 that W has 
a convex metric. 

Let M, be a subcontinuum of M with a convex metric E such that 
each component of M—M\ı is of diameter less than 1/4 under F. A 
suitable multiple of E gives a metric D, for M, which will satisfy 
conditions (b) and (e). 

Let » be an integer so large that 


nF (p,q) > Dig) if Dilp, g) > 1/17 (p, q elements of Mı). 


There is a continuum Win M containing M, such that W has a con- 
vex metric and the diameter of each component of M— W is less than 
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1/17 under nF. By Theorem 3, there is a continuum Ma with a con- 
vex metric # such that M: contains W, E preserves Dı on Mj, and the 
diameter under E of the boundary with respect to M of each com- 
ponent of M — Mi is less than 1/4*. Applying Theorem 2 we find that 
M, has a convex metric Da such that M; and D, satisfy conditions 
(a), (b), (c), (d), (e), and (f). 

Similarly, there exist continua M, Ma : - - and convex metrics 
D, Dy, + + + satisfying conditions (a), (b), (c), (d), (e), and (f). Let 
D be a function of the pairs of points of M such that D(p, q) is the 
lower limit of Dilhi, qı), D3(p2, 2), - » » where P1, Pe -+- and 
qi, qa, ' * > are sequences of points converging to p and g respectively 
and ~,-+q; is a subset of M;. We shall show that D preserves limit 
points in M. 

Let e be a positive number and n an integer so large that 3/4* 
+3/4etit ... <e/4. If p and gare points of the same component of 
M—M,, then D(p, q) <e/2 by (f). If p is a point of Mn, let R be the 
set of all points r of M, such that D,(p, r) <e/2. The sum V of R 
and all components of M—M,„ that have a point of R on their 
boundaries is an open subset of M containing p and if q is a point 
of V, then D(p, q) <e. Hence, the set of points g such that D(p, gq) >e 
is not a limit point of $. 

If V is an open subset of M containing p, we shall show that there is 
a positive number e such that D(p, M— V) Ze. Let R be an open sub- 
set of V containing p and an integer such that F(R, M — V) >3/4?*. 
There is a positive number e such that D,(r, s)>e if Fir, s)>1/4". 
Since each component of M— M, is of diameter less than 1/4" under 
F, each arc in M from R to M—YV contains points r and s of M, 
such that F(r, s)>1/4*. Hence, if k is an integer bigger than x, 
DR: My, [M—V]-My)>«. Hence, Dip, M-V) Ze. 

We have shown that D satisfies conditions (1), (2), and (4). As 
each D; satisfies conditions (3) and (5) and D is the limit of 
Dı, Dz «+++, then D satisfies these conditions. Hence, it is a convex 
metric for M. 


THEOREM 5. If M is an n-dimensional locally connected compact 
continuum and e is a positive number, there is a locally connected con- 
tinuum W in M such that each component of M —W ts of diameter less 
than e, W ts (n—1)-dtmenstonal sf n>1, and W is a dendron (acyclic 
continuous curve) tfn=1. 


Proor. An application of the Heine-Borel' Theorem gives that 
there is an (s—1)-dimensional closed subset H of M such that each 
component of M—H is of diameter less than e. If n—1>0, H is 
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contained in an (#—1)-dimensional locally connected subcontinuum 
of M [6, Theorem 1]. If n—1=0, a dendron in M contains H [7, 
Theorem 1]. 


THEOREM 6. Each n-dimensional compact locally connected continuum 
has a convex metric. 


Proor. If 2=1, Theorem 6 follows from Theorems 4 and 5 and 
the fact that a dendron has a convex metric. If n>1, Theorem 6 
follows from Theorems 4 and 5 and induction on n. 

DEFINITION. A set S is said to be finite-dimensional if for each point 
t of Sand each open subset R of S containing p there is an integer n 
and an open subset R’ of R containing p such that the boundary of 
R’ with respect to S is n-dimensional. 

The following result may be established by using Theorems 4, 5, 
and 6. 


THEOREM 7. Each fintte-dimenstonal compact locally connected con- 
tinuum has a convex metric. 
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UNIVERSITY OF WISCONSIN 


CYCLIC INVARIANCE UNDER MULTI-VALUED MAPS! 
A. D. WALLACE 


In what follows it is always assumed that X, Y are compact 
(= bicompact) connected Hausdorff spaces each containing more than 
one point. 

Let f denote a function which assigns to each x in X a subset f(x) 
of Y. We suppose that the sets { f(x)} cover Y. By definition 


fy) = {alz E f(y}. 


It is assumed that the sets f Fo)? cover X. The functions f and f! 
play dual roles inasmuch as f = (f~?)-4. H f is single-valued, then f*! is 
the inverse of f in the usual meaning of the term. For ACX, BCY 
we define 


KA) =U] ee A}, FB) =U [f(y | 9 © B}. 


When f is single-valued we know that continuity is equivalent to 
the assertion that A, B closed imply f(A), f-'(B) closed. When f is 
multi-valued we take this as a definition of continuity. It does not 
follow, as in the single-valued case, that f-1(B) is open if B is open. 
These definitions include both a single-valued map (=continuous 
function) and its inverse. 

In this note we show that certain theorems of analytic topology 
carry over to multi-valued maps (=continuous multi-valued func- 
tions as defined above). Some of our results are new even for single- 
valued maps. Except for fixed-point theorems there seem to be no 
results in the literature for multi-valued maps. 

We say that f is anarthric if it is continuous and if for yEY no 
xEX —f-(y) separates f!(y) in X. If f is single-valued and non- 
alternating, then f is anarthric. See Wallace [2],? [3], and [4] and 
Whyburn [5] and [6]. It is clear that if f is the inverse of a single- 
valued map, then f is anarthric. 

For simplicity we write P | Q to mean that the sets P and Q are 
mutually separated. Also if p, g&E.X, then p~-g means that no point 
separates p and q in X. 


THEOREM 1. In order that the multi-valued map f be anarthric each of 
the following conditions ts both necessary and suficient: 


Received by the editors June 28, 1948. 

1 This work was done under Contract N7-onr-434, Task Order 3, Navy Depart- 
ment, The Office of Naval Research. 

2 Numbers in brackets refer to the bibliography at the end of the paper. 


820 


CYCLIC INVARIANCE UNDER MULTI-VALUED MAPS 821 


(i) If X=MUON, where M and N are continua meeting in a cutpoint 
x, and K ts any continuum meeting M, then (MOK) =f(ADOf(K). 

(ii) If H ts a subcontinuum of Y and K is a subcontinuum of X and 
KAOf- (H) =PUQ, P| Q, then there exist points BEP, qEQ such that 
p~4q. 


Proor. We show that (i) holds if f is anarthric. Now the conclusion 
follows at once if K is disjoint with either M —x or N—x. We assume 
therefore that K meets both of these sets and that yef(K)Nf(M) 
—f(K(\M), the inclusion f{MNK)CKRINf(M) clearly holding. 
Then f(y) meets both K and M but not KOM. Hence x is not in 
f(y) since xE KOM. But f(y) meets both M—x and N—x, a 
contradiction. 

Next, (i) implies (ii). For let Ko be a continuum contained in K 
and irreducible between the disjoint closed sets P and Q. Let pEP 
(\Ko, 7EQC\Ko and suppose that x separates p and g in X. Then 
pq (Ko— (PU Q)) is connected and so contains x. Thus x is not in 
FH) and so f(x) does not intersect H. We have a decomposition 
X=MUN with M and N closed, MON =x and pEM, 4EN. Now 
f(x) =f(M)Nf(N) as we see by taking the K of (i) to be the present 
N. But Z=(HNf(M))V(HZNf(N)) and so ZNf(M)Nf(N) is not 
void since H is a continuum contrary to the fact that this intersection 
is INf(x). 

Finally (ii) implies that f is anarthric by taking H=y and K=X. 

We remark that it is suficient to take K=N in (i) and in (ii) to 
take K=X. 

We recall briefly some definitions and results mostly contained in 

Wallace [2]. These reduce to the well known cyclic element theory if 
X, Y are metric and locally connected. See Whyburn [5]. 
k By an A-set we mean a closed set H such that if 3eX —H, then 
X=MUN with MON =x, (M—x)|(N-«x), HCM, seN-x. It is 
easily seen that an A-set is a chain (Wallace [2]) and hence a con- 
tinuum, that the intersection of any collection of A-sets is again an 
A-set and that the union of two intersecting A-sets is also an A-set. 

A prime-chain is a chain which is either an end point, a cutpoint 
or a nondegenerate minimal chain. One can replace “chain” by 
“A-set” in the last sentence. It is readily seen that if a chain A is met 
by a prime-chain E in two points or in a non-cutpoint, then ECA. 

A nodal set is a closed set which meets the closure of its complement 
in a single point. It is readily seen that an A-set is the intersection of 
all the nodal sets containing it and (since each nodal set is an A-set) 
that any intersection of nodal sets is an A-set. 
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THEOREM 2. In order that the multi-valued map f be anarthric it ts 
necessary and suffictent that for any A-set Hin X and any subcontinuum 
K of X meeting H we have (HOK) =f(AD/f(K). 


PROOF. Suppose that f is anarthric. It is enough to show that, for 
any y in Y, fo(yOH, fo(y)OK nonvoid imply F!Y)NANK 
nonvoid. Now HUK is a continuum and so by (ii) there exist points 
pPEAMf ty), qEKOf(y) with p~q, assuming of course that our 
implication is not valid. Let E be the prime-chain containing pg 
(Wallace [2]). Then EAH nonvoid implies that EUH is an A-set. 
Thus, since K is a continuum, we know that K\(EUK)=(KNE) 
U(KNE) is connected and so ENANK is not void. Hence E must 
contain two distinct points of H since pCf—'(y) and this latter set does 
not meet HAK by assumption. From this it follows that ECA and 
so gCH, a contradiction. 

The sufficiency is readily inferred from the remarks following 
Theorem 1. The result fails unless it is required that H and K 
meet. For if X is the union of the unit circle and the segment from 
(1, 0) to (2, 0) and Y is the unit circle and f is the map X onto Y 
carrying the segment into (1, 0), then taking Y=H and K =(2, 0) we 
see that the conclusion fails. 


THEOREM 3. In order that the multi-valued map f be anarihric tt is 
necessary and suffictent that if {A } is any collection of A-sets with the 
finite tntersectton property, then FNA)=Nf(A). 


Proor. If f is anarthric it is sufficient to prove that, if yC Y, the 
proposition “f-!(y) meets every set in Ay” implies “f-!(y) meets 
NA.” To this end show that {f-!(y) NA} has the finite intersection 
property. Or, for any Ai, As,+++,Aa in {A} we have f!(y) 
NAN »--»- MA, nonvoid. Now by Theorem 2 we see that 
FAN 2 + NA)=flA)N +--+ Of(Aa). Thus if f(y) intersects 
every Á; then f!(y) also intersects Aif\ > ++ NAn. 

The sufficiency follows from the fact that, in Theorem 2, it is 
enough to take K an A-set. 


THEOREM 4. If f ts anarthric and the image of each cutpotnt ts a point, 
then the tmage of a nodal set ts a nodal set. 


This follows without difficulty from (i) of Theorem 1. The result is 
false if the condition, that the image of a cutpoint be a point, is 
deleted. In the (u, v) plane let Y be the circle u?+07=4 and X the 
union of the circles (u+1)?+v?=1, (w—1)?++0?=1. Define g(u, v) 
= (u, (2u—u*)/) if v is non-negative and g(u, v) = (u, — (2u —u?)"?) 
if v is nonpositive. Let f=g~; then f is anarthric but the left-hand 
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circle is mapped by f into the left-hand semicircle of Y, which is not 
a nodal set. 


THEOREM 5. If f is anarthric and the image of a cutpotni is a point, 
then the image of an A-set is an A-set or a porni. 


Proor. If H is an A-set, then H is the intersection of all the nodal 
sets {N} which contain it. By Theorems 3 and 4 we have 
fH)=Nf(N). But each f(N) is a nodal set and thus an A-set. Then 
J(H) is an A-set since it is an intersection of A-sets. 

In the case in which f is non-alternating and X is a Peano space 
this result is due to G. E. Schweigert. : 

Let us denote, for any non-null set A, the intersection of all the 
A-sets which contain A by C(A). It then follows from Theorem 5 
(see the proof of (3.14) in Wallace [2]) that we have the following 
corollaries. 


COROLLARY. For any nonempty set ACX, C(Uf{(A)) Cf(C(A)). 


COROLLARY. Let f be a stngle-valued map of X onto Y such that f-‘(y) 
4s a point for each cutpotnt y in Y. Then the inverse of an A-set ts an 
A-set or a point. 


According to Kelley [1] a central set is an intersection of a finite 
number of nodal sets. From Theorems 3 and 4 we have the following 
theorem. 


THEOREM 6. Iff ts anarthric and the image of each cutpoint is a point, 
then the image of a central set ts a central sel. 


THEOREM 7. In order ihat a mulit-valued map be anarthric tt is neces- 
sary and sufficient that no A-set separate the inverse of a point. 


Proor. The condition is clearly sufficient since each cutpoint is an 
A-set. Suppose that some A-set A separates the inverse of a point so 
that we have X-A=UVUV, U| V, with f-!(y) meeting both U and 
V but not A. Now AWU and AUF are A-sets, say H and K. Then 
f(y) intersects both H and K but not HOK contrary to the fact 
KHNK)=SEDNfR), 

Our next result generalizes a noteworthy theorem of G. T. Why- 
burn [5]. 


THEOREM 8. Let f be an anarihric map such that the image of a cut- 
point is a point and let E be a prime-chain in Y. Then there is a prime- 
chain Fin X such that ECf(F). If F is any other prime-chainin X, 
then fF’) meets E in at most one point. 
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Proor. We may suppose that E is nondegenerate. Using the Haus- 
dorff maximality principal (Zorn’s lemma) we see that there exists a 
collection {A } of A-sets maximal relative to the properties that (i) 
ECf(4) and (ii) no finite collection of A’s has a void intersection. 
Let F be the intersection of these A’s so that, since f(F) =Nf(A), we 
know that E is a subset of f(F). Now if F is a point it is either an 
end point or a cutpoint and so a prime-chain. Suppose that F con- 
tains more than one point and is not a prime-chain. Then X = MUN 
with MON =x, (M—x)| (N—x) with F meeting each of these 
separands. We conclude that Y=f(M)Uf(N), f(x) =y =f(ADCSF WW). 
Now if E is contained in f( M), then also ECLf(M)Nf(P)=f(MN\F). 
Since M and F are A-sets so also is MAF and this latter is a proper 
subset of F contrary to the maximality of {A}. Accordingly we con- 
clude that E meets both f( M) —y and f(N) —y, an impossibility since 
E is a prime-chain. 

Let F’ be a prime-chain distinct from F such that f(F’) contains 
two points of E. Then X = MU M’ where M, M’ are closed, intersect 
in a cutpoint x and FCM, F’CM’. Then f(x)=yEY. As before 
Y=f{M)Uf(MN). If f(M)Cf(AQ, then f(M’)=y contrary to the 
fact that (F) Cf(M’) and contains two points. It then follows that, 
as above, the point y cuts E in X, a contradiction. 
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BOUNDARY VALUE PROBLEMS IN AERODYNAMICS OF 
LIFTING SURFACES IN NON-UNIFORM MOTION 


ERIC REISSNER 


1. Introduction. In the present paper we propose to discuss cer- 
tain aspects of the theory of lifting surfaces in non-uniform motion. 
Briefly, lifting surface theory is concerned with the motion of an 
impenetrable, deformable surface through an incompressible or com- 
pressible non-viscous fluid. In general the impenetrable surface is in- 
tended to represent approximately an airplane wing, a tail surface, or 
a propeller. The adjective lifting indicates the nature of the inter- 
action desired between the impenetrable surface and the surrounding 
fluid. 

The mathematical nature of the problems arising in this theory is 
that of boundary value problems of partial differential equations. Our 
principal object here is formulation of these boundary value prob- 
lems and presentation of some of the methods, exact or approximate, 
which have been used in the solution of some of these problems. As 
may be seen from the list at the end of this paper the amount of 
work done in this field is considerable and the following account is 
restricted to those aspects of the theory which have been of particu- 
lar interest to the writer. 

Lifting surface theory as developed may be designated as a per- 
turbation theory in the following sense. Because of the assumption of 
no viscosity there are evidently types of motion of an impenetrable 
surface which proceed without disturbing the surrounding fluid at 
all. One now asks for such motions which proceed nearly without pro- 
ducing any disturbances and one uses the assumption of small dis- 
turbances to simplify the differential equations and boundary condi- 
tions of the theory. In general this simplification leads to a linearized 
theory and it is this linearized theory which will here be discussed. 
The main reason for the considerable literature on the subject is the 
fact that the range of applicability of the linearized theory has been 
found adequate for many problems arising in engineering, and in 
particular in aeronautical engineering. 

Evidently one may, if one wishes, consider separately problems of 
uniform and non-uniform motion in lifting surface theory. Histori- 
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cally, uniform-motion theory, as initiated by Prandtl, precedes non- 
uniform motion theory by about ten years. Solution of problems of 
non-uniform motion theory has turned out to be of considerably 
greater mathematical complexity than solution of uniform-motion 
problems. 

In what follows we shall formulate the problems of non-uniform 
motion in somewhat greater generality than has heretofore been done. 
After this we shall discuss in some detail various aspects of the theory 
of nearly plane lifting surfaces in incompressible flow, and in particu- 
lar the step from two-dimensional to three-dimensional theory. 


ax r 





Fig. 1 


2. The general problem. The actual problem of linearized lifting 
surface theory will be considered as an approximation to the following 
nonlinear problem. An impenetrable, deformable surface of given ex- 
tent’moves in a prescribed manner through a compressible perfect 
fluid. From part of the edge of the impenetrable surface emanates a 
surface of velocity discontinuity in such a manner that the fluid 
velocity remains finite along this part of the edge,’ henceforth called 
the trailing edge. Along the remainder of the edge, called leading 





1 This condition of finite trailing edge velocity, first introduced in two-dimensional 
airfoil theory by Kutta and Joukovsky in order to obtain a definite lifting action, was 
subsequently found to represent rather well the effect of viscosity of actual fluids in a 
perfect-fluid theory of airfoils. The fact that in a three-dimensional theory enforce- 
ment of this condition necessitated introduction of a trailing surface of discontinuity 
was first observed by Prandtl. 
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edge, the fluid velocity will on account of the sharpness of the edge 
in general assume infinite values for an incompressible fluid. For a 
compressible fluid the assumption of a sharp leading edge will in 
general make impossible a continuous solution in the region exterior 
to the surfaces of discontinuity. We need not for the present pur- 
poses consider this difficulty as it disappears in the linearized form 
of the problem. 

Let X, Y, Z be the axes of a fixed frame of reference and let x, y, g 
be the axes of a frame of reference moving with the impenetrable 
surface (Fig. 1). Let U(t) be the velocity of the origin of the moving 
system with reference to the fixed system and let w(¢) be the angular 
velocity of the moving system with reference to the fixed system. 
Let u, be the velocity of a fluid particle relative to the moving system 
and let u be the velocity of the same particle relative to the fixed 
system. The velocity vector u may be written in the form uo+ us, 
where uo exists without being caused by the presence of the impene- 
trable surface and where u; is induced by the motion of the im- 
penetrable surface. Correspondingly we have a pressure p= pot pi 
and a density p=pot+pi. 

We then have the following kinematical relations involving veloc- 
ity u and acceleration a 


(1) u=u,+ U+oXr, 

(2) a= (du/dt) + u Vato X u. 

The differential equations of the problem are of the following form 
(3) pat Vp = 0, 

(4) (dp/dt) + V-(ou,) = 0, 

(S) $ = fp). 


Equations (3) to (5) are to be solved in the space exterior to two sur- 
faces F, =0 and Fr=0, where Fz represents the given surface of pres- 
sure and velocity discontinuity and where Fr represents a surface of 
velocity discontinuity, determination of which is part of the problem. 
On Fz we have the condition of no relative normal flow. On Fr we 
have the two conditions that the normal velocities of points of the 
surface are given by the corresponding velocities of the surrounding 
fluid and that the pressure is continuous across this surface. Thus 


(6) F(Z, Y, &, t) =s 0; OF ;,/at + u. VF, = 0, 
(7) Fr(x, y, z, }) = 0; ðFr/ðt + us-VFr = 0, pr = $, 
where the subscripts + and — distinguish the two sides of Fr. 
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The surfaces Fz and Fr are connected along a line Cr which is part 
of the edge of F,=0 and which is sufficiently described for the pres- 
ent purposes by the designation “trailing” edge. Along Cr we have 
the additional condition that u remains finite. 

In addition to the boundary condition (6) and (7) and the trailing 
edge conditions there are needed conditions at infinity. The form of 
these conditions will evidently depend on the form of the motion and 
on whether the fluid is compressible or incompressible. 

For incompressible flow these conditions are roughly vanishing of 
all disturbances at an infinite distance from lifting surface and trail- 
ing surface. For compressible flow no such general statement can be 
made. In some cases all that is required is to superimpose on the 
conditions for imcompressible flow a condition stating that radiation 
energy is not created or reflected at infinity. In other cases the dis- 
turbances caused by the motion of the lifting surface cannot be re- 
quired to vanish at infinity. General determination of these condi- 
tions is outside the scope of this report. 

When the velocity distribution us which exists without the pres- 
ence of the surface Fz is such that VXu.=0, equations (3) to (5) 
may be reduced to one scalar equation by means of the introduction 
of a velocity potential œ which, for incompressible flow, satisfies the 
Laplace equation but which for compressible flow is of a more general 
type. 

We postpone here introduction of the velocity potential and first 
linearize the problem. 


3. The linearized form of the general problem. Basic assumption 
for a linearized theory is that the lifting surface moves through the 
fluid nearly without disturbing the fluid such that powers and prod- 
ucts of the quantities w,, p; and p; and their derivatives may be neg- 
lected. 

The equation of motion (3) becomes then 


du;/dt ~(U0+o0X r) Vu; +- o X u, t ur Vu + Uo Vui 
Vp, Vio Pi 
mee — oeben meee Eee 
Po Po Po 


(8) 


The equation of continuity (4) becomes 
(9) (8p:/dt) + Vous) + Vin - U -— oX rp] = 0 


and the equation of change of state becomes 


(10) bs = f"(po) px 
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We shall in some of what follows write as abbreviations 
(11) filo) =a, Utaxr=V. 


The quantity a: is the velocity of sound at a point of the undisturbed 
medium. 

Turning now to the boundary conditions (6) and (7) we begin by 
establishing the condition for the motion of a surface F,p=0 without 
any disturbance of the surrounding fluid. Equation (6) indicates that 
this condition is as follows 


(12) OF pp/dt + (uy — V)-VF ip = 0. 


We have chosen the subscript P to indicate this surface because 
we wish to refer to it henceforth as the projection of the lifting sur- 
face. As the actual lifting surface must deviate only slightly from this 
projection in order to move nearly without causing disturbances we 
may write 


(13) Fr = Fur + fr, =0 


where fr is small in the same sense as uj, p and p; are small. Then, 
considering (12), and except for quantities small of higher order, the 
boundary condition at the lifting surface becomes 


(14) Frp = 0; Of,/dt + (uo — V)-Vfr + u; VFir=0. 


Note that in satisfying. the boundary condition at the projection of 
the lifting surface rather than at the lifting surface itself we again de- 
pend on the perturbation properties of the solution to be obtained. 

The next step is the determination of the form of the trailing sur- 
face of discontinuity Fr. As the equation of this surface is one of the 
unknowns of the problem we must, in order to have a linear prob- 
lem, omit the term u; in (7) and the shape of Fr is then such that 
the equation 


(15) OF r/at + (up — V)-VFr = 0 


is satisfied. In addition to this we have the condition that at the 
trailing edge Cr the surface Fr is connected to the surface Frp. The 
meaning of (15) is that within the linearized theory the shape of the 
trailing surface of discontinuity is independent of the velocity dis- 
tribution u; induced by the motion of the lifting surface. 

Having the equation of Fr we then obtain from (17) the two condi- 
tions of continuous normal velocity and pressure across the surface 
in the form 


(16) Fr = 0; (ay. — ue): VFr = 0, $3 — p= 0. 
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To the formulation of the problem as contained in equations (8) 
to (16) we must add the condition of finite u; along Cr and appropri- 
ate conditions at infinity. 

We remark that previous formulations of this problem of non- 
steady motion in their most general form are based on the assump- 
tions w=0, »=0, U= Ui. Under this assumption, and under the 
additional assumptions that dU/dit=0 and OF ,p/dt=0, Kuessner 
[44 |? has obtained an integral equation for the pressure distribution 
at the lifting surface. 


4, Velocity potential formulation of the linearized problem. In what 
follows we shall assume that the fluid is at rest except for the motion 
induced by the lifting surface, that is, we put 


(17) n=0, Vio=0. 


With these assumptions we have the existence of a velocity potential 
@ in terms of which 


(18) us = Ve. 


Combination of (18), (17), and (8) gives for the pressure p; the fol- 
lowing expression 


(19) t/p = (U + o X r) Vo — 06/8 - 


Combination of (19), (11), (10), and (9) gives the following differ- 
ential equation for ¢, 


(20) Vig — (1/00) [0/at — (U + o X 1):V]}? $ = 0. 
The boundary condition (14) becomes 


ð ð 
(21) Frp = 0; rl = (U+ o X NW 
n 


The transition conditions (16) become 
On/ 4. ðn 
ap l 
(22) Fr=0 FE - (U+oX 2:0 
Of + 
= [= - (U+oX 2)-¥6| 


2 Numbers in brackets refer to the references cited at the end of the paper. 
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and the trailing edge condition is that along Cr we have V@¢ finite. 

The problem from here on is the solution of the mixed boundary 
value problem (20) to (22), with appropriate conditions at infinity. 
The object of such solutions is primarily the determination of the 
pressures p, on both sides of the lifting surface. 

Solutions obtained so far are all for nearly plane lifting surfaces 
such that Fır=z=0. Predominant among these are solutions for the 
two-dimensional problem, which may be characterised by the re- 
quirement that 0¢/dy=0. 

For two-dimensional incompressible flow essential contributions 
are due to H. Wagner [78], W. Birnbaum [3], H. Glauert [22], T. 
Theodorsen [73], H. G. Kuessner [42], P. Cicala [7], and G. Ellen- 
berger [14]. 

For two-dimensional subsonic compressible flow which is less com- 
pletely solved than the problem of incompressible flow, one must 
mention the work of C. Possio [53], R. Timman [75], D. Haskind 
[24], and that given in [60]. Various approximate methods for the 
solution of Possio’s integral equation of the problem are described in 
[39]. 

The corresponding problem in the supersonic range has been dealt 
with by Possio [52], S. von Borbely [6], H. A. John and G. Temple 
[72], I. E. Garrick and I. Rubinov [19], and I. A. Panichkin [51]. 

The perturbation theory of non-steady two-dimensional transonic 
flow has recently been considered by C. C. Lin, H. S. Tsien and the 
writer [47]. 

In the three-dinensional theory one has the solution of Schade and 
Krienes [41, 62] for the lifting surface of circular plan-form in in- 
compressible flow and, also for incompressible flow, a number of de- 
velopments for an approximate analysis of the three-dimensionality 
of the flow for surfaces whose span is appreciably greater than their 
chord. We shall in what follows describe a particular approach to this 
problem based on earlier publications on this subject [56, 57]. A dis- 
cussion of various other methods of analysis for this problem by 
Cicala [8, 9], W. R. Sears [69], R. T. Jones [32, 33], and Kuessner 
[44] can be found in [56]. 

Finally, we mention work by Garrick and Rubinov [20] and by 
E. A. Krasilschikova [40] on three-dimensional supersonic flow and 
a forthcoming publication on three-dimensional subsonic flow [59]. 
In both problems it appears that further work is required before all 
difficulties inherent in the problem are overcome. 


5. Motion of nearly plane lifting surface in incompressible flow. 
Further discussion will be carried out for this subclass of the general 
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problem. Our object is to indicate the particular nature of the bound- 
ary value problem in question and to outline one of the possible meth- 
ods of solution. 

We assume that the projection of the lifting surface lies in the 
x, y-plane and that the motion of the lifting surface is in the direction 
of negative x. We further assume incompressible flow. We have then 


(23) U = — Ui, o = 0, ay = © 
and, in accordance with (12) and (15), 
(24) Frp = 3s = 0, Fr = g =Q. 


«(= 
os / _ 





ere 
i 5. 5 rn 
Re 


We shall designate the region occupied by the projection of the lifting 
surface by Ry and the region occupied by the trailing surface of dis- 
continuity by Rr (Fig. 2). 

From (20) follows that when a = œ the differential equation is, 
for steady as well as for nonsteady motion, 


(25) Vo = 0. 
. From (19) follows, for the pressure induced by the motion of the lift- 
ing surface, 
Ps Op =) 
26 ea Sf), 
( ) po (= j Ox 


If the instantaneous distance of a point of the lifting surface from 
the x, y-plane is designated by Z(x, y, t) we have FR,=Fıtfı 
=g—Z(x, y, })=0. Consequently the boundary condition (21) be- 
comes 


= df OZ ðZ 
(27) x, y inside Ry: — = — -+ U — = wL 
dz 6 Ox 


The transition conditions (22) become 
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(3 ).” Ga) 


2 , yinside R 
(28) x, y inside Rr en 7°) (2 y2) 
at dx},  \at dx) _ 


To equations (27) and (28) is to be added the condition of finite trail- 
ing edge velocities 


(29) s = 0, x = xr(y); Vo finite 


and conditions at infinity which for incompressible flow may be taken 
in the form 


(50) i 


The above problem is to be understood as a boundary value prob- 
lem for the exterior of an infinitely thin semi-infinite tube surround- 
ing the regions Rz and Rr, in the sense that (27) holds for s= +0 
and for z= —0. It may be recalled that the main object is the deter- 
mination of p, and p,;. in Rz, with p:.—,, being the lift intensity 
produced by the motion of the impenetrable surface Fz. 

The form of the boundary conditions (27) to (30) is such that the 
problem for the exterior of the semi-infinite tube may be transformed 
by a symmetry consideration into a mixed boundary-value problem 
for one of the half spaces 3>0 or z <0. This is done by observing that 
equations (27) and (30) are compatible with the assumption that & 
is an odd function of z. If we define a region Rr as the x, y-plane 
minus the regions Rz and Rr and take into account that ¢ is continu- 
ous except across Ky, and Rr we may replace the boundary conditions 
(27) and (28) by the following system of conditions at s=0: 


a dg 
x, yinside Ry: — = wy, 
08 
ð ð 
(31) x, y inside Rr: er yo? = 0, 
OF Ox 


x, y inside Re: d = 


We then must determine & in one of the half-spaces, say z>0, with 
the conditions (29) and (31) at the boundary 3=0 and with equations 
(30) giving the conditions at infinity. 

Let us remark that explicit solutions of the problem thus formu- 
lated are possible in the two-dimensional case by the use of elliptic 
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cylinder coordinates, while for the circular plan form wing the use 
of spheroidal coordinates is appropriate [41, 62]. The problem would 
be of a standard nature if the conditions in Rr were the same as in Rpg. 
The main difficulty of obtaining an explicit solution comes from the 
particular form of the boundary condition holding in Rr inasmuch as 
all that can be said on the basis of (31) about the values of ¢ in Rr is 


(32) d(x, y, 0,8) = JE = J Udi, y) 


where ® is an arbitrary function of its two arguments. Compensating 
for this arbitrariness is, as will be seen, the finiteness condition (29). 


6. Integral equation formulation of the problem. As one is inter- 
ested primarily in the values of p; in Rz it suggests itself to derive an 
integral equation for this quantity. This procedure, adopted by Birn- 
baum [3], Possio [53], Kuessner [42], and others at the suggestion of 
Prandtl, and known under the name acceleration potential method, 
has the advantage that it can be developed without explicit introduc- 
tion of the trailing surface of discontinuity. It does however have the 
disadvantage of leading to an integral equation with a distinctly 
more complicated kernel than the corresponding integral equation for 
the values of d6/dx in Rz which we propose to discuss here. The main 
advantage of the latter formulation is that it permits immediate 
recognition of the explicit solvability of the problem of non-steady 
motion in terms of the solution of the corresponding problem of 
steady motion. 

Setting as an abbreviation 


(33) v(x, y, t) = dg(x, y, 0, H/dx 


we have the following representation for 0¢/0x in terms of the bound- 
ary values y, 


õp —i ð fi 
(34) == — f frend —(-) dtdn 
where 
(35) "= (x+ (yi) H. 


Equation (34) may be converted into an expression for d#/dz, by ap- 
propriate differentiation and integration, of the following form 


ð$ —i s g? -) | 
— = — | f —{ — dtd 
C oe. Sf yl, n, | f =(- de’ | ddn 
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en 


da ro 
< +1) 1% ddy. 
Elo un r a 


Note that when dy/dn=0 which corresponds to the assumption of 
two-dimensional flow the 7-integration in (36) can be carried out with 
the result that 
Op( 4, 2, t 1 viele — E 
aa Kant NEED, 
az T (x — &)? + 3? 
which equation can of course be obtained directly in a simpler man- 
ner. 
To separate two-dimensional from three-dimensional effects the 
following transformation is useful. We write (omitting for brevity 
the fin Y) 


(37) v(&, n) = vl, y) + irl, n) — G, HP]. 
Appropriate integration by parts then gives the following relation 


dz (x — £)? + 3° 


(38) RT rer oon "4 : + 1) 


+ ol = —-7) itdn, 
«-S+#\r [y-a] 

We must now in equation (38) let z tend to zero and substitute the 
boundary conditions (31). It is advantageous that (38) is in such a 
form that, as can be proved, the two limiting processes of integration 
and of letting z tend to zero can be interchanged, provided the inte- 


grals are defined where appropriate as Cauchy principal values. Thus 
from (31) and (38) 


1 ty) ; t 1 Bi ? ‚+ 
ul" v(& y ae -— f J yrl, y ) 
= r 


al FE ee 


(39) ->f Ja zi Ae eh ee D} dtdn 
aie = sr a n) } déd 


(36) 





dE 
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In (39) x; and xr indicate the coordinates of the leading and trailing 
edge, yr is still to be determined as far as possible from the boundary 
conditions and K is of the following form 


‚Gerede 
y-n)a— £) 


We shall from now on assume for simplicity’s sake that the region 
Rz is the rectangle |x| $6, |y| Ssb and that the velocity U which 
occurs in (31) is constant. We further introduce dimensionless vari- 
ables, 


(40) K 


(41) x = w/b, y=y/b, t = wt 
and a dimensionless parameter k of the form 
(42) k = = . 

U 


For the case of simple harmonic motion k is referred to as the “re- 
duced frequency” of the motion. We may again for simplicity’s sake 
omit in what follows the primes designating the dimensionless vari- 
ables. 

We then have from (32) that 


(43) rei, y, i) = Eye 
Furthermore on account of the finiteness condition (29) 
I 
(44) B 4/8, 9) = | a, y, Ode = TC, 9) 
—i 
Then 
and with 
(46) t— k(E— 1) = 7, ad(kE — t) = — dr 
we have from (43) 
or(r, 
(41) EN eee le 


or 


4 a 
We introduce (46) and (47) into (39) and obtain the following form 
of the integral equation of the problem 
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E yt 
ZE r 


re) o 

w JT (4 — 1) — (t — 7)/k 

(48) -f fet y — ab dian 
sr I Rpg rer 


t— r 
+K(2- a y — a) ddr. 














For uniform motion we have OT'/dr=0 and the second and fourth 
integrals in (48) are absent. The form of equation (48) indicates 
clearly the manner in which for non-uniform motion the values of the 
solution y(x, y, 4) depend on the past history of the motion through 
the cumulative effect of successive changes of 


(49) V(r, 9) = Í Ve 9, de 


The quantity T is one-half of what is usually referred to as the cir- 
culation intensity at a station y=const. of the lifting surface. 

Equation (48) is now to be solved for y, in terms of wy, and T. Once 
this is done T is found by integration in terms of wy, and therewith y 
is expressed in terms of wz only. The pressure p; at the lifting surface 
is then, according to (26), of the form 


w = E (S res pag) + xe 9]. 


The advantage of (48) compared with the corresponding equation 
for the values of p; lies in the form of the kernel 1/(*—&) in the first 
term. This permits solution of (48) in a manner analogous to what is 
done for the problem of uniform motion. 


7. Solution of the two-dimensional problem. In what follows we 
wish to describe briefly one of the possible methods of solution of this 
problem, namely that by L. Schwarz [67]. We shall subsequently 
indicate how to utilize this method for an approximate solution of the 
three-dimensional problem. 

Introducing the (unessential) restriction of simple harmonic motion 
we set 
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(51) Wr = Üe”, y = Fett, T = Jett 


where the barred quantities are functions of the space coordinates at 
most. Equation (48) can then be written in the following form 


d © pth(1—£) 
(6) Bla) =- -5f TOR “y —T f . dt. 


eeri a § 








Equation (52) is solved by means of a pair of inversion formulas of 
the form 


1 
(53a) ART ~f = Da f(i) finite, 


om no E Sa 


which may be considered as a result of two-dimensional potential 
theory, as discussed most fully by H. Söhngen.? 
Application of (53) to (52) leads to the following expression for ¥ 


1/1 — g\ 13 1/1 HN? 1) 
mC =) JS. fer ae 
£ -p 1\ 13 eth) 
arf G=) ëh 


The main difficulty from here on is the calculation of the pressure 
p; which according to (50) is given by 


(55) 2 7 = — E [oa + 70). 


Po 














(54) 








Before listing the result of this lengthy and somewhat devious cal- 
culation we may indicate the nature of the equation for T which occurs 
in (54). If we mee both sides of (54) as follows: 


IH AMP p/a de 
=o d 
[ver (=) S EE ur CL. 
ik {+1 "I t n dx ] er 

er Be ia coat Beh ec A I-§)qd 

+or fo (>) Í, Te aoe 


and take account of the formulas 
1/1 — x\1? dx hee 
57a ) m FT, é| < 1, 
on AG +2/ x- 
s Math. Zeit. vol. 45 (1939) pp. 245-264. 








(56) 
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1/1 — x\2 de ag 
= —z(1—(-—_) }, i St, 
m fC) Ä 


then equation (56) can be written one of the forms 


1 1 1/2 
T=- f (==) me 


1/2 
— thei] J (CS = =) -1) ethede 


1 1/2 
u (= IEA PROF: 
= 


1/2 
1+ inet f (=) — 1ed 
i ao 


It is at this stage that a combination of Bessel functions makes its 
appearance in the theory. The integral in the denominator of (59) 
is expressible in terms of Hankel functions, as follows: 


rn) 1/ 
LG ii 
1 ee 


=— — [ar (®) +48, (k)] + 








(58) 


(59) T= 


(60) 


k 


a: 





In view of (60) T can be written in the alternate form 


1 I 1 + 1/2 
(=) 2108 
W WJ J 1— £ 


co 22lik [HP (k) + iS? (k) ] 

Our purpose in outlining in some detail the steps leading from (52) 
to (61) has been to indicate the nature of some of the more simple 
transformations in the calculation of the pressure distribution on 
oscillating airfoils. Considerable care is necessary to arrange the 
analysis in such a manner that advantage is taken of all possible 
simplifications. In this way there is found the following expression 
for $; of equation (55) 


pi nA (C = AG + IE 1 i 
PU wdi\\i+t« le Gece ikA | DL(E)dE 


C(k) — 1/1 = A pr HN 
ü ® re LS BL 











(62) 
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In (62) the function A is given by 

1— xt + (1 — Ur — ua 

1 — xf — (1 — ira — enya 

and the function C, first introduced by Theodorsen [73], is of the form 


1 


Hi (k) 


(64) C(R) = A” (k) Ee IHP (k) i 


The results outlined in this section find their main application in 
the analysis of airplane flutter.* For this purpose explicit expressions 
have been obtained by Cicala [7], Kuessner [42], Theodorsen [73], 
and others for lift and moment amplitudes Z and M, defined by 


1 1 
(65a) L = 2b $da, M, = 2b? (x — a)p.dx 


=] “i 


and for control-surface hinge moments M, defined by 
1 
(65c) M. = 2 f (a — c)Pidx 


for various appropriate forms of ®;. 

Plots of representative pressure distributions for various values of 
the reduced frequency & and for some of the more important forms of 
wz, may be found in a recent paper by Postel and Leppert [55]. 

We may conclude this section with some remarks concerning the 
solution of the problem for non-oscillatory motion. 

It may readily be seen that the results for simple harmonic motion 
may be used for Laplace transform analysis by replacing wherever it 
occurs ik by —q whereupon equations (61) and (62) become relations 
between Laplace transforms. For applications of the Laplace trans- 
form method in this field reference may be made to work by I. E. 
Garrick [17, 18] and W. R. Sears [70]. 

Another form of the results consists in integro-differential equations 
for T, L and Ma, without any assumption concerning the form of the 
solution. The nature of these results may be seen from the simplest 
of them, the equation determining I’. Omitting all but the first two 
of the integrals on the right of (48) we may obtain the following rela- | 
tion 

4 Briefly, the problem of flutter is the determination of those flight speeds at which 
self-sustained oscillations of a component of the airplane become possible due to the 
aerodynamic forces produced by an oscillatory motion of this component. 
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f (=) se dx 
rast). 
ei ra 


After evaluating the inner integrals on the right of (66) we are left 
with an equation of the form 


w EEE- 


17i 1/2 
= — ( L =) wı[x, Dax. 


BR | 1— x 








(66) 





(67) 





A formal solution of (67) by Fourier series or Laplace transform 
methods is again readily obtained. A special case of such a solution 
is given by (61). Practical applications, especially of the Laplace 
transform solution, are however not a simple matter, the reason for 
this being the occurrence of Hankel function combinations in the 
denominator of the transforms to be evaluated, and the possibility of 
solving (67) directly by machine methods would be of considerable 
advantage. 


8. Remarks on the problem of tunnel wall interference in the two- 
dimensional theory. A further problem of some interest concerning 
the two-dimensional theory of oscillating airfoils is the effect of tun- 
nel walls on the pressure distribution $;. For a wing of chord 25 
located at the center of a tunnel of height 24 one finds, using the 
method of images, that (52) is replaced by the following equation [58] 


o 1 1 Ay (Ed ik © Det EG-Og 

(68) w(x) = -— Her ee 
—ı sinh [A(x oe 8] ı sinh x _ 8] 

where the parameter A is given by 

(69) A = wb/2h. 


Equation (69) may be transformed into an equation of the form (61) 
by means of the following substitutions’ 
5 This transformation has been used in a study of the corresponding problem of 


steady flow, where the second integral on the right of (68) is absent, by L. Lees and 
H. S. Tsien, Journal of the Aeronautical Sciences vol. 12 (1945) pp. 173-187, 202. 
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(70) xg = tanh Az, xt = tanh `M, k = tanh À. 
The result is of the form 
woe) = ip oD) g 
(1 — x2g%)1/2 z w Jy (1 — eur g — 


(71) 


at. 


m “rf exp {ik[1 — (tanh-!xt)/A]} 


Lae =t) 
The solution of (71), which involves elliptic integrals, has not yet 
been given. An approximate solution, valid for sufficiently small 


values of A, has been obtained in the following way [58]. We set in the 
interval || <1 


A 


A 1 
sinh A(x — £) xæ- 


The limits of integration in the second integral on the right of (68) 
preclude the direct use of (72). This difficulty is overcome by writing 


C- Aerikide 
J. sinh [A(x — £)] 


el 
= e? e HM nie 
ı 2-£ Jy sinh A(x- 8] x*-8 
and by splitting the second integral on the right of (73) into two 
integrals as follows, [T = {> — fi. The integral ff leads to the function 


(74) fla) = fem(—-—_) ae 


which has been tabulated. In the integral f} one may introduce the 
approximation (72). In this way the following approximate equation, 
which takes the place of (68), is obtained: 


(72 > 
) gr (a — $). 


(73) 











1 piade ik pe rd 
ae aa sh ee 
A? 1 7 1 En eik (1-2) 
(75) + > f so« — dg + r= de a|} 


+ “(4 eik(1—2). 
T A 


It is of some interest to observe that the effect of the presence of tun- 
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nel walls may, for moderate values of k, be appreciably larger than 
the corresponding effect in the steady-state solution for which k=0. 
It was found in one representative example that when k=0.25 the 
wall effect was twice what it was when k =0. This increase of the wall 
effect will occur when at the same time & is (1) large enough for the 
trailing surface of discontinuity to be of importance and (2) small 
enough for the characteristic wavelength in the trailing surface of 
discontinuity to be appreciably greater than the wing chord. 


9, Approximate theory for lifting surfaces of finite span. We now 
propose to discuss a method of approximate solution of the integral 
equation (48) for three-dimensional flow from the following point of 
view. Our object is to reduce (48), which contains double integrals, to 
such a form that a solution of single integral equations only is re- 
quired. We shall show that this is possible, provided the “aspect ra- 
tio” s is sufficiently large, in such a way that what remains to be found 
is the solution of a problem of the kind encountered in the two-di- 
mensional theory and the solution of a problem of the kind encoun- 
tered in the determination of the spanwise lift distribution for a wing 
in uniform motion according to Prandtl’s lifting-line theory. In this 
analysis we shall restrict attention to the case of simple harmonic 
motion in the sense of (51). Equation (48) then assumes the following 
form . 


eik (1-$) 


TE, y) 





ee -f Te a Ty) f- = at 


->f f. n, K(#—§ y— wn 
+ f en { 3 


T K(x Ba E, i nt ddn. 


(76) 





Our first step is to observe that the function K as given by equa- 
tion (40) behaves, for | (*% —£)/(y—n)| K, like 2x —E)/|y—n| 
-(y—n) and is therewith in this region small compared with the remain- 
ing part of the kernel, 1/(y—n). If it is now assumed that 1<s, then 
K is small compared with 1/(y—7) over most of the region of integra- 
tion and may over this part of the region be disregarded. There re- 
mains the immediate neighborhood of the line n =y where this order 
of magnitude relation does not hold. In order to disregard the con- 
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tribution due to K in this region it is observed that K is an odd 
function of y—n and that we expect 07/07 to be a slowly varying 
function of 7. In view of this we expect the contribution due to both 
K and (1/(y—n) to be negligible. We thus assume that 


2 1 AN 1 
De rane ff 
-s y 1 On AY 9 107 Y 7 
and assume that the approximation is justified for “sufficiently” large 
values of s. 

Obviously the above argument is not very satisfactory, from a 
mathematical point of view, but no more rigorous argument has yet 
been given to justify this, from a practical standpoint rather satis- 
factory, result. Possibly, equation (77) represents the first step in an 
asymptotic development in powers of 1/s but this has not yet been 
proved. 

The argument leading to (77) cannot directly be applied to the last 
integral in (76) since in this integral we do not have the fact that 
| (xe — —£)/(y—- n)| is small compared to 1 over most of the region of 
integration. We proceed instead as follows. Write, with £—x =À, 


f enf- + Key -f 


(78) = f man — Rg ban 


et 


In the second integral on the right we can again neglect the contri- 
bution due to K, and thus we may write 

















+ K(x«-&y- hag 


FEER e the 


ne] 1 e ik 
in A 
Í. = + hat Pw 


= 1 ee en 
tha A J ees a Are N A A 
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(79) 


In view of (79) we now define a function F by the relation 


ort fA 


and combine (77), (79), and (80) in order to obtain from (76) the 
following approximate integral equation of the problem: 
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1 1 F(E, y)dE ak © sih(1-£) 
| Hr TS — a 











ı %— u 7 
(81) ek (1-«) r} dT 1 
= a — ikF[k(y — n) ]$ an. 
Sr J Fr — ikF[k(y DI} n 


. Equation (81) is the result which it was intended to obtain. The 
solution of (81) proceeds as follows. One first obtains Y(x, y), just as 
in the two-dimensional theory except that now Y also depends on 
dI'/dy. One then obtains, by integration of 7, an equation for the 
determination of T which is, as was previously stated, of the type 
of the equation for the determination of the spanwise lift-distribution 
for a wing in uniform motion according to the lifting-line theory. 
Finally, just as in the two-dimensional theory, an expression is ob- 
tained for the pressure distribution ps. 

It is readily shown, for instance by the procedure leading from (66) 
to (67), that the equation for T is of the following form: 


‘di ¢ 1 
(82) T(y) + a(k) Í A — ikF[k(y — nh dn = Ty) 
«bh yn 
where T® is the value of T according to the two-dimensional theory 
as given by (61) and where the function yp is defined by 


Sok) — Wılk) 
MD = En = HPD] 


An equation corresponding to (82) had been obtained by Cicala 
[9] on the basis of entirely different considerations involving the ef- 
fect of lifting lines and horseshoe vortices. Equation (82) as it stands 
is different from Cicala’s to the extent of a difference in the expres- 
sion for u. It turns out that Cicala’s result can be obtained from (81) 
by omitting the factor e~® in front of the last integral in (81). In aero- 
dynamical language this means that “the downwash induced by the 
spanwise variation of circulation” is assumed uniform across the 
chord. This is indeed correct, as has long been known, for the case of 
uniform motion for which k=0. Evidently lifting line considerations 
do not permit us to determine the chordwise variation of downwash 
referred to above and in this respect the integral equation method as 
outlined goes further. 

Further work along the lines indicated leads to the result that the 
effect of three-dimensionality of the flow as determined by the fore- 
going approximate theory may be incorporated into equation (62) for 
the pressure distribution p; of the two-dimensional theory by merely 


(83) 
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changing the function C(k) into C(k) +0. The term e depends on the 
data of a given problem in the following manner: 


(84) ee = - r| [co f yl: 


The foregoing theory, up to equation (83) and including expres- 
sions for lift Z and moment M, as defined by (65a, b), is essentially 
that of [56]. In this reference there are also included discussions of 
earlier work of a related nature by R. T. Jones [33], Kuessner [44], 
von Borbely [5], and Sears [69]. Extension of the theory to surfaces 
of non-rectangular plan form and modification of p, by means of the 
function o was first presented in [57]. Prior to this M. W. Hunter had 
established that the results of [56] permitted incorporation of the 
effect of finite span into the expressions for L, Ma, and M, by means 
of the function ø [26]. 

A considerable simplification of the present developments as com- ' 
pared with those in [56] and [57] is due to the fact that the basic 
integral equation of the problem is here taken in the form (76), 
which is a direct consequence of (38), rather than in that form which 
corresponds to equation (36). 

Methods of analysis and numerical examples of application of this 
theory may be found in [61]. It may further be mentioned that the 
analogue of equation (81), for subsonic compressible flow, has re- 
cently been obtained [59]. 

A shortcoming of the approximate theory as discussed is the fol- 
lowing. One would expect from an exact solution of the problem that 
the pressure p, tends to zero, and therewith also circulation I, lift L, 
and moments M, as the tip sections are approached. This is indeed the 
case for lifting surfaces with zero tip chord, such as the elliptical sur- 
face. For lifting surfaces with finite tip chord, such as the rectangular 
surface, one finds however that only Trip vanishes as it should whereas 
Insp and Mirip, while smaller than according to the two-dimensional 
theory, can not in general be made to vanish. The reason for this 
difficulty is to be found in the form of the approximate equation (81) 
in which the effect of spanwise variation of F appears solely by way 
of the average T of y. A more refined approximate theory undoubtedly 
requires inclusion of the effects of weighted averages of ¥ as well, 
such as [!,xYdx and [1 ,x*ydx, in the integral equation of the problem. 
With such a refined theory one has reason to expect that tip condi- 
tions can be satisfied to a greater degree of approximation than by 
the present theory, in particular, it will be possible to insure that Lip 
and Men» vanish. 
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Development of such a refined approximate theory is believed to 
be one of the worthwhile future tasks in this field. An application of 
this thought to the problem of uniform motion may be found in a note 
in Proc. Nat. Acad. Sci. U.S. A. vol. 35 (1949) pp. 208-215. 
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CONVEXITY THEOREMS 
R. SALEM 


In spite of the generality of our title, we do not intend to give here 
a survey of all convexity theorems. Most of them, like the three circles 
theorem of Hadamard, are too classical to be commented on here. 
We shall confine ourselves to Marcel Riesz’s convexity theorem, 
which is one of the very powerful tools of modern analysis, and to 
certain of its recent extensions. 


1. Marcel Riesz’s theorem. Let 


m a 


f= Dd 09; 


tml jmi 


be a bilinear form, where the constants a,; are real or complex, and 
the variables x;, y; are essentially supposed to be complex. Let a2 0, 
820 be real numbers, and denote by M(a, 8) the maximum of | f | 
under the conditions 


D| alvest, Llys 
1 1 


(If a=0 the first condition means that EA St fort=1,2,+-+-,m, 
and the same remark applies to the second condition.) Then 
log M(a, ß) is a convex function of a, 8 in the quadrant «20,820; 
in other words if 0<é<1 and if 


a= at + as(1 — t), B = Bit+ Ball — t), 
then 
M(a, 8) Ss M‘(aı, B) M (as, Ba). 


This is M. Riesz’s fundamental theorem. (See M. Riesz [5]! and 
a different proof in Paley [4]; see also a generalization of the theorem 
in L. C. Young [11].) M. Riesz’s argument proved the convexity 
only in the triangle OSaS1, OS8S1,a+f821. The extension to the 
whole quadrant is due to Thorin [9]. We shall not give the proof of 
the theorem here, since we intend to sketch later on the proof of a 
more general result. Let us only point out that if we restrict the 
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variables to be real, the convexity theorem can not be extended be- 
yond the domain a+821,a20, 820. For the proof of this result, we 
refer the reader to Thorin [10]. We add that in the classical applica- 
tions of the theorem the convexity in Riesz’s triangular domain is 
sufficient. 

In its applications, M. Riesz’s theorem is mostly used in a dif- 
ferent form. Let us write 


X (x) = Dy titi G = 1, 2,°°*, n). 
iml 


Let now 0 <y S1 and a20, and denote by D(a, y) the maximum of 


(5) x1)’ 


1 


wien 
Diamesa 
1 


It is a classical consequence of Hélder’s theorems that, if B=1—y 
and M(a, 8) has the same meaning as above, 


(Six) 


Ma, y) =a max- T = M (a, f) 
(Èi st") 


and thus Me, y) is convex in the domain a20, 0sysi1. (If the 
variables are real, the theorem is true in the domain a20, 0sySs1l, 
ysa.) 

Finally, it is hardly worth mentioning that the theorem remains 
valid if we consider, under the same conditions for the exponents, 
the maximum of 


(Sainey 
(Enlai 


where p,>0, 0;>0. 


2. The applications of M. Riesz’s theorem. The most general ap- 
plication of M. Riesz’s theorem, which is due to M. Riesz himself, 
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can be stated as follows. 

Let us denote generally by LZ" *(h, 4), for r21, the class of (com- 
plex-valued) functions f(#) such that the Lebesgue-Stieltjes integral 
fa | f | ‘dp, taken with respect to the nondecreasing function ¢(¢), is 
finite. By N,e[f] we shall denote the norm (fẹ? | f | rdo). Let (t) 
(t StSt) and y(u) (Su Su) be two nondecreasing functions. Let 
az1,c21 and suppose that there exists a linear operation T associat- 
ing to every f(t) EL**(h, 4) a function T(f) =g(u) CL ¥(t, ue) such 
that the ratio 


Nev [g] 
Nef] 


is bounded independently of f. The operation 7 will be called of the 
type (a, c). The least value of this ratio, that is, the modulus of the 
operation, will be denoted by M(a, Y), where a=1/a, y=1/e. 

Now let @ and w be fixed, and let T be an operation which is simul- 
taneously of the types (a1, cı) and (as, ca). Write a;=1/a;, y;=1/c;. 
Then, given any point (a, y) on the segment joining Pılaı, yi) and 
Palas, Y2), the operation T can be extended so as to become also of 
the type (a, c) where a=1/a, c=1/. Moreover log M(a, y) is convex 
on the segment P:1P3. (The domain of convexity is to be reduced to the 
triangle 0SaS1, 0SYySa if the functions are real-valued.) 

For the proof we refer the reader to M. Riesz’s original memoir 
[5] or to Zygmund [13], whose convenient notations we have adopted 
here. Let us only point out that the result is essentially a consequence 
(1°) of M. Riesz’s theorem; (2°) of the fact that the operation T is 
linear; (3°) of the fact that since the set of step functions is every- 
where dense in the class L+ (1Sr< œ), we can approximate the 
functions of the class by step functions, and thus consider, instead 
of integrals, finite sums. 

The most familiar consequence of this result is the Young- 
Hausdorff theorem, in the general form given by F. Riesz. Let 
oi, r °° *,¢n, °° *beanorthonormal set of complex-valued func- 
tions in (a, b), uniformly bounded, |¢.| SM, and let f? fö.di be the 
Fourier coefficient of the complex-valued function f(t) with respect to 
on. If we are given any sequence of numbers {c,} such that J| cal? 
<œ, we know that there exists an f(t) CL? having the ¢,’s as Fourier 
coefficients; moreover f? | f|2dt= >>| c.|?. If, in addition, $| ca| < œ, 
f having the same meaning, one has |f| S$ M$ |en]. 

f(é is obtained from {ca} by a linear operation of the type (2, 2) 
with modulus 1, and of the type (1, ©) with modulus M. Hence, if 
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a=)/2+1-(1—-d =1—/2, 
B =/2+0-(1 — A) = 2/2, 


the operation is also of the type (2/(2—X), 2/A) with modulus M>. 
Setting 2/(2—A)=p, 2/A=)’, one has 


1<p<2, 1/p+i/p’ =1, 1-A=2/p—-1 


(0<A <1) 


and 


(fea saan am 


The proof of the other part of the Young-Hausdorff theorem is 
similar. 

The Young-Hausdorff theorem is valid only if the orthogonal 
system is uniformly bounded. A generalization of the theorem in the 
case of an unbounded system has been given by Marcinkiewicz and 
Zygmund [3]. Assuming that the functions ¢, satisfy the inequality 


(J ata)" 


for a certain »>2, and applying in the same way as above M. Riesz’s 
theorem, the authors get, instead of the preceding inequality 


(f isa) s (Èa al) 1spS2) 


but then p’ is given by the equation 


2% 





+—=1 

p 
where 1/p+1/v=1; besides, the series I,|c»|? is supposed to be 
convergent. (This condition is necessary only if the interval (a, b) is 
infinite.) The second part of the Young-Hausdorff theorem is gen- 
eralized in a similar fashion. 

Let us finally quote the following theorem, concerning Rada- 
macher’s functions and due to Zygmund [14]. Starting from the 


inequality 
(J, 110 pa) = en( > on P) 


where f(t)= 5 cebn(2), Oa(t) being the nth Radamacher function, 
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an inequality which holds whenever }.|ca|*< © and k22, and using 
the relation 


S10] so lel 


the author gets 


(ioma) e Bist)” 


whenever >>| c¢,|"< œ, 18r <2, k21, and r’ is the complementary 
exponent tor (1/r+1/r'=1). 


3. Thorin’s generalization of M. Riesz’s theorem. Thorin’s first 
generalization [9] not only allows the extension, which we have al- 
ready mentioned, of M. Riesz’s triangular domain of convexity to 
the whole quadrant, but, what is much more important for new 
applications, it shows that instead of the maximum of a bilinear form, 
we can consider the maximum of any entire function of n complex 
variables. 

The theorem of Thorin can be stated as follows: Let f(a1, Ze, * + +, Za) 
be an entire function of the » complex variables 21, 2, +++, 3,. Let V 
be a bounded domain in the n-dimensional euclidean space with co- 
ordinates m1, s *'*, U, Let us denote by ay, ag, +-+*+,a@, non- 
negative exponents, and by M(aı, as, ***, @a) the maximum of 
| Flue, Za) | under the conditions 


la| = or, ee, | gal = OQ" (01, De mW) ET. 


Then log M(a1,+:++, &) is convex in the domain œ z0 
(k=1, 2,2 n). 

The original proof of Thorin [9] was rather long. In 1944, Tamarkin 
and Zygmund [8] proved in a very elegant way that Thorin’s 
theorem was a simple consequence of the maximum modulus theorem. 
We shall sketch here a short proof of Thorin’s result which has 
been published recently [6]. 

Suppose first that 0 <A SmS Bo (k=1,--+-+, n) and let us 
write 2=e sta (k=1, »- -, n) where the n, are arbitrary and the 
point ($1 * - - a) belongs to the bounded domain D corresponding 
to (e8,---,e*)CV. Let a,=a,+ry log t where the a, and A, are 
real and fixed, and # is a positive real variable. M(aı, +++, an) be- 
comes a function of ¢, M(t), and we have to show that log M(t) is a 
convex function of log t. Write, for p21, 
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? 





I, = Í | flertattikendtin, ... , einlantulogt)tim) 


-dr en denn m Mas 
the integral being extended to the domain 
SMS 2r, R=l,+++, n; (rte &) ED. 


If we consider now # as a complex variable, t=pe*, p>0, the integral 
is a logarithmically subharmonic function of £, and so J,(t) is, for a 
determined choice of the logarithm, a subharmonic logarithmically 
function of i. Moreover this function is uniform, and I (= (p), 
thus depending only on the modulus of #. For: 


Erlar + An log p + Arte) + inn = Ex(ae + Az log p) + Hm» + Ero) 


and our assertion is justified by the fact that the integral is ex- 
tended to all possible values of n», mod 2r. Now log I,(p) being sub- 
harmonic, log /,(p) is a convex function of log p; and since M(t) 
=limpec [1p(£) |? it is sufficient to let p increase infinitely to obtain 
the asserted result. 

The argument remains valid without change if, instead of suppos- 
ing that f(t, ++ - , 3,) is analytic, we assume only that log | f | is sub- 
harmonic, that is, that |f(sı - - - ,)| is logarithmically subharmonic 
(in the paper quoted in [6] the word “logarithmically” has been 
omitted and should be restored). According to Lelong (Ann. Ecole 
Norm. vols. 61-62 (1945) pp. 301-338) g(a, - + © 24) is subharmonic 
if gled - - + (2) | is subharmonic for analytic functions &ı(t) - - - 
Palt). 

As Thorin has pointed out, the convexity holds if we suppose only 
20 (kR=1,+--+,) provided we restrict the domain of convexity 
from - oa <æ, < œ toam2O (k=1,---+,%). 

In his recent thesis [10] Thorin has given further extensions of the 
theorem, especially to analytic and subharmonic functionals. We 
refer the reader to Thorin’s paper for these extensions which would 
require too much space to be quoted here with accuracy. 


4, Applications of Thorin’s generalization. In order to understand 
the most interesting applications of Thorin’s generalized convexity 
theorem, let us recall the following notations. A function f(s) of the 
complez variable z, regular for |z| <1, is said to belong to H? (p>0) 
if Jê" |f(re”)|”d9 is bounded as r—1. One writes H instead of EN. 
A series (2) of the form > fc,e*”, which is formally S-HT, where S 
and T are conjugate trigonometric series, is said to belong to H” if 
f= SSP ca ERP. If S (or T) is the Fourier series of a function of 
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the class L? (p>1), then T(or S) belongs also to L? and 2CH?; 
this, however, is false for p=1. H ZEH? (p21), both S and T are 
Fourier series of the class L”, In other words the properties Hr for 
>and L” for S are equivalent for p>1 but not for p=1. 

Now, certain theorems are true for power series of the class H but 
not for Fourier series of the class L. As an important example, we 
quote the following theorem due to Zygmund [12]. If S,(6) is the 
partial sum of order » of the series fe)» 25 Ge GH, then 


ar | S, (6) | ox m 
J) porge, Mole 


the constant C, being independent of f, of the (measurable) function 
n(0) (Osan SN), and of N. No such theorem is true for Fourier 
series of the class L. On the other hand, if fGH?, one has [1] 


f” | Sa (0) |? 
o log [n0 + 2] 


If we could apply a convexity theorem here, we would deduce 


ox | Sa (9) |? Ir ni: 
Í, no a, ee 


for fCH? and 1S~S2, C, depending on p only; and the theorem 
would be also true, by what we have said, for Fourier series of the 
class LP, but only for 1 <p £2. Such a theorem is indeed true; in an 
important paper [2] Littlewood and Paley have given an extremely 
difficult proof of it. Hence it is of interest to prove the last inequality 
(which has important consequences in the theory of convergence of 
Fourier series) in a simple way by a sort of convexity theorem. 

The difficulty of the problem lies in the fact that, although the 
passage from f(e") to Sa (0) is linear, Marcel Riesz’s theorem cannot 
be applied in the same manner as in §2 above, for the following 
reason: f is not amy Fourier series with complex coefficients; it is a 
power series, and for this reason cannot be approximated by step 
functions, but only by polynomials of the form I ce™. 

It is, however, possible to overcome this difficulty, and we have the 
following general theorem [7]: 

Let M(a, 8) (a>0, 820) denote the maximum of the modulus of 
the complex bilinear form 


d9 S C f l i | fe) |380. 


>> 2 Giht Ya 


fumed hmd 
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under the conditions > 3 ya usi, fa | f(re*) | Va<1 (OSr<1) 
when f(z)= $s xg” belongs to H/« and has xo, xı, °° +, %m as its 
first m+1 expansion coefficients. Then, if a=ta,+(1—J)ax, B=iß, 
-+(1—#)82, one has 


M (a, 8) s Cla, a2) M(x, B) M (an, Bs), 


C(on, as) being a finite constant depending on a; and as only. 

This is not exactly a convexity theorem, owing to the introduction 
of the constant C(a1, a); but its usefulness is the same since it asserts 
the finiteness of M(a, 8) when (a, f) lies on the segment (ay, ßı) 
— (as, 82) and when M(a, 81) and M(as, fr) are both finite. 

We shall indicate briefly the ideas underlying the proof. We start 
from: 


D> >> Gja%ıyk 


j=0 Am 


saa, 6)| fi sem seco] E 


valid for a =a, B=8; and a=a,, B=Pß,, and we want to prove that a 
similar inequality holds for =ar + (1 —t)æn B=fit+(1—h)Bs. The 
first natural idea is to prove the theorem when f is a polynomial of 
degree p, and to replace the integral by a sum of #+1 terms, which 
would allow us to take the elements of this sum (more exactly: the 
values of the polynomial at the points of subdivision of the interval 
(0, 2r), values which are linear combinations of the x;) as new vari- 
ables. The difficulty lies in the fact that the ratio between the integral 
and the approximating sum lies between two constants only if the ex- 
ponent 1/a stays larger than a constant g>1. Hence we use the idea, 
which has been used first by Thorin in the proof of a particular result 
of the same kind [10, pp. 31-35], of writing f(z) =G*(z). By G we shall 
denote here a polynomial &-+&2+ --- -+-&s and by k the smallest 
integer such that k/a,22, k/as22. We can then apply the method 
just indicated of approximation of the integral by a finite sum, and 
Thorin’s extension of M. Riesz’s convexity theorem is essential here, 
because the x; become functions &;,(£o, ' * * , p) of the variables 
Eo © © +, Ep which are homogeneous and of degree k (and thus the 
function of the £’s and y's is no longer bilinear). 

The inequality once proved for f=G*(z), G being a polynomial, 
remains true when f is any function of the class H’/* having no zeros 
for |z] <1. One has afterwards to remember only that every fC H's 
is the sum of two zero-free functions fı and fs of the same class, with 
Il $2 fl, [fal s2lfl. 

Finally, if one writes Xa = > fio Gjaxy (A=0, +--+, n) it is familiar 
that M(a, B) is also the maximum of the ratio 
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(Eile) /[ f re ea] 


where y=1—f. From sums of powers of linear forms we can pass to 
integrals, and the theorem of Littlewood and Paley is the consequence 
of our result applied between a=y=1/2 and a=y=1. 

The same general result is immediately applicable to the proof 
of a theorem of Hardy-Littlewood proved directly by Thorin in his 
thesis [10]. If f ~f? ce”, one has: 


2i lel saf "lie (JEH), 
(DI? = 64) | J pa) VERY) 


this means that 


LE gamle c+ ai] sa af sea) 


is valid for a=1, y=1 with A(1, 1)=4ı; and for a=1/2, y=1/2 
with A(1/2, 1/2) = (2r)-"?. Hence applying our result we find that, 
if 1S pS2, there is a constant A, depending on p only such that 











Cy 


lca Oe aa) 
Boat Í n 


Of course, if 1< £2 (but not for p=1) this is also true when fELr 
and the c, are the complex Fourier coefficients of f. 

Finally, let us mention that, using his generalizations of Marcel 
Riesz’s convexity theorem, Thorin, in his thesis [10], has given a new 
proof (and even an extension to several dimensions) of Hardy and 
Littlewood’s inequality 


S f. P ts ints] 


s Ke 6)( f7 lr as Y ( fi et ban) 


(la+86>1l,a<1,8 <1, f EL! gE Lin (- œ, o)), 


This proof, however, is based not only on a convexity theorem but 
also on a deep result of Marcinkiewicz in the theory of Fourier series. 
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Seth, H. S. C. Sharp, S. S. Shu, K. M. Siegel, Richard Skalak, W. K. Smith, I. S. 
Sokolnikoff, George Sonnemann, R. V. Southwell, F. L. Spitzer, Eli Sternberg, Marvin 
Stippes, J. J. Stoker, A. C. Sugar, P. C. Sweetland, P. S. Symonds, G. L. Thompson, 
C. J. Thorne, S. P. Timoshenko, H. M. Trent, Andrew Van Tuyl, E. G. Volterra, 
W. G. Warnoch, Alexander Weinstein, C. P. Wells, E. T. Welmers, A. W. Wundheiler, 
Dana Young, G. S. Young. 


The Symposium was co-sponsored by the Applied Mechanics Divi- 
sion of the American Society of Mechanical Engineers which held its 
Fifteenth Applied Mechanics Division Conference at the University 
of Michigan, Monday to Wednesday, June 13-15. 

The West Quadrangle Residence Halls and the Michigan Union of 
the University of Michigan together with the Cafeteria and Dining 
Room of the Michigan Union were available to those attending the 
Symposium and to their families. 

Those attending the Symposium and the Applied Mechanics Di- 
vision Conference and their families were guests of the Department 
of Mathematics at a lawn party near the campus on Tuesday evening. 

Professor R. C. F. Bartels of the University of Michigan was in 
charge of local arrangements. 
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The program of the Symposium consisted of one sixty-minute ad- 
dress, four forty-minute addresses, twelve twenty-minute addresses, 
all presented by invitation of the Committee on Program and Ar- 
rangements, and four thirty-minute addresses, one by title, con- 
tributed from the program of the Conference of the Applied Mechan- 
ics Division of the American Society of Mechanical Engineers. The 
programs on Tuesday and Thursday consisted of one morning and 
one afternoon session on each day. On Wednesday there were two , 
morning sessions and one afternoon session. All three sessions on 
Wednesday were held jointly with the Applied Mechanics Division 
Conference. Each paper was followed by a discussion. 

The twenty-one papers were presented in the following order: 


1. Eric Reissner: On axt-symmetrical deformations of thin shells of 
revolution. (40 minutes) 

2. H. W. March: The elastic stability of the facings of sandwich 
columns. (20 minutes) 

3. J. J. Stoker: Pre-siressing of a plane circular plate to stiffen tu 
against buckling. (20 minutes) 

4. I. S. Sokolnikoff: An approximate method of solution of contact 
problems in anisotropic elasticity. (40 minutes) 

5. Alexander Weinstein: New methods for the estimation of torstonal 
rigidity. (20 minutes) 

6. F. B. Hildebrand: On asymptotic integration in shell theory. (20 
minutes) 

7. T. J. Jaramillo: Deflections and moments due to a concentrated 
load on a cantilever plate of infinite length. (30 minutes) Presented by 
Professor Eli Sternberg. 

8. C. C. Miesse; Determination of the buckling load for columns of 
variable stiffness. (30 minutes) 

9. L. H. Donnell and C. C. Wan: Effect of imperfections on buckling 
of thin cylinders and columns under axial compression. (30 minutes) 
Presented by L. H. Donnell. 

10. S. Dokos: A force applied to the median plane at the center of a 
circular disk in a plate. (Presented by title) 

11. Sir Richard Southwell: On the computation of strain and dis- 
placement in a prism plastically strained by torsion. (60 minutes) 

12. William Prager and P. S. Symonds: Stress analysts in elastic- 
plastic structures. (40 minutes) Presented by William Prager. 

13. K. O. Friedrichs: Kirchhoff's boundary condition and the edge 
effect for elasttc plates. (20 minutes) 

14. G. E. Hay: Beams under concentrated loading. (20 minutes) 
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15. B. R. Seth: Some recent applications of finite elastic deformation. 
(40 minutes) 

16. G. F. Carrier and F. S. Shaw: Some problems tn the bending of 
thin plates. (20 minutes) Presented by G. F. Carrier. 

17. Nathaniel Coburn: A graphical method for solving problems in 
plane plasticity. (20 minutes) 

18. D. L. Holl: Dynamic loads on thin plates on elastic foundation. 
(20 minutes) 

19. C. L. Perry: The bending of thin elliptic plates. (20 minutes) 

20. Hillel Poritsky: Torston problems with axtal symmetry. (20 
minutes) 

21. E. H. Lee: On stress discontinuilies in plane plastic flow. (20 
minutes) 

The presiding officers at the sessions were, respectively: Professors 
I. S. Sokolnikoff, William Prager, Dr. W. R. Osgood, Professors J. N. 
Goodier, D. L. Holl, K. O. Friedrichs, and Eric Reissner. 

At the close of the Thursday afternoon session a resolution of 
thanks and appreciation to the University of Michigan for its hospi- 
tality was presented by Professor William Prager and unanimously 
approved. 

All papers listed above except numbers 3 and 7 to 11 will be pub- 
lished as Vol. 3 of the Proceedings of a Symposia in Applied Mathe- 
matics. References will be given to the six papers not published in 
this volume. 

R. V. CHURCHILL, 


Chairman of the Committee on Program and Arrangements 


J. W. T. Younes, 
Associate Secretary of the Society 


BOOK REVIEWS 


Les méthodes modernes du calcul des probabilités et leur application au 
problème de la turbulence. By J. Bass. (Groupement francais pour 
le développement des Recherches Aéronautiques, rapport tech- 
nique no. 28.) Paris, 1946, 241 pp. 


This is a technical report on methods of probability theory and 
their application to the problem of turbulence. It completely fulfills 
its purpose which is to give to the physicists a thorough picture of 
the theories involved as they stood in 1944. It contains also indica- 
tions of the contributions of the author and of other French mathe- 
maticians in 1945 but nothing about the contributions of Kolmogoroff 
and his school, unknown in France at the date of publication (1946). 
The author does not intend to give complete and rigorous proofs but 
mostly indicates the lines along which such proofs have been obtained. 

The first part deals with probability theory. In the first four chap- 
ters the author treats stochastic processes with independent incre- 
ments and Markoff chains. Chaps. V to VIII are concerned with 
random functions: stochastic differentiation and integration, and the 
stationary case. 

The second part deals with the statistical theories of turbulence. It 
starts with the Navier equations and the Reynolds theory, examines 
the Taylor theory, then the Dedebant and Wehrlé theory, and finishes - 
with the spectrum and the levels of perturbation. 

M. LoRVE 


Rings and ideals. By N. H. McCoy. (Carus Mathematical Mono- 
graphs, no. 8.) Buffalo, Mathematical Association of America, 1948. 
12-+216 pp. 


A ring is a set of elements which forms an abelian group under 
addition and is closed under multiplication which is associative and 
distributive. Postulates for a ring differing only slightly from the 
above were given by Fraenkel in 1914. 

The modern theory of linear associative algebras dates from 
Wedderburr’s thesis of 1907. A linear associative algebra is a ring 
which is specialized by possessing a finite basis relative to a field. This 
basis plays an essential part in Wedderburn’s treatment and in most 
of the work which has followed it. Several attempts have been made, 
one by Wedderburn himself, to extend the theory to algebras with 
an infinite basis. Probably the most successful generalization was 
made by Artin in 1927 by ignoring the basis and extending the main 


864 


BOOK REVIEWS l 865 


features of the Wedderburn structure theory to rings satisfying the 
chain conditions. Since then the theory of rings has developed 
steadily through the researches of many writers such as Noether, 
Krull, Köthe, von Neumann, Albert, Brauer, Jacobson, and McCoy, 
to mention only a few. That so many detailed theorems can be ob- 
tained from such general hypotheses is indeed remarkable, and at- 
tests the power of the abstract analysis. 

The concept of ideal had its genesis in the study of algebraic 
numbers, where it was introduced by Kummer and Dedekind. Wed- 
derburn based his theory of algebras on the concept of invariant 
subalgebra but later writers, recognizing the similarity of the two 
concepts, have used the word ideal in both connections. 

The book under review is an excellent introduction to this modern 
branch of algebra. Seldom does one have the pleasure of reading a 
book which has been written with so much care and expository skill. | 
The difficulties have been so carefully anticipated that the reader is 
apt to get a false impression of the simplicity of the material. 

There are nine chapters in the course of which the pace is gradu- 
ally increased. The first two involve well known material freshly 
presented. In Chapter III on Ideals and homomorphisms some of the 
fundamental properties of finite fields are very simply obtained. 
Chapter IV deals with the imbedding of one ring in another, particu- 
larly with quotient rings. The plot begins to thicken in Chapter V, 
Prime ideals in commutative rings. Use is made of Zorn’s Lemma, which 
McCoy calls the Maximum Principle. It is a form of Zermelo’s axiom. 

Chapter VI is entitled Direct and subdirect sums. This is material 
in the development of which the author has taken part. A result 
startlingly similar to the Wedderburn decomposition theorem for 
linear algebras holds in a commutative ring R. If yR is the Jacob- 
son radical, R/y is isomorphic to a subdirect sum of fields. 

Chapter VII is devoted to Boolean rings and the algebra of logic, 
and their generalizations, the p-rings. Chapter VIII is concerned with 
rings of matrices whose elements belong to an arbitrary ring R. For 
the introduction of determinants it becomes necessary to assume that 
R is commutative with more than one element, and that the unit 
element 1 is present. With these assumptions most of the theory 
of determinants and systems of equations carry over, but not without 
serious modifications in the usual theory. The extension of the con- 
cept of rank is particularly ingenious, but the reviewer will refrain 
from revealing the plot. The reader may find it on page 159. The 
author’s own researches on the characteristic ideal and the null ideal 
of a matrix are developed in this chapter. 
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The concluding chapter is entitled Further theory of ideals and com- 
mutative rings and is fairly concentrated. It is concerned with 
Noetherian rings and algebraic manifolds and is designed, probably, 
to leave the reader in a more humble frame of mind. 

It is surprising that this book and the one by Jacobson (The theory 
of rings, Mathematical Surveys, no. 2, New York, 1943) overlap so 
little. Doubtless McCoy planned it that way. Jacobson had more 
space at his disposal and his book has not been supplanted for refer- 
ence purposes. But the McCoy book has many novel points of view 
and some more recent material, and as an introduction to the power- 
ful and highly abstract method of thinking which now characterizes 
modern algebra, it is a gem. 

C. C. MACDUFFEE 


Mathematical analysis of binocular vision. By R. K. Luneburg. 
Princeton University Press, 1947. 6+104 pp. $2.50. 


An attempt is made in this study to derive a metric for the psycho- 
logical space of binocular vision. It is first shown that the recognition 
of greater and smaller and of greater and smaller contrast uniquely 
determines the psychometric coordination of numbers to sensation 
within the limits of a linear transformation. In order to proceed there 
is then introduced a rather strong hypothesis which is suggested by 
some experimental observations. 

Let an observer first view a point P with head fixed. For this 
situation a convenient set of coordinates is y, ¢, 9, where y is the 
angle of convergence (angle LPR, L and R representing the eyes), & 
is a lateral angular deviation (PLR/2—PRL/2), and 6 is the ang lar 
elevation of the plane PRE from the horizontal plane. Next let the ob- 
server be permitted to rotate his head about a vertical axis so that the 
eyes converge symmetrically on P. For this situation another set of 
coordinates y*, ¢*, 6* is introduced. The corresponding angles are very 
similarly defined. In the transformation from cartesian coordinates 
to these starred coordinates the distance d’ between the line through 
the eyes and the axis of rotation enters as a parameter.’ 

Now suppose we have two different configurations of object points, 
the first being viewed with fixed head, the second being viewed with 
-rotating head. If there is a correspondence between the two such that 
y for the first equals y* for the second and similarly ¢=¢*, 6=6*, 


1 It would seem that d’ could be experimentally made to take on values from zero, 
or even legs, to many times the normal value. If so it would be of interest to deter- 
mine whether or not the hypothesis would hold when the effect is accentuated by 
choosing extreme values of d’. 
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then the hypothesis is that the two configurations lead to the same 

sensation. Since elements of length appear to be equal, then if the 
apparent size is determined by a quadratic differential form, it fol- 
lows that 


gudy? + gaude? + gu?! +--+ + = guy? + gerdp™*® + gadd +--+ , 


where the coefficients gi(y, $, 9) on the left are the same functions 
as gu(y*, &*, 0*) on the right. This leads toa non-Euclidean metric in 
general. The observation that two line elements on the same line of 
view which give the same dy, dọ are seen as parallel, together with 
considerations of symmetry, leads to the quadratic differential form 


ds? = M*(y)(o%dy* + db? + cos? #9), 


in which o is a parameter of the observer which measures the relative 
effectiveness of convergence as compared with angular displacement 
in the estimation of length. Further considerations suggest that 
M(y)=1/sin ko(y +u), in which case the metric is hyperbolic. 

Some of the topics which are treated in considerable detail are the 
horopter problem (geodesic lines), the alley problem, and rigid trans- 
formations of the hyperbolic visual space. In the alley problem with 
walls sensed as parallel it is pointed out that the meaning of “parallel” 
is ambiguous. Two cases are treated which correspond to different 
instructions to the subject. These in general give different results, 
the difference depending on the geometry chosen. Thus, while it is 
possible to account for apparently conflicting experimental results, 
it is also possible to make use of the experimental data to obtain 
restrictions on the metric. Using the hyperbolic metric, the author 
calculates the shape of distorted rooms which are congruent to 
rectangular rooms, that is, rooms with distorted walls and windows 
which appear (under fixed conditions) to be identical to rectangular 
rooms with rectangular windows. 

Even if further experiments show that the metric derived is not 
adequate to account for the data, the author’s efforts will greatly 
facilitate the task of determining a better approximation. The point 
of view developed, together with the many suggestions given, should 
prove to be of great help in determining the direction to be taken 
for further theoretical studies and experimental observations. 

H. D. LANDAHL 


Leçons de g&ometrie différentielle, Vol. 1. By G. Vranceanu. Bucarest, 
Rotativa, 1947. 422 pp. 


This volume, which is the first of two proposed volumes, is divided 
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into two parts. The first part (Chapters I, II, III) deals with the 
author’s topics of predilection; namely congruences, finite continuous 
groups, and equivalence problems of congruences. The second part 
(Chapters IV, V, VI) may be thought of as a report on metric, affine 
and projective differential geometry of curved spaces. It is written 
in a style which reminds one of the charm, as well as of the dis- 
advantages, of Felix Klein’s lithographed lectures. It may be labelled 
as one of the most attractive books on geometry, written in the style 
of pre-epsilon-delta era. 

In the first chapter an informal approach is given to the funda- 
mental concepts necessary for the calculus of congruences: Tensor 
properties, Pfafhans and the corresponding bilinear covariants. 
Poisson’s brackets, and so on. 

The second chapter deals with Lie groups. The author starts with 
a one-parameter Lie group and develops the theory of an r-parameter 
Lie group with all its fundamental concepts. The classical Lie 
theorems are explained in an intuitive way using the notion of the 
neighborhood of identity. The structural tensors Ch, Ch, Ch, Cy are 
investigated and corresponding topics, such as derived groups, center, 
characteristic equation, are introduced. A complete study of a G; 
(canonical forms) is presented. The framework of this chapter is 
strictly a classical one. The modern idea due to Chevalley (Pon- 
trjagin) of considering a Lie group as an entity is not adopted, and 
consequently the Cartan-Schouten geometry of group space is not 
studied. 

The last section of this chapter is devoted to the concept of primi- 
tivity and transitivity of a group with subsequent developments and 
applications on G;. 

The third chapter is devoted to the problem of equivalence of 
congruences. The author uses throughout this chapter the calculus 
with linear Pfaffian forms and gives many examples which illustrate 
this theory. In particular, he ends this chapter by a thorough study 
of the invariants of an equation y’’= F(x, y, y’). 

In the fourth chapter the author introduces the elementary con- 
cepts dealing with an affine curved space La, covariant derivative, 
parallelism,! curvature, and torsion. Moreover, as is his predilection, 
he introduces a topic which may be described as a geometry of 
L, +ennuples. 

The investigation is sometimes rather superficial (pp. 224-225), 


1 G. Hessenberg may be thought of as a godfather to the idea of parallelism which 
was discovered in 1917 by Levi-Civita and independently of Levi-Civita by J. A. 
Schouten in 1918 (reviewer’s remark). 
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sometimes is dealt with by an unusually thorough treatment (pp. 
249-254). A relatively large part is devoted to the Cartan spaces 
with covariant constant curvature tensor. The statement on “Fermi’s 
theorem” (p. 219) is erroneous—for there is always a coordinate 
system #* along a given open curve C for which I%,=0 along C 
even in the case if C ts not a path. 

In the fifth chapter the author confines himself to just classical 
results about a Riemann space: geodesics, curvature, the embedding 
of a V, in a euclidean space Ey and the Levi-Civita deformation of 
geodesics. The embedding problem does not go beyond the classical 
elementary standpoint, where all the osculating spaces, as well as all 
the normal spaces, are mixed up. Incidentally, the E. E. Levi invari- 
ants Jp... are not invariant with respect to parameter trans- 
formations of the Va. The more recent and deeper results of W. 
Mayer, Tucker, T. Y. Thomas, Schouten-Struik are not discussed. 
In the last section the author reproduces in his own way the Levi- 
Civita deformation theory of geodesics. The resulting necessary and 
sufficient conditions (say Ig=0) are differential equations of second 
order. The reviewer would like to remark that in the case of a congru- 
ence they may be replaced by a system of order 1, say Li =0.? 

It seems to the reviewer that the topics being too familiar, the 
author hastened too much in their treatment, for there are some 
points in this chapter which have to be corrected: The equation 
(3), p. 298 is misleading. The formulae (4’) p. 299 and (5) p. 302 lead 
in the case of a non-definite metric to | cos o| >1 (N). Page 305: “En 
désignant...les differentielles des arcs sur deux congruences 
nulles. ...” The nonzero arc is uniquely defined (p. 300) only for 
non-null curves. The last formula on p. 317 is misprinted and the first 
formula on p. 318 is wrong but this fact does not affect the right 
result.’ 

The last chapter deals with the projective connection. There are 
different treatments of this topic: that of the Princeton school in- 
cluding Veblen’s and T. Y. Thomas’ theories, Cartan’s method of the 
“repére mobile,” Schouten-v. Dantzig algorithm which uses homo- 
geneous coordinates. The author confines himself to the introductory 


2 If dealing with a congruence, we have Lg = DL +L Dat, where D stands for co- 
variant derivative along the curve to be deformed and 7 is its unit tangential vector. 
(See Hlavatý, Les courbes de la variété générale à n dimensions, Mémorial des Sciences 
Mathématiques, no. 43, Paris, 1934, pp. 47-63.) Hence Z;=0 is a sufficient but not 
necessary condition. 

3 Some minor mistakes or misprints may be easily checked and corrected by the 
reader himself. 
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elements of the Princeton school and Cartan’s method and uses the 
ennuple calculus to investigate thoroughly the one- and two-dimen- 
sional spaces. The approach to the projective connection is very 
intuitive but not a satisfactory one: The author obtains the projective 
connection “En considérant . . . les espaces euclidiens Ep and Eg de 
deux points voisins P et Q et en désignant avec Xó les coordonnées 
de OQ dans Ep-:-” (p. 372). This kind of heuristict assumption has 
to be avoided in a modern mathematical book.’ 

The book is clearly meant for specialists. Any specialist will enjoy 


it for its large number of topics. 
V. HLAVATÝ 


t The assumption mentioned in the text above is mathematically incomprehensible 
to the reviewer. It seems to be described fully by the following argument: “Let Q be 
so close to P that it is incident with Ep, in spite of the fact that Ep 4Eg.” No exact 
mathematical proof may be based on such contradictory requirements. 

5 The same remark holds for the author’s approach to the affine connection. 


ABSTRACTS OF PAPERS 


The abstracts below are abstracts of papers presented by title at 
the Fifty-Fifth Summer Meeting of the American Mathematical 
Society. Abstracts of papers presented in person at that meeting 
will be included in the report of the meeting which will be published 
in the November issue of this BULLETIN. 

Abstracts are numbered serially throughout this volume. 


ALGEBRA AND THEORY OF NUMBERS 


445. W. V. Parker: On matrices whose characteristic equations are 
tdentical. 

Two generalizations of an earlier theorem (Bull. Amer. Math. Soc. vol. 55 (1949) 
p. 115) are given. (1) Let A be an nXm matrix of rank r <n and let C bean mXn 
matrix such that ACA =kA (ka scalar). If B is an mX» matrix, the characteristic 
equation of AB is x**¢(x)=0 and the characteristic equation of A(B+C) is 
at "(x —k) =0, (2) If Mand N are square matrices such that MN (or NM)=N?=0, 
then M and M++-N have the same characteristic equation. (Received July 5, 1949.) 


446. H. J. Ryser: A note on a combinatorial problem. 


Let v elements be arranged into v sets such that each set contains exactly k dis- 
tinct elements and such that every pair of distinct sets has exactly X elements in com- 
mon (O<A<Z<p). It is shown that these hypotheses imply that \=k(k~1)/(»—1). 
It then follows readily that in the given arrangement each element must occur exactly 
k times and every pair of elements must occur exactly X times. For further results 
concerning the above combinatorial problem see the recent abstracts of Chowla and 
Ryser entitled Combinatorial problems I and II. (Received June 12, 1949.) 


ANALYSIS 
447. Garrett Birkhoff: Group theory and differential equations. 


Let an nth order system of ordinary differential equations T be invariant under a 
solvable Lie group having m-dimensional sets of transitivity. Then the integration of 
T can be reduced to the integration of an (n—m)th order system, and quadratures, 
(Received May 5, 1949.) 


448. S. H. Chang: A generalization of a theorem of Hille and 
Tamarkin with applicattons. 


Hille and Tamarkin (Acta Math. vol. 57 (1931) pp. 1-75, p. 46) proved that if 
E(x, y)/ax?m KO (x, y) (oml, 2,---,s$—2) be continuous’and K@-Y(x, y) 
= fret, y)dt+c(y) where g(x, y)CLA, so that |le(x, D= | e(x, y| Maxdy< +o, 
then the set of characteristic values {ua} of K(x, y) satisfies 1/ N In 
this paper the author proves that under the same hypothesis, we also have 1/ R 
m o(h 13), where {da} denotes the set of singular values of K(x, y), that is, E. 
Schmidt’s characteristic values of unsymmetric kernels. From this result, the author 
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gets a new simpler proof of Hille and Tamarkin's theorem and also proves that if a 
kernel satisfies Hille and Tamarkin’s condition, then there is a decomposition of 
K(x, y) into at least 2s L? factors: K(x, y)—=KiKy- > - K(x, y), where K,Kafx, y) 
= T Kıfz, s)Ka(s, yds, Ki. KiKs(x, y) = (KK) K(x, y), and so on. In the appendix, 
the author gives another very simple proof that if 6°K(x, y)/dx? (p=1, 2,-++,5) 
is continuous in a Sx, yb, then 1/| ual =o(h7" Y1) and “aa =o(kh\V2): it ig a 
generalization of a theorem of Weyl. (Received June 7, 1949.) 


449. S. H. Chang: A relatton between the charactertstic values and 
singular values of integral equations. 


It is known that an unsymmetric L? kernel K(x, y) may have no characteristic 
values while the corresponding kernel KK*(x, y) = fa K(x, s)K(y, s)ds has at least one 
characteristic value and may even have infinitely many characteristic values. Now in 
this paper, assuming that K(x, y) has characteristic values, and letting {ua} be the 
set of characteristic values of K(x, y) and {\,} be the set of characteristic values of 
the kernel KK*(x, y) such that [m|Slus}S---, [| S|] S---, the author 
gives two proofs that [à| S|] with some other interesting deductions. A parallel 
theorem about matrices can be easily deduced from a theorem of A. Loewy and R. 
Brawer (Töhoku Math. J. vol. 32 (1929) pp. 45-49). By a parallel theorem is meant 
a theorem which plays a role in the Fredholm solution of linear integral equations 
which is analogous to Cramer’s rule for solving linear systems of algebraic equations. 
However, it is evident that theorems about matrices cannot cover the situations en- 
countered in integral equations. (Received June 7, 1949.) 


450. S. H. Chang: On the distribution of the characteristics values 
and singular values of linear integral equations. 


In the first part, a new method is given to determine the order of magnitude of 
characteristic values and singular values of linear integral equations, as given by the 
following theorem: Let {ua[K]} and {M [K]} be the sequences of characteristic and 
singular values, respectively, of the real L? kernel K(x, y) and let Dw (à) 
=. ,(-1) ead” be the Fredholm determinant of KK’'(x, y) =~ f3 K(x, s)K(y, s)ds. 
Then the convergence of the series ae! /|y[K l| t (r >0) implies the convergence of 
the series 2 1/ | u KE Ir. The converse is not true. Also a necessary and sufficient 
condition for the convergence of the series >. ey) ha [K] (0 <r <2) is the con- 
vergence of the series Da Calera, In the second part, the author proves that for the ` 
composite kernel K(x, y) =Kıka  - - Ku(z, y) where KiK:(x, y) = R(x, s)K3(s, y)ds, 
Ei K2K3(x, y)=(KiKi)Ki(x, y), and so on, each Ki(x, yC! the series 
Dra 1/|da[K] | and Soy, 1/| [K ]|*" are both convergent. Also for any Marty 
kernel K(x, y)=QL(x, y}, where Q(x, y) is a semidefinite continuous symmetric 
kernel, the series I, , 1/|a[K]|* is convergent. Finally in the appendix, the 
author proves that if K(x, y) is a real symmeric kernel such that K(x, y)/ðx is 
continuous in 6 Sx, ySb, then K(x, y) has a decomposition into at least 2r factors: 
K(x, y)=KiKa- +> Ke(x, y). (Received May 6, 1949.) 


451. S. H. Chang: On the integral equations with normal kernels. 


A. Loewy and R. Brawer proved that for a matrix V such that VĮ = Vs the 
characteristic roots of the matrix W=V’Y are of the form T.f where 71, ra, * °°, Tn 
are the characteristic roots of the matrix V (Töhoku Math. J. vol. 32 (1929) pp. 45- 
49). In this paper, the author proves that for normal kernels of integral equations, 
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that is, kernels satisfying the condition KK*(x, y)~K*K(x, y) or f° K(x, YEG, s)ds 
= F K(s, x)K(s, y)ds, the set of characteristic values N} of KK*(x, y) and those 
{ua} of K(x, y), arranged in the usual order |M] S|Mx]S---, jal SlmlS---, 
must satisfy the relation |ua] = [Aal (Am1, 2,» ). The author also obtains in the 
paper: (i) a proof that any normal kernel has at least one characteristic value; (ii) 
a generalization of a theorem of Heywood and Goursat to the effect that if K(x, y) 
=L.I.M. Kl y), where KiK,(x, y) <0, itj; i, jel, 2, +, and ||K(x, yj]? 
= >t, [Ee Dh< ©, then Dr) = I] DE (A); here DE(A) is the modified 
Fredholm determinant in Carleman’s sense of K(x, y); (iii) a general solution of 
integral equations with normal kernels, and related results. (Received June 7, 1949.) 


452. V: F. Cowling: On the analytic continuation of Newton series. 


Let A>0 and 0<B Svr. Let a(w) be regular in the region | Arg (w—h| SB, and 
there satisfy the condition | a(h-+-Re'¥)| S R* exp (-LR sin y) for some k and some L, 
0<L<2x, and all large R. Then if f(s) = I, s{r)(-1)"(C,_..) has an abscissa of 
convergence o<-}+ œ, it is entire. (Received June 16, 1949.) 


453. I. I. Hirschman and J. A. Jenkins: On lacunary Dirichlet 
series. 

This paper considers the relation between the degree of lacunarity of a Dirichlet 
series and the allowable modular orders of its zeros on the abscissa of holomorphy. A 
special case of these results is that if f is represented as the sum of a Dirichlet series 


whose exponents have exponent of convergence »<1, and if f has an exponential zero 
of order x with a>v/(1—r), then f=0. (Received April 5, 1949.) 


454. E. J. McShane: Linear functtonals on certain Banach spaces. 


By using the property of uniform convexity, a simple derivation is obtained for 
the form of the general linear functional on spaces Lp, the integrals being over any 
space on whose subsets a measure function is defined, and also for the linear functional 
on spaces L,(B) of functions f(:) with values in a Banach space B and having 
l[f¢-)|]?-4¢(-) integrable in the sense of Bochner. (Received March 29, 1949.) 


455. Leopoldo Nachbin: A theorem of the Hahn-Banach type for 


linear transformations. 


A (real) normed space E is said to have the extension property if, for any normed 
space X and any vectors subspace S(_X, every continuous linear transformation 
f: SOE has a continuous linear extension F: X—E with (Pa) =| fl]. A necessary and 
sufficient condition for this is that the collection of all (closed) spheres of should 
have the following property: every subcollection, any two members of which inter- 
sect, has a nonvoid intersection. Every complete vector lattice E, with an order unity 
e, can be made into a normed space in a natural way, the norm being ||¢l| 
=inf fA: -Aest sie}. Then E has the extension property and ¢ isan extreme point of 
the unity sphere. Conversely, if a normed space E has the extension property and 
contains e as an extreme point of the unity sphere, there is one and only one way of 
making E into a complete vector lattice with e as an order unity such that the norm 
deduced from the ordering be identical to the given one. By using some results estab- 
lished by S. Kakutani (Ann. of Math. vol. 42 (1941)) and by M. H. Stone (Canadian 
Journal of Mathematics vol. 1 (1949)), a representation theorem of a normed space 
with the extension property as the system of all continuous real functions over certain 


874 ABSTRACTS OF PAPERS [September 


compact Hausdorff spaces and a relation to the theory of complete Boolean algebras 
are given. The question, involved in these results, as to whether every normed space 
with the extension property must contain some extreme point in its unity sphere is 
left undecided. (Received May 17, 1949.) 


456. Jane C. Rothe: The existence of multiple solutions of elliptic 
differential equations. 


By using topological methods, existence theorems are obtained for the differential 
equation (1) F(x, Y, 3, p, 4, r, $, t) = Wo(x, y) having in a region K an initial solution 
Zo(x, y) which is elliptic relative to F. More precisely, if ¢o is the boundary value of 
Zo, it is proved that for ġı and y; sufficiently close to ¢p and Yo, equation (1) has a solu- 
tion zı in region K when yı is substituted for yo in (1); and zı has boundary value 
¢i. The theorems are new in that it is not necessary to assume that the Jacobi dif- 
ferential equation associated with (1) has only the zero solution in K, That is, the 
main assumption used in the classical-treatment is dropped. Also the existence of 
several distinct solutions is demonstrated for certain quasi-linear elliptic equations: 
A (x, y)0%2/dx? +B (x, y)d*z/dxdy+C(x, y)d%/dy? +(x, Y, z, b, d) =la, y). (Received 
June 23, 1949.) 


457. C. F. Stephens: Nonlinear q-difference equations. 


The author applies to g-difference systems a method used for difference systems 
in an earlier paper (Trans. Amer. Math. Soc. vol. 64 (1948) pp. 268-282), with suit- 
able modifications, and obtains results similar to those found for difference systems. 
(Received June 21, 1949.) 


458. J. L. Walsh and H. Margaret Elliott: Polynomial approxtma- 
tion to harmonic and analytic functions: generalised continutty condi- 
tions. 

Zygmund has shown that the uniform condition (*) | f(s+h) +f(s-h) —2f(s) | 
SZL|h| for a continuous periodic function of the real variable s is significant in the 
study of approximation of f(s) by trigonometric polynomials. The authors investigate 
this condition in the complex domain and show that if f(z) is analytic interior to an 
analytic Jordan curve C, continuous in the closed interior C, and if f(z) exists on C 
and satisfies there a condition (*), then f(s) can be approximated in Č by polynomials 
in s with degree of approximation 1/n®*!, and conversely. Let g(x, y) denote Green’s 
function for the exterior of C with pole at infinity, and let Cr denote the level curve 
g(x, y) =log R (>0); if f(s) exists on Cr and satisfies there a condition (*), then f(z) 
can be approximated in C by polynomials in z with degree of approximation 1/R'n#t; 
if f(s) can be approximated in C with degree of approximation 1/R*n**?, then f(z) 
exists on Cr and satisfies (*). If a Jordan curve C is sufficiently smooth, if f(z) is 
analytic interior to C and continuous in C, and if (*) is satisfied on C, then the condi- 
tion | f(s-+As) +f(e—Az) —2f(z)| SL'| Az] is valid uniformly for z, —As, s+-Az in C. 
(Received May 20, 1949.) 


459. D. V. Widder: An tnverston of the Lambert transform. 


The Lambert transform is defined by the equation F(x) => a(#)/[e*—1 ]dt. 
It is shown that the transform can be inverted by the symbolic operator 
(1/¢(D)(1/T(D)) applied to the function F(e*). Here ¢(s) is the zeta function of Rie- 
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mann, Ts) is the familiar function of Euler, and D stands for the operation of dif- 
ferentiation. The symbolic inversion operator is realized by the combination of the 
operation ae u(n) F(nx), which converts the Lambert transform into a Laplace trans- 
form, and the Post-Widder formula, which is known to invert the latter. Here pu(1) 
is the Mobius function. (Received May 28, 1949.) 


LOGIC AND FOUNDATIONS 


460. J. B. Rosser and Hao Wang: Nonstandard models for formal 
logics. 


A model for a logic is called nonstandard if it fails to have certain properties which 
are apparently called for by the axioms of the logic. Thus, if a logic Z contains the 
ordinal numbers and in a model M of L the ordinal numbers of Z are represented by a 
subset of M which is not well-ordered, then M is a nonstandard model of L. For the 
system of logic known as Quine’s New Foundations, it is shown that there are no 
standard models. For a certain logic L with a simple theory of types, the existence of 
a standard model is shown, and it is further shown that within various other formal 
logics (including one with a simple theory of types) one can prove that L has a stand- 
ard model. It is further shown for logics in general that if they are w-consistent, then 
they cannot prove about themselves that if they are consistent, then they must havea 
standard model. Since the usual theorems about modelling can be proved within such 
logics (a proof of this is sketched), it follows that the property of having a standard 
model is quite exceptional, and so may fail for other logics besides Quine’s New 
Foundations. (Recetved April 26, 1949.) 


TOPOLOGY 
461. Mary E. Estill: Concerning abstract spaces. 


Let Axiom 1; denote the axiom resulting from the omission of condition (4) in the 
statement of Axiom 1 of R. L. Moore’s Foundations of point set theory. Let Axiom 1” 
denote the axiom obtained by replacing condition (4) of Axiom 1 by the statement: 
if gi, 22, * ° - is a sequence such that, for each n, g£, is a region of Ga containing £.-ı, 
then fı, £2, * + * have a point in common. In his paper Concerning separability Moore 
has shown that if Axioms 0 and 1 hold true and there do not exist uncountably many 
mutually exclusive domains, then space is separable. In the present paper it is shown 
that this proposition does not remain true if Axiom 1 is replaced by Axiom 1;. The 
relationship between several modifications of Axiom 1 are considered. In particular it 
is shown that there is a space satisfying Axioms 0 and 1; which is not a subspace of 
any space satisfying Axioms 0 and 1’’and also that there is a space satisfying Axioms 
0 and 1” which is not a subspace of any space satisfying Axioms 0 and 1. (Received 
May 31, 1949.) 


NOTES 


It has been announced that in connection with “Jubile Scientif- 
ique du Professor Maurice Fréchet” one or two prizes will be 
awarded to an author, or authors, of a memoir on general analysis. 
The prize winners will be selected by a committee appointed by the 
Council of the Société Mathématique de France. The rules of the 
competition are as follows: Manuscripts in a foreign language should 
be accompanied by a typewritten summary in French. All manu- 
scripts should be sent to the President of the Société Mathématique, 
Institut H. Poincaré, 11, rue Pierre Curie, Paris 5, before March 1, 
1950. They should treat of general analysis (theory of abstract 
spaces, transformations of abstract elements into abstract elements) 
or its applications. Manuscripts should bear the name and address 
of the author. If preferred, authors who desire to remain anonymous 
can write an identifying sentence on the manuscript, which is repro- 
duced ‘on a sealed envelope containing the name and address of the 
author. 

Professors Emil Artin of Princeton University, Garrett Birkhoff of 
Harvard University, André Weil of the University of Chicago, and 
Oscar Zariski of Harvard University will participate in a colloquium 
on Algebra and the Theory of Numbers (sponsored by the Centre 
National de la Recherche Scientifique) to be held in Paris, Septem- 
ber 23-October 1, 1949. 

Professor L. V. Kantorovich of the University of Leningrad has 
been awarded a Stalin prize for his work on functional analysis. 

Professor A. D. Ross of the University of Western Australia re- 
ceived King’s Birthday Honors. 

Dr. S. A. Schelkunoff of the Bell Telephone Laboratories has been 
awarded the Stuart Ballantine Medal of the Franklin Institute for 
his outstanding contributions to the extension of the electromagnetic 
wave theory. 

Dr. E. E. Moise of the University of Michigan has been awarded 
a National Research Fellowship and will study at the Institute for 
Advanced Study. 

Professor Selig Brodetsky of Leeds University has been appointed 
to the presidency of Hebrew University. 

Professor Alberto Dias Coimbra of Lyceum, Evora, Portugal, has 
been appointed to an assistant professorship at the University of 
Coimbra, Coimbra, Portugal. 

Mr. Balthasar van der Pol of the Advisory Committee for Radio 
Communications, Eindhoven, Netherlands, has accepted a position 
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with the International Telecommunication Union, Geneva, Switzer- 
land. 

Dr. Peter Thullen of the Colombian Insurance Company, Bogotá, 
Colombia, has accepted a position as chief actuary with the Social 
Security Department of the Republic of Panama. 

Dr. Milton Abramowitz of the Computation Laboratory of the 
National Bureau of Standards is now associated with the 3 umerical 
Mathematics Service of New York City. 

Mr. R. V. Andree of the University of Wisconsin has been ap- 
pointed to an assistant professorship at the University of Oklahoma. 

Professor Max Astrachan of Antioch College is on leave and has 
been appointed to a professorship at the U. S. Air Forces Institute of 
Technology, Dayton, Ohio. 

Dr. W. E. Barnes of Cornell University has been appointed to an 
assistant professorship at the College of William and Mary. 

Associate Professor J. W. Beach of the New Mexico School of 
Mines has been appointed to an assistant professorship at the Univer- 
sity of New Mexico. 

Assistant Professor R. H. Bing of the University of Wisconsin has 
been appointed to an acting professorship at the University of 
Virginia. 

Dr. J. H. Blau of the Massachusetts Institute of Technology has 
been appointed to an assistant professorship at Pennsylvania State 
College. 

Mr. Joseph Blum, who has been employed in the Department of 
the Army in Washington, D. C., has accepted a position as staff 
member at the Los Alamos Scientific Laboratories. 

Dr. C. E. Bures of the University of Oregon has been appointed to 
an assistant professorship of philosophy and psychology at the Cali- 
fornia Institute of Technology. 

Dr. Sarvadaman Chowla of the Institute for Advanced Study has 
been appointed to an acting professorship at the University of 
Kansas. 

Mr. R. F. Cotellesa of Columbia University has accepted a position 
as engineer with the Allen B. DuMont Laboratories, New York, N. Y. 

Assistant Professor V. F. Cowling of Lehigh University has been 
appointed to an associate professorship at the University of Ken- 
tucky. 

Mr. N. J. Divinsky of the University of Chicago has accepted a 
position as research associate with the Cowles Commission for Re- 
search in Economics, Chicago, Ill. 

Mr. J. H. Engel of the University of Wisconsin has accepted a posi- 
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tion as staff member, Operations Evaluation Group, Massachusetts 
Institute of Technology. 

Mr. Robert Fitzpatrick of the University of Pittsburgh has ac- 
cepted a position as project director with the American Institute for 
Research, Pittsburgh, Pa. 

Dr. M. M. Flood of the American Statistical Association has ac- 
cepted a position as project officer with the Rand Corporation, Santa 
Monica, Calif. 

Mr. E. E. Floyd of Princeton University has been appointed to an 
assistant professorship at the University of Virginia. 

Mr. J. R. Foote of the Massachusetts Institute of Technology has 
been appointed to an assistant professorship at the Iowa State Col- 
lege of Agriculture and Mechanic Arts. 

Dr. A. W. Goodman of Rutgers University has been appointed to 
an associate professorship at the University of Kentucky. 

Professor E. D. Hellinger of Northwestern University is on leave 
and has been appointed to a visiting professorship at the Illinois 
Institute of Technology. 

Mr. W. C. Hoffman of the Iowa State College of Agriculture and 
Mechanic Arts has accepted a position as assistant scientist with 
the Rand Corporation, Santa Monica, Calif. 

Assistant Professor M. Gweneth Humphreys of Newcomb Memo- 
rial College, Tulane University of Louisiana, has been appointed to 
an associate professorship at Randolph Macon Woman’s College. 

Professor W. R. Hutcherson of Northwestern State College, 
Natchitoches, La., has been appointed to a professorship at the Uni- 
versity of Florida. 

Professor J. B. Jeffries of the Agricultural and Technical College of 
‚North Carolina has accepted a position as assistant director with the 
Midway Technical School, New York City. 

Mr. C. E. Langenhop of Princeton University has been appointed 
to an assistant professorship at the Iowa State College of Agriculture 
and Mechanic Arts. 

Dr. Lee Lorch of City College, New York City, has been appointed 
to an assistant professorship at Pennsylvania State College. 

Professor H. B. Mann of Ohio State University is on leave and has 
been appointed to a visiting professorship at the University of 
California. 

Associate Professor C. G. Maple of North Texas State Teachers 
College has been appointed to an associate professorship at the 
Iowa State College of Agriculture and Mechanic Arts. 

Assistant Professor Paul Meier of Lehigh University has accepted 
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a position as statistician with the Philadelphia Tuberculosis and ° 
Health Association. 

Dr. B. C. Meyer of Stanford University has been appointed to an 
assistant professorship at the University of Arizona. 

Assistant Professor H. J. Miser of Williams College has accepted a 
position as operations analyst with the U. S. Air Forces. 

Mr. J. D. Newburgh of the Massachusetts Institute of Technology 
is now at the Institute for Advanced Study. 

Dr. Paul Olum of the Institute for Advanced Study has been ap- 
pointed to an assistant professorship at Cornell University. 

Mr. C. L. Perry of the University of Michigan has been appointed 
to an assistant professorship at the University of Arkansas. 

Dr. R. C. Prim of Princeton University has accepted a position as 
mathematician with the Bell Telephone Laboratories. 

Mr. Frank Proschan of George Washington University has ac- 
cepted a position as statistician with the Atomic Energy Commission, 
New York City. i 

Mr. Gordon Raisbeck of the Massachusetts Institute of Technology 
has accepted a position as staff member with the Acoustics Division, 
Bell Telephone Laboratories. 

Professor W. E. Roth of Sampson College has been appointed to a 
professorship at the University of Tulsa. 

Dr. H. J. Ryser of the Institute for Advanced Study has been 
appointed to an assistant professorship at Ohio State University. 

Assistant Professor Alfred Schild of the University of Toronto has. 
been appointed to an assistant professorship at Carnegie Institute of 
Technology. 

Dr. W. R. Scott of the University of Michigan has been appointed 
to an assistant professorship at the University of Kansas. 

Mr. K. M. Siegel has been appointed to the position of research 
associate at the Aeronautical Research Center, University of Michi- 
gan, Willow Run Airport, Ypsilanti, Mich. 

Associate Professor H. E. Stelson of Michigan State College is on 
leave and has been appointed to a visiting professorship at the Uni- 
versity of Hawaii. 

Dr. D. B. Sumner of the University of Toronto has been appointed 
to an associate professorship at the Louisiana State University and 
Agricultural and Mechanic College. 

Professor Otto Szasz of the University of Cincinnati is on leave 
and will be at the Institute for Numerical Analysis, National Bureau 
of Standards, University of California at Los Angeles, for the aca- 
demic year beginning September 1949, 
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Dr. Deonisie Trifan of Case Institute of Technology has been ap- 
pointed to an assistant professorship at the University of Arizona. 

Dr. Bryant Tuckerman of Cornell University has been appointed 
to an assistant professorship at Oberlin College. 

Assistant Professor G. L. Walker of Purdue University is on leave 
and has been appointed to a visiting professorship at Cornell Uni- 
versity. 

Dr. V. M. Wolontis of Harvard University has been appointed to 
an assistant professorship at the University of Kansas. 

Professor T. O. Yntema of the University of Chicago has accepted 
a position as Vice President with the Ford Motor Company, 
Birmingham, Mich. 

The following promotions are announced: 

H. A. Heilbronn, University of Bristol, to a professorship. 

E, A. Machado, University of LaPlata, to an assistant professor- 
ship. 

Daniel Pedoe, Westfield College, University of London, to reader 
in pure mathematics. 

V. W. Adkisson, University of Arkansas, to Dean of the Graduate 
School. 

D. B. Ames, Rensselaer Polytechnic Institute, to a professorship. 

J. D. Bankier, McMaster University, to an associate professorship. 

H. D. Block, Iowa State College of Agriculture and Mechanic Arts, 
to an assistant professorship. 

T. A. Botts, University of Virginia, to an assistant professorship. 

P. B. Burcham, University of Missouri, to an associate professor- 
ship. 

Paul Civin, University of Oregon, to an associate professorship. 

C. L. Clark, Oregon State College, to a professorship. 

J. E. Eaton, Queens College, to an assistant professorship. 

Ky Fan, University of Notre Dame, to an associate professorship. 

R. E. Gaskell, Iowa State College of Agriculture and Mechanic 
Arts, to an associate professorship. 

N. G. Gunderson, University of Rochester, to an assistant pro- 
fessorship. 

P. R. Halmos, University of Chicago, to an associate professorship. 

Eugene Isaacson, New York University, to an assistant professor- 
ship. 

V. L. Klee, University of Virginia, to an assistant professorship. 

Mary A. Lee, Sweet Briar College, to an associate professorship. 

J. G. Lemmer, West Baden College, Loyola University, to an asso- 
ciate professorship. 
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F. J. Murray, Columbia University, to a professorship. 

H. K. Riess, Physics Department, Tulane University of Louisiana, 
to an associate professorship. 

R. A. Rosenbaum, Reed College, to a professorship. 

J. A. Schumaker, MacMurray College for Women, to an assistant 
professorship. 

W. T. Scott, Northwestern University, to an associate professor- 
ship. | 

E. B. Shanks, Vanderbilt University, to an associate professorship. 

Andrew Sobczyk, Boston University, to an associate professorship. 

C. W. Topp, Fenn College, to an associate professorship. 

M.L. Vest, West Virginia University, to an associate professorship. 

S. I. Vrooman, Rensselaer Polytechnic Institute, to an assistant 
professorship. 

Frances Weisbecker, Milwaukee-Downer College, to an assistant 
professorship. 

R. M. Whitmore, Southwestern University, to an associate pro- 
fessorship. 

Jacob Wolfowitz, Columbia University, to a professorship of mathe- 
matical statistics. 

The following appointments to instructorships are announced: 
Institute of Technology, Delft, Netherlands: Dr. N. H. Kuiper; 
Allegheny College: Mr. T. T. Tanimoto; Brown University: Dr. 
Gerald Freilich; Cambridge Junior College: Mr. Carl Cohen; Clark 
University: Mr. R. R. Christian; Clarkson College of Technology, 
Malone, N. Y.: Mr. Leon Benson; Clemson Agricultural College, 
Clemson, S. C.: Mr. R. B. Johnson; Duke University: Miss Mary E. 
Estill; Goucher College: Dr. Verena H. Haefeli; University of 
Hawaii: Mr. C. H. Murphy; Illinois Institute of Technology: Mr. 
E. F. Trombley; Massachusetts Institute of Technology: Dr. E. A. 
Coddington, Mr. B. W. Lindgren; University of Michigan: Mr. W. 
J. LeVeque, Mr. A. J. Lohwater; University of Minnesota: Miss 
Margaret Owchar; University of Missouri: Mr. J. W. Gaddum; 
Montana State College: Mr. J. E. Whitesitt; New York University: 
Dr. G. E. Noether; Oklahoma Agricultural and Mechanical College: 
Mr. C. J. Clark; University of Pennsylvania: Miss Anne M. Whitney; 
Pennsylvania State College: Miss Leila R. Raines; Princeton Uni- 
versity: Mr. F. H. Brownell; Reed College: Mr. D. V. V. Wend; 
Temple University: Miss L. Aileen Hostinsky; University of Wash- 
ington (Department of Philosophy): Mr. E. C. Schlesinger; Wilson 
College: Miss Joan E. Robinson; Yale University: Dr. D. T. Fink- 
beiner. 


882 NOTES 


Dr. J. K. L. MacDonald of the Naval Ordnance Test Station, 
China Lake, Calif. died February 3, 1949, at the age of ‘forty-three 
years. 

Professor Nelle Miller of the University of Arizona died June 20, 
1949, at the age of sixty-eight years. 

Professor A. H. Mowbray of the University of California died on 
January 7, 1949, at the age of sixty-seven years. 

Dean Emeritus R. G. D. Richardson of Brown University died 
July 17, 1949, at the age of seventy-two years. He was a member of 
the Society for forty-four years. 
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SOME PROBABILITY LIMIT THEOREMS 
A. M. MARK 


1. Introduction. We prove the following theorems: 

Let X1, Xa ++ - be independent, identically distributed random 
variables, each having mean 0 and standard deviation 1 and let 
S= Xit Xt - 2+ +Xr 

I. If N= [an] where 0<a<1, then: 


lim Prob {min (Sw41, Swa © * © y Sn) > Anti} = VCB) 


where 
1 p°” , (ua?) (1-0)? 
Vi(8) = -f e* rau | ed. 
E Y er t—0 


II. If p(¢) is continuous in 0StS1 and has at most a denumerable 
set of zeros in the interval, then: 


e 1 2 a 2 
im Prob {3 I li/m)S; < Bh = Vale) 
no» N el 
where the characteristic function of V:(8) is given by 


f " el6tdV (8) = (DOR) 


—n 


and D(A) is the Fredholm determinant associated with the integral 
equation 


1 
df min (s, Np Osa = Fo). 
0 
In the case where p(#) >0 in OStS1, we have 


fear = Ta - nr 
—o j=1 
where `^, Az, - » » are the eigenvalues of 

g” (s) + p(s)g(s) = 0 


subject to the conditions 


Presented to the Society, September 5, 1947; received by the editors June 29, 
1948. 
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g(0) = g’(1) = 0. 


We also prove the following: 

I. Let Xn Xna + +, Xan be independent, identically distributed 
random variables, each having standard deviation 1 and mean u, 
where lim,.. nun =u. Let Saj=XaitXaat ++ > Xn. Then: 


1 A 
lim Prob is > SS at = V;(8) 


where the characteristic function V;(8) is given by 


* u? / tanh (—24§)1/3 
PE et IL 1/2 ae Aas Cp 

f etd V8) = (sech (—2##)1/*)1/* exp j- ( (pin 1)! . 

The pattern of proof is essentially the same for the three theorems. 
We show first that the limiting distribution, if it exists, is inde- 
pendent of the distribution of the X’s. A particular distribution is 
then chosen so that the limiting distribution can be conveniently 
calculated. This method was first used in a joint paper by Erdös and 
Kac [1].!: Since our independence proofs differ only slightly from 
those in the latter paper, the details will not be given here.? More- 
over, it will easily be seen that the requirement of identically dis- 
tributed variables may be relaxed since it is only essential that the 
central limit theorem apply to the variables in question. a 

From I, the following corollary is obtained: 


Pr 
Er“ 


1 
lim Prob {min (Swii,++-,5s) > 0} = — sin”! al2, 
>» T 


If, in addition, we let M = [yn], 0<y<& <1, it can be shown by a 
method similar to the one used in proving I that 


lim lim Prob {min (Syn, Suta +++, SN) > 0l] Sal < wn!!?} 


wo +9 
1 y(1 — a)\? 
= = sin Gas | 
© a(i — y) 
These special results had previously been derived by Lévy [3]. As 
stated, his theorems apply only to normally distributed X, although 
he seems to have been aware that his theorems were true for the 
general class of distributions considered here. 
Theorems II and III are generalizations of the third theorem in 
[1]. The calculation made in II for the special case where p(t) >0 is 
similar to that made by Kac and Siegert [4, pp. 392-393]. There is a 


1 Numbers in brackets refer to the bibliography at the end of the paper. 
2 The details may also be seen in another paper by the same authors [2]. 
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footnote in the latter paper that in the general case we must resort 
to the Fredholm determinant but the details are not carried out there. 
The results of the special case of positive p(f) in Il and also III had 
been obtained by Cameron and Martin [5, 6] in their work on 
Wiener space. Their results are equivalent to ours for the case of 
normally distributed X’s. 

‚The theorems can easily be interpreted in terms of a one-dimen- 
gional random walk. Theorems I and II would apply to a free particle 
and III would apply to a particle in a constant force field. 


2. Proof of I. Let 
M P,(8) = Prob {min (Syn, Sa) > Amt}. 
Let k be a positive integer and let 
| ny= N+ [Ks - Mj]  G=1,2,-+-, 2b) 


and 
P,,x(8) = Prob {min (Snu Say" Sm) > Bat}. 
Then, for any e>0, we have 
Pas(B+e) — 1/ke < P,(B) < Pa.b). 


Letting n— œ and using the multidimensional central limit theorem, 
we Have 


Prob {min (Ri, Ra, +++, Ra) > (B + 9k12} — 1/ke 


(1) <S lim inf P,(8) S lim sup P, (8) 
S Prob {min (Ri, +--+, Ra) > BR} 
where 


Ri = (1+ (& — 1)a)G,, 
R; = Ri + (1 — a)/9G.+Gs +--+ +G) (j & 2) 


and Gi, Gs, - - - are independent, normally distributed random vari- 
ables each with mean 0 and standard deviation 1. 
We now consider the particular case in which Xi, Xa, - + - are in- 


dependent random variables such that 
Prob { X; = 1} = {Prob X; = — 1} = 1/2 

for each j. We next obtain estimates on P(n, J) for large n where 
P(n, D = Prob {min (Si, Sn +, S) >— 1} 


and } is an integer. For }>0, we make use of a reflection argument to 
show that 
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Prob {S1 > — 1, S> —1,+++, Sai >—1,S,= —1+ 9} 
= Prob {S, = —1+} — Prob {5,= — 1 — 9} 
and it will easily follow that 


k 
P(n, D = 25) Prob {S, = j} — Prob {S, = 0} — Prob {S, = 1}. 
jmd 


We have 
Prob {S = — I+ p} 
= Prob {S1 > — h'e, Sra > — hS = — itp] 
+ Prob {S, = —1+ p with S; = — I for at least one i < n}. 
We consider the third probability in this equality and we suppose 
that S; is the first such sum for which S; = —/. Since 
Prob {Xai + Xas t HX p) 
= Prob {Xm + + Xn = hh, 
we have 
Prob {S, = — l + p with S; = — l for at least one i < n} 
= Prob {S, = — l — $} 
and the desired result follows immediately. 
We now make use of the following well known result [7, p. 135]: 
(2/rn) et HA if n= j (mod 2), 


0 otherwise 


Prob {S, = j} = { 


where |A| <3n-*/? provided that n= 100. Thus, for sufficiently large n» 
we have? 


l 2 \ 1/2 
P(n, D) = 25% (=) Elbe (l > 0) 
j= \AN 


where |&| <8in 2-271, Since 


P(n, 0) = P(n — 1, 1)/2 
we have 
P(n, 0) < 7m, 


Moreover, since 
Prob [Sı > — 7} =0 (is — 1), 


3 An asterisk on a summation sign will indicate that only those values of the index 
of summation are taken for which the index and the upper limit are congruent 
modulo 2. 
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we have 
P(n h) = 0 (i < 0) 
Now 


N 
P,(8) = >> Prob {Sy = 1, min (Syn — Sy, Sna — Sm, 
u N 
Sa — Sy) > — b+ Bn??} 
N 
= >) Prob {Sy = 1} P(m, 1 — $) 
lN 


where m=n— N and p= [$r!"]. Using the previous approximations, 
we then have 


N ii 
(2) P,(B) = = > Garne Fran Leimen) Es 
mp fem 


where |e:| < Cn, C being bounded independently of n. The sums 
in (2) correspond to Riemann sums and, letting n—», we have 


1 re : wa 
ne f endu f end = Vi(). 
no GI uf or-1/2 im) 


The proof is now easily completed. Applying our particular result 
(1) we have 


(3) Prob {min (Ri, Ra, +++, Ry) > (8 + eh? | — 1/kè S Vi(8) 
£ Prob {min (Ri, Ra, - ++, Ry) > BR}. 
Replacing $ by B—e, we have 
Prob {min (Ri, Rs, +++, Rx) > BRU} — 1/hke? S Vılß — ©) 
and replacing 8 by +e in (3), we have 
Vi(8 + €) S Prob {min (Ri, +--+, Ry) > (8 + Ok} 


and applying these results to (1), we find that for the general case 
1 
Vi(p + 6) — —— S lim inf P,(8) Ss lim sup P, (6) 
ke? M- 0G m 


Ss V8 — €) + 1/R*. 


The proof is completed by letting k—+« while e is held fixed and then 
letting e—0 and using the fact that Vi(8) is continuous. The corollary 
follows by calculating V1(0) explicitly. 


3. Proof of II. Letting 
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a 2 
P,(B) = Prob a È U/S; < at ’ 


and again following the method of Erdös and Kac, we find, for any 
e>0O and all positive integers k, that 


1 k 
Prob {> G/ER, <p- e} — C/eki/? 
jul 
(4) s lim inf P,(8) < lim sup P, (8) 


12 7 
s Prob E PG/k)R; < B+ e} + C/ektt, 
ul 


where C is a constant, R;=Gı+Gs+ ---+G,, and G1, Gs, - ++ are 
independent, normally distributed random variables each having 
mean 0 and standard deviation 1. The remainder of the proof is 
essentially a calculation of lim,..., (£) where $.(£) is the character- 
istic function of the distribution of (1/2) I 3.1 p/k) R. 

We consider first the case in which p(#) >0, OSS1, and for con- 
venience we let p;=p(j/k). We then have 


WE = af. f exp mol: ) 


fae] 


-E Daher, ‚+ Ox, 
2 jml 


ot af k 2 1 2 
= an f eg J exp {= Ds Pi = Yı 


1 Š 
-— Di — ves) dyı + dyn 
2 ma 


(5) 


Let A=((a,,)) be the matrix of the quadratic form 
2 2 
yit I (91 — Ym) 
fon 


a let the transformation 3,=p!*y; take A into B=((b,,)), so that 
b:;= (pp) a; We then have 


pil) = (2r) (pif) Da)? fe f exp ie FE 3 By 


fend 


Sv 5 bss} dg, s ds, 
2 i, foul 
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and if we denote the eigenvalues of B by pix, Hir, * * * , Ham it follows 


easily that 
b % 1/1 
(t) = TL ( Zu N) . 
j=l 


Since d,(0) =1, we have 


(6) oe If: — - 


fai Rinse 





Now B=C-! where C=((p}7c,p¥?)) and ((eu))=((min fi, jp) 


=A-!, It then follows that 1/pır, 1/par, © © ©, 1/uex are the eigen- 
values of C. From Hilbert’s approach to Fredholm’s theory [8, p. 
14], it follows that 1/k*u,,—; where M, As, - - - are the eigenvalues 


of the integral equation 
J ooo min (5, DODE = ME). 
Letting g(s) =f(s)(p(s))-"*, we obtain 
f min 6 DDr = aeto 


and differentiating twice we find that 


(7) ag” (s) + p(s)g(s) = 0. 
Thus Ay, As, - * į are the eigenvalues of (7), subject to the conditions 
g(0) = gl) = 0 


which arise from the integral equation. Since min (s, #) is a positive 
definite kernel, it follows that (p(s))Y? min (s, #)(p(t))™? is positive 
definite and by Mercer’s theorem we have X;>0 for each 7 and also 
5.1 A; converges. Hence we may pass to the limit in (6) and we 
have 


(8) lim gal) = Ia — zogen, 


the convergence being uniform in every finite &-interval. 

We now remove the restriction that p(t) be positive and we require 
that p(f) have a most a denumerable set of zeros in the unit interval. 
Moreover, using a continuity argument, it is easily seen that we need 
only consider the case where the zeros of p(t) are irrational. Letting 
u =21t/k?, it follows from (5) that 


892 A. M. MARK [October 


did) = anf. J exp {->( > Giy: Yi 


i, gel 
$ 2 
— u}, psi) dyı dyr. 
1 


Letting 


it follows that 
one) = | J. 
Letting H =((h,;)) where h;;=a,;/p;, we have 
[J] = pibs+ ++ pa| H — ul, 


where J is the identity matrix. Moreover, if we denote the eigenvalues 
of Ain, Aar «°°» Anp, it follows that the eigenvalues of H—uI are 
Aus —U, +e, Ane—e%. It then follows easily that 


($) = 1I TAS = u) } 712, 
pir 


Using the fact that ġ(0) =1, we have 


(9) H(t) = (1 = = J 





Moreover, it is clear that 1/Ayz, 1/Aım "+ °,1/Ase are the eigen- 
values of the matrix G=((g,;)) =H! where 


gi; = pimin (4, 7) = p(j/k) min (4, 7). 
To evaluate lims.. 6:(£) we again make use of Hilbert’s considera- 
tions. We shall be concerned with the integral equation 
1 
(10) f(s) =à f min (s, DAOS = 0 
0 


and for convenience we write K(s, )=min (s, t) p(#). Now let Ki; 
= K(i/k, j/k) =min (4, j)p;/k. Following Hilbert [8, p. 9] we define 
D,(®) to be the determinant 
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1— Ku mo Kia .-. — įKir 
a IKaı 1— IKa ner m IK 


iR, ae leka 


and it follows that 
(11) lim D,(A/k) = DQ) 
ke 


where D(A) is the Fredholm determinant associated with (10) and 
is defined over the entire complex A-plane. Moreover, the conver- 
gence is uniform in every bounded region of the complex plane. It is 
easily seen that 


N 
Di) = 7-6 


and since the eigenvalues of G aré 1/Aı», 1/Asu, * ©- , 1/Arn, it easily 
follows that 
od l 
20 = iihi- 
i H Ry; 


and from (9) we have ¢3(£) = (D,(21E/k))""*. Letting kR- © and using 
(11) we have 


(12) Hi pE) = (D2. 


Since |¢.()| S1 for all k and for all real £, it follows that D(2it) #0 
and lims- $(£) is defined for all real £. Furthermore, it is easily seen 
that (12) is equivalent to (8) when p(#)>0. In the general case it 
follows readily that (10) is equivalent to (7) and it is known that 
(7) will have eigenvalues even if we remove the restriction that p(t) be 
positive. However, in the general case we are unable to pass to the 
limit termwise as in (8) since our integral equation would not have 
a positive definite kernel. Therefore, we must resort to the Fredholm 
determinant. 

As yet we have not shown the existence of the limiting distribution 
in the general case. We first consider the special case of normally 
distributed random variables. We have shown that ¢,(£) approaches 
a certain function (£) uniformly in every finite &interval as k be- 
comes infinite. Applying the continuity theorem for Fourier-Stieltjes 
transforms, we see that there exists a distribution function Va(§) 
such that T 

lim Prob I È PU/MR; < s} = V:(8) 


a jm 
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at every continuity point of Vz(ß). Furthermore, we have 


263) = f osava). 


For p(t) >0, we have 
bead N 
L] = TT] 1 - 28,12 = TT [1 - 29," 
ful a 


since |1—25&%,| 21. Taking N24, we see that |¢(t)| is integrable 
over (— œ, ©) and it is evident from the inversion formula for 
Fourier transforms that V3(8) must be continuous at all points. The 
theorem then follows from (4). In the general case, however, we are 
unable to show that Va(ß) is continuous everywhere and the theorem 
holds only at the continuity points of V2(8). 


4, Proof of III. Letting 
1 n 
P,(8) = Prob l= >, 5%; < at j 
n? pei 
we find, for any e>0 and for all positive integers k, that 
1 k 
Prob = >) Ru; <ß-— e} — C/ekt? 
k? 52) 


(13) s lim inf P.(£) S im sup P,(B) 


1 k 
Ss Prob = bD Rs <8 + e} -+ C/ek? 
k? ji 
where C is a constant, R,;=Gut+Ge+ * -- +Gı, and Gau ---, Gry 
are independent, normally distributed random variables each hav- 
ing mean uk"? and standard deviation 1. We now compute 


liMs.o (£) where ġ(Ẹ) is the characteristic function of the dis- 
tribution of 


We then have 


soam fE f w ECE) 


1 > 
“exp \- 2 >, (x; = ars! day > dx, 
ful 
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and making the substitution y;= > 3.1 x: we have 


a9 r k 
pl) = anne f. ay fer ar + “ > vit 
an f=1 


1/2 
1 3; 1 2 
“exp f- — yı = — Jo (yi — Yi)? dyi ++ dyr 
2 dr 


We shall make use of matrices again and we shall denote the transpose 
of a matrix by a superscript “7.” Let 


yı 


y pkt! 
y and t being column matrices each with k rows. Furthermore, let A 
be the kXk matrix of the quadratic form 


3 ud 2 
yit 2 (yi — ya). 
i — 

It then follows that 


dr) = (Am) f u f 


(14) t i 
{ 
‘exp 5 y= = yTAy + yh dy, +++ dye 
Let A have eigenvalues Aix, Asn, © * * , As» and let C be an orthogonal 
matrix such that 
CTAC = D, 
where D is the diagonal matrix 
Atk 0 
Ask 
0 a 
Let 
21 
22 
s=] |, 


By 
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and applying the transformation y= Cz to (14) we have 


pE = (2n)-Pte n f f 


1 1 
‘exp {os = ao. -+ uts} de ... GSE, 


where 


We may now separate variables in the last integral and it follows 
easily that 


so- (h02 


{ ie: oo tj 

‘exp 4 — — + — —E R j 
De Ne cee Dye es 

We define Z"? in the plane with the negative real axis removed and 

satisfying the condition that Z"? be positive for real and positive Z. 


Since ¢,(0) =1 for any u, we consider the case p=0 and we find that 
Ad ° * + Ag=1. We then have 


: 2if \- P tiġ “i 
= 1— rn ere Eee ey oe. 
plé) Il E) } icc | 777 2 Nik — w 


Let 








à r 
q= >) 
i Arta 
where 
æ = — 2iE/k? 


and it readily follows that 
q = "(D + al)" 
where / is the identity matrix. We then find that 
q = (A + al) 
and letting 
B = (A + al) = ((bi)) 
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we find that 
y? 
q = ae 


We then have 


(15) ($) = | (1 j ae “a E a 7 )} 


We wish to let k>» in (15). It is known [1, p. 299] that 
h 2i \74V2 
(16) lim i(i = ) = (sech (— 2¢£)1/2)1/2 
E+ fal Ak? 


and the convergence is uniform in every finite £-interval. Hence we 
need only consider limy.. du/k. Let F=A+al=((fy)) where 
a= —21$/k? and it readily follows that 


bu = | Fa] /| F 


where | F| is the determinant of F and | Fy| is the co-factor of fa. 
To evaluate these determinants we make use of the following well 
known result: 








Let 
G 0 
D(a) = 
0 at 
where m is the order of the determinant. If a41/4, we have 

aia ia 

Da(a) = 1 2 

71 — T3 


where rı and rz are the roots of x?—x+a?=0. 
We shall be interested in D„(a) as m— œ and a?—1/4 and we shall 
find it more convenient to use G„(a) where 


m—l mi 
GG) ee 7,8033 
Yı fg 
Since F is the k Xk matrix 
2+a —1 0 
at ae 
o 24a = | 


0 —1 1+ 
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it follows that 


1 a 0 
a 
(17) F = ay . 
1 a 
0 a a/n 
where 


a = lta, 64 = 2 -+ a, a= — 1/t 


Expanding the determinant in (17) by the last row, we find that 








b—2 
N 03 
| F| = I (Cla) — 26460). 
Similarly we have 
ki 
a 
| Pax | = 5 Clo), 


and combining the last two equations we have 
Oxz,-1(G) 
010:Gr-1(0) — 2Gı-5(0) 
We next obtain estimates on Gala) and Gy (a) for large k and 
we shall use C to denote a number bounded independently of k. The 


various C’s will not necessarily be equal. Since rı and r3 are the roots 
of x*—x-+a?=0, we write 


(18) brk = 


rı = (1 + )/2 
and 

rı = (1 — e)/2 
where 

e = (1 — 492, 
It is easily seen that 

- (2%) C 

= ee 


where $ = —1£. Now 


ri $ 
l ) = Dd +9 — ors, 
f j=l 


fıi— Vo 





Grila) = 2%! ( 
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Letting 
Z= 1 +971 ~ 9, 
it follows easily from (19) that 


2j(28,)18 
BR $y + C/k 


1 
log Z; = — 2)? — = (+ (28:12) + 
and 
1 2j 
Du f- Ve ann} l 


Finally, we find that 
sinh (2£,)1/? C 
(20) Gel) = (k — £1) ac ae po 


Since 
k—1 
Gla) = D (1 + 9A = gem 
j=l 
we have 
1 
Gra(a) = o: {Gis(a) — (1 FON}. 


It follows readily from (20) that 
(21) Grala) = (k — &) a a cosh (2§,)'/? + ~ 
(241) 1? k 
Combining (18), (20), and (21), we find 
brr _ 2(k — &) sinh (2¢1)"°/(24)™? + C/k 

k k(2 cosh (21)? + C/k) 

and letting >», we have | 
bre tanh (2£,)*/? 
msk gpr 
Letting k—œ in (15) and using (16), we find that 
lim #x(8) = (sech (— 24191 


(22) u? /tanh (— 2é)¥2 
oe {5 =r os -1)) 
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and the convergence is uniform in every finite £-interval. 

The proof is completed as in the previous section by applying the 
continuity theorem for Fourier-Stieltjes transforms. Thus there 
exists a distribution function V3(8) such that 


, iS. 
lim Prob {5 >, Ri; < at = V;(8) 
-+o k? jmi 


at every continuity point of V3(8). Furthermore, if we let 
p(&) = lim ¢,(£) 
io 


we have 


6) = f * et aB). 


a2 


It is easily seen from (22) that ¢(£) approaches zero exponentially as 
lë] becomes infinite and therefore EI] is integrable over (— œ, œ). 
Hence V3(8) must be continuous at all points and the theorem fol- 
lows easily from (13). 
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INTEGRAL DISTANCES IN BANACH SPACES 
R. E. FULLERTON 


In a recent paper,! Anning and Erdös have shown that in a finite- 
dimensional euclidean space a necessary and sufficient condition 
that an infinite set of points have the property that the distance be- 
tween any two of them be an integer is that the points lie on a straight 
line. In this paper we shall investigate to what extent this theorem is 
true for general normed linear spaces of finite or infinite dimension. 
The theorem as stated is evidently not true for spaces of infinite di- 
mension since in the space }* the infinite set of elements 3;=(0,0,---, 
2142/2, 0, +++) with 22/2 in the sth place and zero elsewhere have 
the property that ||z;—3,| =1 for tj and the z; are linearly inde- 
pendent and not collinear. We shall prove that if a Banach space is 
not strictly convex there exists an infinite set of points each at an 
integral distance from the others which do not lie on a straight line. 
If the space is strictly convex, any such set has the property that if 
an infinite number of its points lie on a straight line then all the 
points of the set lie on the line. It is possible to prove certain theorems 
in analysis by applying these theorems.to function spaces. 

We shall define a minimal sei connecting the points xı and xsin a 
Banach space X to be the set of all points of the space for which 
|æ —x|] +22] =||x1—xs||. A straight line containing x: and x; is 
the set of all points of the form axı+ßx2 where «+ß=1. The set of 
points of the line for which a and ß are non-negative is the line seg- 
ment joining x, and x. Ifa+f8=1,a20,6820 


Ixı — (axı + Baal| + ||x2 — (xs + Bza) 
= [| (4 — a)aı — Bxa|| e Ia — Plan — axıl 
= ||Bx. — Bxal| + jan — aml] = All — al] + ol — zl 
= (a + Alla — all = | — all 
and the line segment joining x; and «3 is in the minimal set determined 
by xı and x. A space in which the minimal set consists only of the 


line segment for any pair of points is called a straight line space. We 
shall show that such spaces are the strictly convex spaces. 


THEOREM 1. A necessary and sufficient condition that the minimal 


Presented to the Society, December 31, 1947; received by the editors April 15, 
1948, and, in revised form, July 7, 1948. 
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set between any two points of a Banach space consist only of the line seg- 
ment joining the points ts that the space be strictly convex. 


PROOF. Suppose that the unit sphere of X is not strictly convex and 
that there exist points xı and xa, ||x1{| =||xs|] =1, and |[ax1+-x,|| =1, 
a+B=1, a, 820. Then the line segment joining —xı and —xz is 
also on the boundary of the unit sphere. If the sphere is translated to 
the point nı+xs then (+) —x#,:=; and (%1-+4:) —x1=2 and the 
line segment joining —xı and — xs is translated to coincide with the 
segment joining x: and xı. Hence the distance between x1-+43 and a 

oint on the segment is one, || (x1 +22) — (axı+Bxs)||=1. Also, 
Nor 1+Bx|| =1. Thus 


|| (as + x) — (ax, + Bza) + las + Bxl == || x1 T zall 


and the segment ax1+ fx is in the minimal set between 0 and x1-+2. 
Hence the minimal set contains points other than those on the seg- 
ment between @ and xı +x:. 

Let X be strictly convex and let M be the minimal set between 9 
and a point xı. Consider the points yEM such that ||y||=d<||<.l. 
One such point yo is on the segment yx, Osysi. If there were 
another such point yı, the line segment between yo and yı would be 
interior to both the spheres ||” —2,|| S|lx|/—d and ||x|| Sd since both 
these spheres are strictly convex. If y is a point of this segment, 
yr¥yo, Yu ayl +I] || <el -—d+d=||x.|| which is not possible. 
This shows that yo is the only point of M at a given distance d from 
6. Since the same argument may be used for any pair of points in X, 
X is a straight line space. 

The above proof shows in particular that in a strictly convex space, 
metric definitions of a straight line coincide with algebraic definitions. 


THEOREM 2. If X ts a Banach space which ts not strictly convex 
there exists an infinite set of points {x;} such that ||x;—a,l| is an integer 
for all j and k and the points are not all on the same siraighi line. 


Proor.* Let S be the unit sphere in X, let yo=0 and let { yit, 
i=1, 2, 3, , be a set ae on the ee ie 7 ne all 
lie on same I segment L. 

Evidently |x| =0, |ai]=1, and elf “ictal Liota? = 
since [1/2 -+x3/2|| = 1. Assume that |x| =2—1 and that (1/(r—1)) 
Keil. Then 


all = = ||æn1 + yall 








PE 
sm) 


2 This proof was suggested by the referee. 
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n— í 1 


n â n—i 








= n 














Hence ||x,|| is an integer and (1/n)x«„EL. Since the above proof 
holds for any set y; of L, we have 


žal- 


and the distance between any two points of the set is an integer. The 
points do not all lie on the same line since in this case they would be 
of the form ny; and y: =y: for each 1. 

In case the set fy} is a finite set, 1=1, 2, -< - , k, the same pro- 
cedure can be followed and we can define the points yımı =Y; for 
each + between 0 and k. For nk the points x, would be of the form 


yo + E| =|» m 











lan = eal = 


m k k ™ 

m= L GIy t Lin =F M+ Di = jut om 
fun) tum--1 1} t= ( 

where n=jk+m and u= X Ło Yo m= X 2o ye Thus all points of 

the set in this case lie on the k lines yu+0,,, m=1, 2, -, k, which 

are parallel in the sense that they are all translates of the line yu. 


THEOREM 3. Let the space X be strictly convex. Let EA be an infinite 
set of potnts of X such that lær — z| ts an integer for each } and k. Then 
af any infinite subset of thts set consists of collinear points, all the points 
of the set are collinear. 


In the proof of this theorem we make use of two lemmas. 


LEMMA 1. Let X be strichy convex and let Sı and Sa be two spheres of 
different raditi, rı and re, with centers xi, xa. Let x, be a point common 
to the boundaries of the two spheres lying on the line joining the two 
centers. Then x3 is the only point common to the boundary of the two 
spheres and, except for xs, Sı îs entirely interior to Sa, Sa is interior to Si, 
or the two spheres are entirely exterior to each other. 


PROOF. Suppose that x, is another point common to the boundaries 
of the two spheres. If x, is distinct from xs, xı is not on the line of 
centers of the two spheres. If xı lies between x; and x; we have 


ra = ||zs ll = |[æs al + |< al] = ri + [lax — al 
= [ee al + [la — all 


However, r3=||x4—x|| and this would imply that x4 lies on the line 
of centers of the two spheres and gives a contradiction. In case x; 
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lies between x; and xs 


(za all = Im — all + [fee — all = ri + r: 
= [x — d| + | — xa 


which implies again that x, lies on the line between xı and x3. A similar 
argument holds if x: is between xı and x, and hence x; is the only 
point common to the two spheres. 

To prove the second part of the lemma assume rı Srs, 174%. Then 
either |[21 —2al| + [lea —xal] = [a1 =s] or [| al tlle ll = llel. 
Let x be any point of Sz. In the first case 


læ — a| + [las A| >| al 
= | — z| + ls — mall = r1 + re 


and ||x1—x|| >rı if «xs. Thus Ss is entirely exterior to Sı except for 
x3. By a similar method it can be seen that in the second case S3 is 
interior to Si. 


LEMMA 2. Let a be a point of X and let r be a positive number r <||a 
Let H be a “hyberboloid” in X with foci at 0 and a, that is, the set of 
points xX such that ||x|| —||x—al| =r. Then a line through the focus 0 
has at most one point in common with H and a line through a has at most 
two points in common with H. 


Proor. Let So be the sphere with radius r and center 6. The set 7 
is the locus of the centers of all spheres exterior to So containing a on 
their boundaries and having one point in common with Sy. Let } be a 
line through 6 and suppose that } has a point x, in common with H. 
Let S(xo) be the sphere exterior to So with center x» having one point 
y in common with So and containing a on its boundary. Evidently / 
contains the point y. Suppose that } intersects H in another point 
xı. Then S(x:) must pass through y and hence must be exterior to 
S(xo), contain S(xo), or be contained in S(xo). In the first case y is 
exterior to the segment joining 0 and x, and hence S(x1) is not 
exterior to So. In the other two cases S(x1) cannot contain a on its 
boundary and hence x; cannot be in H. 

Let } be a line through a. Suppose } intersects H in a point x». Then 
S(x) has a on its boundary and also a point of So. If } intersects H 
in another point xı, S(x:) contains S(x), is contained in S(xo), or is 
exterior to S(x}. An argument similar to that of the first part of the 
proof shows that the first two cases cannot occur. Suppose that the 
third case occurs and that } intersects H in a third point x. Then 
S(x), S(x1), and S(xs) all pass through a. By using Lemma 1 it can be 
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seen that if xo, X, and x, are distinct then S(x:) must either contain 
or be contained in S(xo) or S(xı). In any case it cannot have only one 
point in common with Sọ and hence } has at most two points in 
common with H. 

It is evident that the above lemma holds for H defined by any two 
foci. 

PROOF OF THE THEOREM. Suppose that an infinite set of the x, lie 
on a line /. It can be assumed that xı=®. Let a be a point of the set 
not on }. Consider the family of hyperboloids ||x—al|—||x|| =n and 
| =| —||x—a|| = for n an integer or zero. In the first case |{a|| +||~ 
z |x —a =r+||x| and in the second case ||| =n-+||x—al] S|la 
+||x—al| and in both cases if the hyperboloid is to contain points not 
on the line between 0 and a, » cannot exceed ||a|| —1. Since for each 4, 
le E a elon kl ean 
integer. Since Z can intersect each of the first type of hyperboloids in at 
most two points and each of the second in at most one point, / cannot 
contain more than 3|ja]| —1 points of the set. Hence if } contains an 
infinite subset of the given set it must contain all points of the set. 

The above proof shows that if X is strictly convex and if x; 
and x; are two points of the set then any line through x; but not 
through x; contains not more than 3||x;—x;|| —1 points of the set. If 
the norm of the difference is one the integer n of the hyperboloids 
described above is zero and the only hyperboloid between the two 
points is the bisecting hyperplane of the segment joining the two 
points. Hence the line through x; but not x, can contain at most one 
other point. Applied to the set g; in }? discussed at the beginning of 
the paper this shows that a line through any point of the set contains 
at most one other point of the set. 

The above theorems give interesting results when applied to vari- 
ous well known strictly convex spaces. For example, let fel} be a 
set of functions in the space L?(a, b), p>1, such that xo(#)=0 and 
(Sè | x(t) —2,(t) | Pdt)/? is an integer for each ¢ and j. The following 
corollaries are true. 


























CoROLLARY 1. Lei the family fel} contain an infinite subfamily 
of the form a(t). Then every function of the family ts a multiple of 
xıl). 


COROLLARY 2. For any k, the number of multiples of x,(t) which may 
occur in the set cannot exceed 3-min (f HETE) —gy;(1)| Pdt) 2—1 where 
the minimum ts taken for jxk and x,(t) not a multiple of x(t). 
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REAL ROOTS OF DIRICHLET L-SERIES 
J. BARKLEY ROSSER 


Let k be a positive integer. Let x be a real, non-principal character 
(mod k) and 
=. x(n) 
Ls, x) = re 
n=l N 
be the corresponding L-series, which converges uniformly for 
R(s)Ze>0. If it could be shown that uniformly in & there is no real 
zero of L(s, x) for 





sa1- 
log k 

where A is a constant, then the existing theorems on the distribution 
of primes in arithmetic progressions could be greatly improved (see 
[1]).! Moreover by Hecke’s Theorem (see [2]) it would follow that 
uniformly in & 


L(1 = 
(1, x) > log $ 
where B is a constant. This would be a considerable improvement 
over Siegel’s Theorem (see [3]), and would lead to an improved lower 
bound for the class number of an imaginary quadratic field. 

In the present paper, we shall show that for 2 <k 367, L(s, x) has 
no positive real zeros. By combining this information with the results 
of [1], we infer very sharp estimates on the distribution of primes in 
arithmetic progressions of difference k for k $67. 

The methods used for k $67 certainly will suffice for many other 
k’s greater than 67. They may possibly suffice for all &, but we can 
find no proof of this.? 

In [5], S. Chowla has considered the positive real zeros of L(s, x), 
and shown that for many explicit k’s, no positive real zeros exist. 
However Chowla could not settle whether his methods would suffice 


Presented to the Society, September 1, 1949; received by the editors August 30, 
1948. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 

4 These methods have been tried on all % 3227 and it has been ascertained that 
except for the cases = 148 and k= 163, L(s, x) has no positive real zeros for 2 S% 
$227. Cases k= 148 and k = 163 are now being studied and any results obtained about 
them will appear in the Journal of Research of the National Bureau of Standards. 
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to handle the difficult cases k=43 and k=67. In [6], Heilbronn has 
shown that there exist values of & for which Chowla’s methods are 
certainly inadequate. 


THEOREM 1. If x is non-principal (mod k) and x(-1)=1, then for 
all s 
» 2s(s+1)--- (s+ 2a — 1) 
L(s, x) = —[- (22a { I 
(=D aaa NECs + 20) 
[#/2] 
>> x(n)(k — 2n)?®. 
Proor. For s>1, we have 
wo ki x(n) 


L(s, x) = 2°20 


NmO nmi ey + 2n)° 





2 k — 2n N 
=r an Èx ni 7 es. 
k — 2n 
-vÈ ant 1)" PEG nits "FON + 1) 
Tl k — 2n ) 
21 \k(2N +1) 
sis ti(s+2)/ k— 2n \3 
a 3! Gare) a 
« 1 
> KON + 1). darr? E xE — 2m) 


ss+1) l ; 
RON + 1)? < 2 RT nt 


~ ree» G: J )z rn 











sis+t1)/ £ 
sar Fe = : R Erme - an)? + 
= a : (21 — 1)t(s + 1) 3 x(n)(k FR 2n) 
T s(s + 1) (2+2 — 1)¢(s + >53 x(n)(k — Zn)! + 


4(21) ker 
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Since x is non-principal, we have k>2, and so if k is even, we have 
x([k/2]) =x(£/2) =0. Now since x(—1) =1, 


2 x(n) (k — 2m)?« 


[4/2] k1 
= >) x(n)(k — 2n) + >, x(n)(2n — k)% 
nl rom [b/ 2) 4-1 
[%/3] k-1 
= Di x(n)(k — An)’ + z x(n) (k — 2(k — n))* 
n=] amk--[k/2 


[#72] 


2 x(n)(k — 2n)* + 2 x(k — n)(k — 2n)? 


[2/31 


= 2 2. x(n)(k — 2n)2. 


Similarly, we prove I Fr] x(n)(k — 2n)!t! = 0. 
Thus we infer that the equation stated is valid for s>1. 
Now since 


[4/2] 
2 x(n) (k — 2n)?4| S Eh — 2)8«, 


we see that the series on the right converges absolutely and uniformly 
for all s, and so our theorem follows by analytic continuation. 


THEOREM 2. If x is non-principal (mod k) and x(-1)= —1, then 
for all s 
Lis, x) = > Sis + 1) +++ SF 2a) (Qettett — 1) (s + 2a + 1) 
RT della + Ila 
[b/2] 


2 x(n) (k — 2n)?et!. 


The proof is similar to the proof of Theorem 1. 

Although these theorems hold for any non-principal x, we shall use 
them only for real non-principal x. We assume henceforth that x is 
real and non-principal. We let 2x denote 


[b/2} 


% x(n)(k — 2n)™, 


For sufficiently large M (certainly for M 2k), the initial term 
x(1)(2 — 2)¥ 


1949] REAL ROOTS OF DIRICHLET L-SERIES 909 


of Zu dominates the remaining terms, and we infer that Zu>0. If 
by good chance Zu =0 for all M21, then by Theorem 1 or Theorem 2 
we infer that L(s, x) >0 for s>0, and hence that L(s, x) has no posi- 
tive real zeros. For k S67, this happens in a majority of cases. 

When considering positive real zeros of L(s, x) it suffices to re- 
strict attention to primitive x’s (and to the 2’s for which there are 
primitive x’s. See [4, §125]). For primitive x’s, 2420 for M21 for 
each k $67 except 43 and 67. Moreover for each such k, the proof of 
La 20 is easily accomplished by grouping the terms in groups, each 
of which is non-negative. Typical such groups are: 

I. A“ — BM, where A >B. 

II. AM — BH -— CH, where A 2 B+C. 

III. A*¥—B¥—C¥+D*", where A+D2B++C. 

For k=53, there occurs the group 51% — 49% — 417M +45M — 43 
+41¥+439"— 374, which we show to be non-negative by writing it 
as (44-4-7)¥ —(44--5)" —(44--3)¥ + (HAFI HA-A- 
+(44—5)*¥—(44—7)*", and expanding each term by the binomial 
theorem. 

For k =43 or 67, we have 23<0, so that the series in Theorem 2 does 
not consist entirely of non-negative terms. However, we can show 
that the initial positive term outweighs the negative terms. We give 
the proof for k =67, since the proof for k=43 is similar and easier. 

By the functional equation for L(s, x) (see [4, §128]) it follows 
that if L(s, x) has a zero p with 1/2<p<1, then it has a zero p with 
0<p<1/2. As it is known that L(s, x)>0 for 1Ss, it suffices to 
prove L(s, x) >0 for O0SsS1/2. So we take k=67 and 0Sss1/2. By 
Theorem 2, 


L(s, x) = 


1 


21 — 1 u +1) r 
67° 67 
ss+1)(s +2) 27-1 


31(67)8 Ale — Sit Es 


where now Zu = >) x(n) ae For s>0, 














e+) -— = È = -S[ = = 
= ntl dg 
= 5 wh E = srl \ 
> 0. 


So for s20, s¢(s+1)21. Also 2, =67. So 


910 J. B. ROSSER [October 


1 
ES ee 


1 
(1) = 
For OSs 

2etietl — 1 2s d 2s 

s ————_—___- < —— and =) > 0. 

4a( 21 — 1) 2 — 2 ds \2 — 2~ 

So for 0sss1/2 
2ettatl — 1 2(1/2) 
< ——_ < 0.77346. 


. 4a(2+1 — 1) 2 — 2-1/3 
Also 
(6+ 1)(6+2) _ /2)-6/2) 
3l g 3| 
Since £, = — 102,845, we infer 


s(s +1)(s +2) 2° —1 


5 
8 





= 3) 2 
aep agm St 9) 
5 
— > ——— (0.77346)¢(3) (102, 845 
m > = on (0.77346)¢(8)(102, 845) 
5 102,845 
> — > (0.77346)(1.20206) 
8 300,763 
> — 0,199. 


Now for M21, 
Zu = {(57 + 8)¥ — (57 + 6)#4 — (57 + 4)™@ + (57 + 2) 4 — 57¥ 
+ (57 — 2)# — (57 — 4)@ — (57 — 6)™ + (57 — 8)¥} 
+ {(43 + 4)¥ — (43 + 2)™ — 43M — (43 — 2)¥ + (43 — 4)¥} 
+ 37M 4 35M4 +... 
M(M — 1) 
> — u u ee 2-62 — 2-42 + 2.23} 
M(M — 1)(M — 2)(M — 3) 
+ —— 
41 
a= DAA 2.24} is 


M(M — 1) 
— 43M 4 Zur — 2-22} 4... 


574-4[2.84 — 2-64 
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16MM — >) er (  12M(M — „N 


ash M 
> — 57 (1 = = 


In particular, if & 22, then 


16(2 1)2 
Seat — 57 tatl (1 en rn) 


5 
sn (: _ 12020 + De) 
43? 
20 240 
= — jph (1 an =) 4 mae a E 
3249 1849 
929 1609 
ae 43tatl —— . 
9 1849 


So for 0sss1/2, 
o s(sti)---(s+2a) 2e — ] 
m (2a + 1){67 H  4a(2m1 — 1) 
20 s(s + 1) a (s + 2a) Qetiatl  { 


f(s + 2a + Disc 


en Do ee za 
2 (2« + 1) 1(67)2e+1 4a(Qetl = 1) K + a 7 ) 
{ 2929 maid 
s 5721 ee + AZ2a+1 
3249 1849 
=. Ssbljpete(s 4) ate — 71 
u ed 
am? 51(67)?et1 4a(Qe+1 — 1) 
2929 1609 
ʻ {sites DIREI + AZ%at1 \ 
(3) 3249 1849 
> — © 0.77346)(1 03603) 4(=) nn 
= 128° l aus \\67 3249 


43\ 2e+1 1609 
‘le wae 

67 1849 

63 57\ 54489 2929 

> — — (0.77346)(1.03693) (= See 

128 67/ 1240 3249 
4 er 4489 en 

67/ 2640 1849 


> — 0.638. 
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By (1), (2), and (3), for OSs 1/2, 


2+1 — 1 0.163 
L(s, x) 2 ——— {1.000 — 0.199 — 0.638} > 

67: (67)1/2 
So L(s, x) >0 for 0 Ss. 

When x(—1) = —1, Theorem 2 opens up further interesting possi- 
bilities. When s—0, the first term of the series is bounded away from 
zero, while the remaining terms approach zero. Thus one can always 
infer L(s, x)>0 for OSsSe, where e depends on k. Even for e as 
small as A /log k, this would be a very worthwhile result, as remarked 
at the beginning of the paper. 

For another possibility, let s=0 and —2 in Theorem 2, and evalu- 
ate L(0, x) and L(—2, x) by the functional equation. We infer the 
known result 





= 0.0199, 


x 
(4) Ld, x) m pa? 
and the result 
at 
(5) L(3, x) = apa { RE, = Zs}. 


From these follow 


L(1, 6L(3, 
(6) Se pn fe = re 
r x? 
This gives 
6L(3, 
Ls > a: pr OLB) x) ; 
gt 


If one could prove independently any appreciably better result, one 
could derive a sensational inequality for L(1, x). For instance, if one 
could prove 


H Sha pn > es pra X) 
= x x? 


one could get by (6) 





L(3, 
Lad > “2 ; 


Another possibility is that one can perhaps derive some connec- 
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tion between 2 and 2. For instance, if one could prove 
D3. — klog kD, 
then by (4) and (6), we could infer 
6L(3, x) 
"it log k) 


Even this would be a very worthwhile result, since the best known at 
present is, by Siegel’s Theorem, 


L(1, x) > 


L(3, x) 


he 


L(1, x) > 





for e>0 and large k. 
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A NECESSARY AND SUFFICIENT CONDITION THAT 
A SUMMABILITY METHOD BE STRONGER 
THAN CONVERGENCE 


ALBERT WILANSEY 


Hill (Duke Math. J. vol. 9 (1942) p. 379), Agnew (Bull. Amer. 
Math. Soc. vol. 52 (1946) p. 128), and others have been concerned 
with finding conditions that summability methods should sum the 
convergent sequences and some others, or no others. We restrict our- 
selves to reversible matrix methods, that is, those in which the matrix 
A=(0,,) transforms the sequence x= {x} into the sequence Ax 
= {A n(x) } eae Anne | and if y is any given convergent sequence, 
the equation y= Ax has a unique solution x. Our results are particu- 
larly simple in the special case of normal matrices, that is, those with 
Gank =Q for k>n, änn 0. 

We deal with conservative matrices, that is, those which transform 
every convergent sequence into a convergent sequence. The regular 
matrices form a subclass. 

Consider, for the moment, normal matrices. What is known, and 
indeed trivial, is the following: a normal conservative matrix A sums 
only convergent sequences if and only if A! is conservative. Now, 
setting ||A||=sup, zo |an], A is conservative if and only if 
||A|| <% and in addition the sequences formed from its columns, and 
the sequence { > i-o Anz}, are all convergent (Silverman-Toeplitz- 
Kojima-Carmichael et al.). Thus the necessary and sufficient condi- 
tions are transparently displayed. What we propose to do is reduce 
these conditions by two, keeping the one which the author has found 
easiest to check in certain special cases. 

According to Banach, Theorte des operations lineatres, Warsaw, 
1932, p. 50, if A is reversible there is a bounded sequence {c+} and a 
matrix B= (baa) such that if y is convergent then y=Ax where 
x= {xn}, Xn=Cy lim, + aaa bazryz, the series being always con- 
vergent. Clearly if A is normal, c,=0 and B=A!. As one of several 
possibilities let us define ||A-!|| as supa {| ca] + Domo | bax] }. This is 


consistent with the case when A is normal. 


THEOREM. A reversible conservative matrix A sums a divergent se- 
quence tf and only if || A=|| = 00, 


In particular if ||A-1||<0o we automatically conclude the con- 
vergence of the above mentioned sequences (formed from A-}). 


Received by the editors May 20, 1948, and, in revised form, July 28, 1948. 
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Sufficiency. Suppose ||4-}|| = œ. Since {ca} is bounded this means 
that || B|| = ©. By a now classical scheme we may construct a con- 
vergent sequence y such that By is unbounded. Let x,=c, lim, 4, 
+ dopo buys The sequence x is also unbounded since {en} is 
bounded but Ax =y is convergent. 

Necessity. Suppose ||.A-1|| < œ. Let x be summable A. Then y=Ax 
is convergent and [x,| =| cn lim yr+ > bnvye| & A| -sup |yr| <% 
by hypothesis and since y is convergent. Thus x is a bounded se- 
quence. The result is then immediate from the following lemma. 


LEMMA. If a reversible conservative matrix sums only bounded se- 
quences it sums only convergent sequences. 


A proof is given for perfect matrices by Hill (Bull. Amer. Math. 
Soc. vol. 50 (1944) p. 229). The following proof for conservative 
matrices while still leaning on the methods of Mazur and Banach is 
along different lines. - ; 

Suppose first that A is an arbitrary reversible matrix. We denote 
its convergence field by (A). For a sequence x define || =SUDa EA ; 
We shall call this the first metric. The second metric will be that de- 
fined by ||x||=sup, |4,(x)|. The one to one correspondence xAx 
between (A) and (c) (the class of convergent sequences) respectively 
is norm-preserving using the second and first metrics respectively 
and so (A) is a separable Banach space using the second metric. 
Moreover suppose {x™} is a sequence of elements of (A) with limit 
x in (A) using the second metric. We prove that 


(1) lim x, = 22 for each k. 

For a fixed ż, define F(y) =y; where y is any sequence. Let D = (da) 
where d,,=0 for k£t, d,,=1. Then the matrix D sums any sequence 
y whatsoever to the limit y;= F(y). Since (D) (A) the functional F is 
linear and continuous on (A) by use of the second metric by a result 
of Mazur. (Studia Math. vol. 2 (1930) p. 42. For this result Mazur 
uses only the hypothesis that (A) isa Banach space.) This proves (1). 

The above results have been derived using only the reversibility of 
A, 

Imposing the hypotheses of the lemma on A we next show that 
(A) is a Banach space using the first metric. We have only to show 
that it is complete so let us suppose that a sequence { xr} of elements 
of (A) is a Cauchy sequence using the first metric. It is readily veri- 
fied that it is then a Cauchy sequence using the second metric. Thus 
far} converges to an element x of (A) using the second metric. It 
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follows from (1) that the bounded sequence to which {x*} con- 
verges using the first metric is actually x. Thus (A) is a Banach space 
using either metric. It follows (Banach, loc. cit. Theorem 6, p. 41) 
that the two metrices are equivalent. But, as mentioned above, (4) is 
separable if we use the second metric and so it is separable if we 
use the first metric, and our lemma follows from a result of Agnew 
(Ann. of Math. (2) vol. 46 (1945) line 8 from foot of p. 99) that the 
bounded field of a matrix is not separable using the first metric unless 
the matrix sums no bounded divergent sequences. 


LEHIGH UNIVERSITY 


A PROBLEM OF ROBINSON 
P. R. GARABEDIAN 


We propose to prove in this paper a conjecture of R. M. Robinson 
which generalizes to domains of connectivity » 23 a result which he 
proved [3]! for doubly-connected domains. 

Let D be a finite domain of the g-plane bounded by #22 simple, 
closed, disjoint analytic curves, Ci, * * * , Ch, whose sum we denote 
by C. Let z, be a point of D. We consider the class Q of functions F(s) 
in D with at most one simple pole 

ar 


+a+aßs-s)t'', 





(1) F(z) = 


Z ~ So 
at z=2p which are regular in the remainder of D and satisfy 
(2) lim sup | F(s) | £ 1. 
aC 


The family Q is compact. Thus the real number 
(3) o(fo) = max | (to) | 
reo 


is defined for every 207429 of D. 

Since the function F(z) =1 is in the class Q, it is clear that o({,) 21 
in D. The question raised by Robinson is whether or not there exists 
in D a nonempty set A on which o({f,) =1. He has solved the problem 
for the case of an annulus. If the annulus under consideration consists 
of the points s with 0<r<|s| <1, and if r<z9<1, then he has 
shown [3] that for —1<%)<—r we have e(t) =1, while (fo) >1 in 
the remainder of D. Hence the set A consists here of the segment 
—1<fo<—r. From this result Robinson obtains a highly elegant 
treatment of questions of the Schwarz lemma type for an annulus. 

We shall proceed in the opposite direction. We shall use results 
obtained in the author’s thesis [2] for bounded functions to extend 
Robinson’s theorem to domains of connectivity #23. 

It follows from the methods in the paper cited that there is a unique 
extremal function F(z; o) EQ with 


(4) Fo(to; to) a olto). 
If G(s; ©) denotes the Green’s function of D, we have 
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n—i 
(5) log | Folz; to) | = G(z; #0) — >) G(s; s»), 

yaıl 
where the points 21, * - +, Za depend on Ço, and may lie on C. When 
o({>) =1, one of the g, lies at z, and we have the extremal function 
(6) Folz; čo) = 1. 


The proof of these statements follows so closely the material of 
Chapter VII of [2] that we omit it here. 

The function Fo(z; fo) depends continuously on the parameter foin . 
the sense of uniform convergence in every closed subdomain of D not 
containing 39. Also, (>) is a continuous function of to for hs, in D, 
and 21, * * +, 8.1 depend continuously on fo. For if 


(7) lim (m = fo ¥ Bo, 


then 
o(to) = Folto; ts) 
= Him | Polen; to) | 
8) s lim inf Fo(Sm3 Im) 
= lim inf oltm). 


On the other hand, since Q is normal and compact, we can pick a sub- 
sequence ¢,* of („ and a function FEQ so that 


(9) lim e(t) = lim sup (m), 
(10) lim Fo(z; ¢*) = F(z), 


olto) = | F(t) | 
= lim | Folto; tH) 
(11) ns 
= lim lim | Ale; $4) | 
pw Popo 
= lim Fo(¢F; t) = lim sup ¢({m). 
po © 


Therefore e({„)—>o(f:) as mo». If F,(z; fm) does not approach 
F(z; to) as m— œ, then there exist subsequences ¢,* and [%* of {m such 


that 
(12) lim Folz; ta) = Fi(s), 
Bo 
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(13) lim F(z; {,*) = Fs(s), 
p— 00 


where F, and F; are extremal functions in Q satisfying 
(14) Filko) = Falto) = offo), Py Æ Fa. 


But the extremal function Fo(s; fo) is unique. Hence we arrive at a 
contradiction, and it follows that Fo(z; Cw) tends to Fo(z; to) as m 
tends to infinity. 

We now choose any curve [ in D—-A, with its end points both 
lying at %, which cannot be deformed to a point in D—A in such a 
way that its end points remain fixed. In topological language, we 
choose T to represent an element of the fundamental group of D—A 
which is not the identity. The assumption that such a curve T exists 
will lead us to a contradiction. 

Since T lies entirely inside D—A, there exists an e>0O such that 
olf 21i-+e for fEl. For clearly c{{))—- © as fo—2, and o(țo) is 
continuous and greater than 1 on every closed arc of T which does not 
contain Zo. 

Let f(f) be the parametric representation of T, O0S#S1. We sup- 
pose without loss of generality that (i) 2) for 0<i<1, while ¢(0) 
=¢(1) =z, Hence 


(15) a(t) = off) 


is continuous for 0<#<1, and Fo(z; [(¢)) is continuous in its depend- 
ence on # for 0<i<1. We denote by A, the inverse image of the ray 
of) Sws æ under the mapping w= F(z; (5). 

Since IT cannot be shrunk to a point in D—A, there is a pointu 
not in D—A such that the order 


(16) p= ord T) = f das (O — s) 


of T about x is not zero. We denote by T (to) the curve which consists 
of A, plus the arc of I’ corresponding to values of # in the interval 
to <t <1. Now one end point of A, is at 3, and the other is at Fir). 
Hence I (to) is a curve whose order p(t) about # is well defined. 

We maintain that p(t) =p for small values of to, say for O <t <å. 
For given any M>1, there is a ô sufficiently small so that if 0 <ta <å 
we have g(t) > M. Now for any FEQ we have log | F(2)| SG(3; 20). 
Hence if 0 <t <ô, then As lies in a neighborhood G(s; z) >log M of 
Zo, and such a neighborhood becomes arbitrarily small for sufficiently 
large M. Therefore it follows that (to) =p for 0<ty) <6. 

Similarly, we find there is a A >0 such that p(t) =0 for 1—A <h <1. 
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Now £0. Therefore p(t) cannot be continuous in the interval 
(17) ô/2 S t S 1 — 4/2, 


since (to) is an integral-valued function. 

The residue of Fo(z; [(#)) at z =29 is bounded away from zero in the 
interval (17), since (t) 2 1—+e there and Fy(s; t(t)) depends continu- 
ously on £. Also, Fo(z; ¢(t)) assumes each value w with | w| >1 pre- 
cisely once in D, and hence its inverse function is uniquely defined for 
|w| >1. Indeed, the inverse function, 


B: b: bs 
(18) s — s = H(w; t(ġ)) = =+ HH, w| > 1, 
w wv wp 


is schlicht for |w| >1 and its distortion ß. at infinity is bounded 
away from zero and infinity, since B:=ar,, Fo= Folz; FH). 

It follows that A; depends continuously on fin the sense of uniform 
convergence of its parametric representation. Therefore p(to) is con- 
tinuous in the interval (17), and we arrive at a contradiction. 

We have proved the following theorem. 


THEOREM. Let Q be the class of functions F(s) in D which satisfy (2) 
and have at most one simple pole (1) at „ED, and let a(t.) be defined 
by (3). If ACD is the set of points ED such that o(a) =1, then the 
region D—A is sumply-connected. 


It is of interest to consider, following Robinson, the question of 
how many poles we must allow the functions in our class to have in 
order that the set A be vacuous. To be precise, we consider the class 
Rz, °° +, 2m) of functions F(z) satisfying (2) and regular in D except 
for possible simple poles at zı, * * * , Zm. If several of the g; coincide, 
we allow the poles in question to have correspondingly increased 
multiplicities. We define the function o(f,) by (3) with the new 
class Q=Q(s:,---,%m), and we denote by A(zı, - ++, 3m) the set 
of points ED with o(f,) =1. 

If mèn, the set A(z, * - - , 3m) is seen to be vacuous by the results 
of the papers [1, 2]. Indeed, the variation of zeros introduced there 
shows that the extremal function FyCQ(s1, +--+, 2a) with Fo(fo) 
=o({,) satisfies an identity 


m n—i 
(19) log | Fo(s)| = Z G(s; 2s) — 2 G(s; t3), 
: j=1 f=1 
where the points fi, * * * , (a depend on £». Since the number of 


zeros {; of the extremal function is less than the number of poles z; 
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the extremal function is not constant, and we have a(t») >1. 

The same type of argument can be used to show that, in general, if 
m=n-122, then A(z, » * *, 3w) is vacuous. However, in every 
domain of connectivity n = 2 there exist points 21, > * > , Z such that 
the set A(z, © * * , Sa-1) for the class Q(z, +++, 3,1) is not empty. 
For let z*, +++, a; be the critical points of the Green’s function, 
G(s; fo), of D with normalization point at CD. We maintain that 
Co is in the set A (zf, ---, g1). 


Indeed, let FE Q(s*, - - - , a1), and set 
aG(s; G(s; f 
(20) pee, pee, s = a+ ty 
dx oy 
Then? 


1 
21) | F(fo) | = - e $ F(z) p' (2)ds 





1 
sf lole. 


The technique of contour integration which we use here is precisely 
the same as that developed in the paper [2]. 

We introduce the harmonic functions w;(z) known as the harmonic 
measures of the C,in D, i=1, +++, n. The function w,(z) is harmonic 
in D and assumes the boundary values 1 on C; and the boundary 
values 0 on the remainder of C. We see that any function 


a-l 


(22) h(z) = G(s; fo) + I, Mols) 
í {at 


can be used in the role of G(s; fo) in the argument of the. preceding 
paragraph, provided the normal derivative of A(s) is non-negative on C. 

We now return to the consideration of Q= Q(g). Suppose that go 
is a critical point of A(s). Then we can apply the method embodied in 
the relation (21) to functions FEQ in order to show that (CA. If 
n23, it will in general be possible to choose the parameters 
AT, ° °° Ase; in such a way that 


n~1 
(23) h*¥(z) = G(s; t) + >> fols) 
tl 


has a critical point at z and has a non-negative normal derivative on 


4 Here and in (25) we apply Cauchy's theorem to contour integrals over C of the 
function F. This is permissible, since F has limits in angle almost everywhere on C. 
These limits can be used in the contour integrals (21) and (25), as is seen from the 
Lebesgue convergence theorem, 
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C, for all values of ¢ in some small neighborhood of fo. Indeed, this 
is possible if all n—1 of the critical points of (22) lie in D and the 
vectors 





, Eel See Bet 


Zum £5 





4 


op pe-a 





do not lie on a line through the origin. Thus we shall have 








| E) | E rc )d 
0 = | SS = $)a3 
2rij col. dx oy 
(25) 
1 oh* 
Ss — —ds = Í, 
2xJ/ o ðr 


where v represents the inner normal to C. 

Therefore we can conclude that if »23 the set A =A (zo) has, in 
general, interior points. There will be special cases in which this is 
not so, because our conditions upon the parameters A, =- , Ma 
in order that h*(z) have a critical point at z, and a non-negative 
normal derivative on C can degenerate. This happens, for example, 
when D is an annulus r<|s| <1 with slits along the segment —1 <z 
< —r, and 2)>0. For this case of symmetry one sees from Robinson’s 
original theorem for circular rings [3] that the set A lies on the real 
axis. . 

It is clear that further progress in the investigation of the present 
set of problems can be achieved by finding precise information con- 
cerning the relative locations of the singularities and critical points 
of the harmonic functions (23) with non-negative normal derivative 
on C. 
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HARVARD UNIVERSITY 


SOME GENERALIZATIONS OF HELLY’S THEOREM 
ON CONVEX SETS 


ALFRED HORN 


Helly’s well known theorem on convex sets states that if F is a 
family of closed bounded convex sets in n-dimensional space such 
that every n+1 members of F have a point in common, then there 
exists a point which belongs to all members of F. The interest of this 
theorem lies in the role played by the dimensionality of the contain- 
ing space. If we are given that every k members of F have a point in 
common, where k<n+1, the conclusion is false. In this paper we 
shall show that significant conclusions can still be drawn in this case. 

Consider the case where the sets lie in the plane and evety two 
have a point in common. If we project the members of F on a line L, 
we obtain a family of convex subsets of Z to which the hypotheses of 
Helly’s theorem apply. It is an immediate consequence that in any 
direction there exists a line which intersects all members of F. Much 
less obvious is the statement that through every point there passes a 
line which intersects all members of F. This is the type of result 
which will be proved in §4 below. Instead of parallel projection, we 
shall project the members of F centrally on a circle (or a sphere, 
when the dimension of the containing space is greater than two). 
Then we shall apply, instead of Helly’s theorem, a theorem proved - 
below concerning “convex” sets (in the sense described in §1) lying on 
a circle (or sphere). Such sets (in a more restricted sense) were con- 
sidered in a paper by C. V. Robinson [2].! In that paper the author 
was interested in conditions on a family of “strictly convex” sets in 
order that they all have a point in common. Our interest however is 
in proving a theorem for an arbitrary family of “convex” subsets of a 
sphere with the only restriction being that every k members of the 
family have a point in common. This is carried out in §3. 

I wish to express my thanks to my colleague F. A. Valentine, with 
whom I had helpful discussions. A special case of Theorem 3 was 
proved in our joint paper [1]. 


1. Definitions and notation. We denote n-dimensional Euclidean 
space by En, and fx=(xı, °--,%,) is a point of E„, we write 


2.1/2 


|e] = (artes ta) 
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A subspace of E,, that is, a hyperplane through the origin, is a sub- 
set of E„ which is closed under addition and scalar multiplication. 

The surface of the unit sphere in E„, that is, the set E(x E Esn, 
| x| = 1), will be denoted by S,. A great k-sphere S+ is the intersection 
of S, with a k-dimensional subspace of £,. It follows that a great 
O-sphere is the empty set, and a great 1i-sphere is a pair of dia- 
metrically opposite points of S,. A great 2-sphere is also called a 
great circle. 

A major arc is a closed arc of a great circle which is greater than a 
semi-circle (this includes as a special case the whole great circle). A 
minor arc is a closed arc of a great circle which is smaller than a 
semi-circle. A semi-circle is neither a major nor a minor arc. If x 
and y are linearly independent points of Sw, the minor arc joining x 
and y is the set 


E,(z = ax + By/|ax + By|,020,820,a+8> 0). 


The symbol [x, y] is reserved for the minor arc joining x and y. 

We shall use the term convex for subsets of S, in a sense which is 
wider than that usually understood. 

DEFINITION 1. A subset A of S, is convex if whenever x and y are 
linearly independent points of A, then either the minor or the major 
arc joining x and y lies entirely in A. 

It follows that any set consisting of just two diametrically opposite 
points is convex, and that any subset of S, is convex. 

DEFINITION 2. A subset A of S, is strictly convex if whenever x and 
y are linearly independent points of A, then the minor arc [x, y] lies 
in A. 

If A and B are sets, we say that A intersects B if A B 0. 


2. Convex sets which are not strictly convex. An immediate conse- 
quence of definitions 1 and 2 is the following lemma. 


Lemma 1. If A and B are strictly convex subsets of Sn, then A-B is 
strictly convex. If A ts a convex subset of Sn and Sy 4s a great k-sphere, 
then A -Sp 15 convex. 


LEMMA 2. Let A be a closed convex subset of Sy which contains a 
major arc M which is a proper subset of a great circle Sa, and suppose 
A—S 0. Then there exisis a point 2 in A— Ss such that every great 
circle through z intersects A in a major arc. 


Proor. It will suffice to find an interior point 3 of A such that 
—3sEA. Let x and y be the end points of M. If BEA — Sa all the 
minor arcs joining b and points interior to [-x, —y] lie in A, since 
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no point interior to [x, y] is in A. Hence A — Ss contains an interior 
point w. If —w is not in A, all the minor arcs joining w and points of 
M lie entirely in A. Letting H denote the hemisphere bounded by S: 
and containing w, it follows that A contains H minus the spherical 
triangle x, y, w. Now there exists a point p interior to [y, w] such 
that |p, x] is not in A, for A is closed and |x, y] is not in A. Since A 
is convex, the major arc joining p and x lies in A. Clearly, this major 
arc contains a point 32.4 -H with the required properties. 


THEOREM 1. If A is a closed convex subset of S, which ts not sirtctly 
convex, and which is contained in no great n—1-sphere, then A contains 
at least one of every pair of diametrically opposite points of Sa. 


Proor. We proceed by induction on n. The cases n=1 and n=2 
are obvious. When »23, A contains a major arc M which is a proper 
subset of a great circle Sa. Let n=3, and let z be as described in 
Lemma 2. If x&S5;—A, the opposite point —x must lie in A because 
the great circle through z and x intersects A in a major arc. Now 
suppose the theorem holds for n <m, m>3. Let zı and zz be the end 
points of M. By Lemma 2, if pCA—Ss, we can find a point z in the 
great 3-sphere S, through Ss and p such that every great circle on 
Ss; through s intersects A in a major arc. Let 35, * - - , Zw be such that 
21, ° °°, Zm are linearly independent points of A, and such that every 
great circle joining 2; to a point of S, intersects A in a major arc, 
3 Sim. Let y be in the interior of [s:, 23]. Observe y is not in A. 
Now let x be any point of Sm. We have 


= ay + aag bs + Onde 


If ag=0, x lies on the great m—1-sphere containing M, 34, +--+, Sm. 
By the induction hypothesis, it follows that either x or —x is in A. 
If ags#0, we have 


x = ary + Bw + agi t+ + + Ante, 


where Bw = a8: tasg, B= | œas1+asz:|. Note that either wor —w is in 
A. Clearly, the points y, W, 24, - * * , Zw are linearly independent. The 
great m—1-sphere through y, wW, Za * -°, Sw intersects A in a closed 
convex set B by Lemma 1. Also B contains a major arc which is a 
proper subset of the great circle through % and y, and B contains 
m— 1 linearly independent points —y, Za +--+, 3m, tw. Hence by 
the induction hypothesis, either x or —x is in B, and therefore in A. 


3. The main theorem. 
THEOREM 2. Let F be a family of closed convex subsets of S, which is 
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such that every k members of F have a point in common, 1SkSn. 
Then given any great n—k-sphere Sq—x, there is a great n—k+1-sphere 
containing Sn and intersecting every member of F. 


As a noteworthy special case, we have the following theorem. 


THEOREM 3. Let F be a family of closed convex subsets of Sa which ts 
such that every n members of F have a point in common. Then there 
extsts a point x such that every member of F contains either x or —x. 


ProorF. If we denote the statement of Theorem 2 by T(n, k), then 
the statement of Theorem 3 is T(n, n). We are going to prove 
T(n, k) by induction on rn. The statement T(1, 1) is trivially true. 
The rest of the proof is divided into three parts. 

Part 1. If 1SksSn, T(k, k) implies T(n, k). 

PRooF. Let E+ be the subspace generated by Sy» and let Ep be 
the subspace of points orthogonal to E„_+. We may suppose that no 
member of F intersects S,., for otherwise it would intersect every 
great n—k-+1-sphere containing Sn. If <CE,, let P(x) denote the 
projection of x on E. By our assumption, if «CA CGF, then P(x) +0. 
Let A'=E,(z=P(x)/| P(x)|, x&4A), and F=Es(B=4', ACF). It 
is easily seen that A’ is a convex subset of Sy = Sa: Er, whenever A E F. 
In fact, if z and 3’ are linearly independent points of A’, that is, 
z= P(x)/|P(x)|, 3’ = P(«')/| P(x") , where x and x’ are linearly 
independent points of A’, then whenever «!+a’?>0 


atas _ Path) _ P(Bx+6'x'/|Bx+ 6'x'|) 
[astaz] ][Pße+Br)| | P@x+p'r/| Bat p|) 


where B=a/| P(x)|, B’=a'/| P(x’)|. Hence, whenever w is on the 
minor (or major) arc joining z and z’, it is the image of a point on the 
minor (or major) arc joining x and x’. Moreover A’ is closed when- 
ever A is closed. Furthermore every k members of F’ have a point in 
common. By T(k, k) there is a point w such that every member of F” 
contains w or —w. But the statement +wCA’ is equivalent to 
P(x)/| P(x)| = +w for some x&A4, that is, P(x) is a multiple of w. 
Thus every member A of F contains a point in the subspace En—k+1 
generated by EF,» and w, and the great n—k+1-sphere Sn EnsHı 
intersects every member of F. To complete the proof of Theorem 2, we 
need only show: 

Part 2. If »>1, T(n—1, »—1) implies T(n, n). 

Proor. Let F be a family satisfying the hypotheses of T(n, n), and 
suppose T(n, n) is false. Then to each x€ Sp, we can assign a member 
A(x) of F such that neither x nor —x belongs to A (x). Since A (x) is 
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closed, we can find a number 6(x) such that neither 3 nor —z belongs 
to A(x) whenever |s—z| <6(x). The sets E,(|s—2| <6(x), sES,, 
x€S,) cover S,, and we may select a finite covering of S, from these. 
Let the corresponding members of F be A (x1), -- +, A(x,). Then no 
point x is such that all of the sets A(x,) contain either x or —x. If we 
can prove T(n, ») for a finite family F, we shall have arrived at a con- 
tradiction. Accordingly, we henceforth assume F is finite. 

Next we prove that T(n, n) is true if one of the members, say B, of 
F lies entirely on some great n—1-sphere S,-ı. Let A’=A-S,-ı 
for each A in F, and let F’ be the family of sets A’, AGF. Every 
n—1i members of F’ have a point in common, since they have 
a point in common with B. Also by Lemma 1, every member of 
F” is a closed convex subset of S,-ı. An application of T(n—1, n—1) 
completes the proof. 

Accordingly, we assume that no member of the finite family F lies 
entirely on a great n ~1i-sphere. By Theorem 1, we may assume that 
every member of F is strictly convex. 

To prove T(n, n) for a finite family of strictly convex closed sets, 
we proceed by induction on the number of members of F. T(n, n) 
being trivially true whenever F has at most n members, assume 
T(n, n) holds whenever F has fewer than r members, where r>n. 
Before completing the proof of part 2, we need the following result. 

Part 3. Suppose F has r members, Ai, -- - , A,, and suppose there 
is a point x such that x© A; =--> A, and -EAn +++ -Aste, 
where s>0, #20, and s+!sr—1. Then 7(n—1, »—1) implies there 
exists a point y such that either 

(a) every member of F contains either y or —y, or 

(b) y belongs to s+1 members of F, or 

(c) y belongs to s members of F and —y belongs to #4+-1 other 
members of F. 

PROOF. Every n— 1 members of iie family [A:- Ay, ’*, Ani Ar} 
have a point in common. By Lemma 1, each of ies sets is strictly 
convex. Since T(n—1, n—1) implies T(n, n—1), there exists a 
great circle Ss containing x and —x which intersects all of these sets. 
Suppose neither x nor —x belongs to A,. If A, Sz consists of a pair of 
eg opposite points y and —y, then +yE4: Ár SCA; 
4=1, --,7, and we have (a). Otherwise, A, Ss is a connected sub- 
set of Ss which i is in the interior of one of the semi-circles bounded by 
x and —x. Moreover, A:S is connected, t=1,-+-,5, since A;-S: 
contains a point in A,-A,-.S; as well as x. Choose a point x, in each of 
the sets A;-A,-S3, and let y be the nearest of the points xı, +--+, x, to 
x. Then y must belong to Ai- - - - -A,:A,, since the minor arc joining 
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x; and x must contain y. This is case (b). 

We now return to the proof of part 2. Suppose F has r members. 
By the induction hypothesis, there is a point x such that x€, - - - 
"Án while -x EA ++: Ai, where 1sssr—1. If T(n, n) is 
false, by part 3 there is a point y common to s-+1 members of F. 
Applying part 3 again, we can find a point z such that (b) or (c) hold 
with s replaced by s+1 and #20. If z is not common to s+2 members 
of F, by applying part 3 repeatedly we can eventually find a point 
common to s+2 members of F. Repeating the process, we finally ar- 
rive at a point common to r—1 members of F. Another application of 
part 3 completes the proof. 


4. Convex sets in the ordinary sense. In this section we use the 
term convex in the ordinary sense unless otherwise stated. A hyper- 
plane in #, is a translation of a subspace of En». We define a —1- 
dimensional hyperplane as the empty set. 


THEOREM 4. Let F be a family of bounded, closed convex sets in En 
which is such that every k members of F have a poini in common, 
1sSksSn-+1. Then through each n—k-dimenstonal hyperplane there 
passes ann—k-+-1-dimenstonal hyperplane which intersects every member 
of F. 


Proor. The case k=n-+1 is Helly’s theorem. Suppose 1S Sn, 
and let Hy. be an »— k-dimensional hyperplane. By a change of co- 
ordinates, we may suppose that H„-» passes through the origin. We 
may also assume that no member of F intersects Hy_x. If AEF, let 
A’ be the set Ely =x/| x| , LEA). Clearly, A’ is a closed subset of 
Sy. If yı and y: are linearly independent points of A’, that is, yi 
=x,/|x;| ‚„EA,t=1,2, and if 120, 820, aı-tas>0, then 

avs +- aya u azı tH (l— A) ta 
| ayı + asya] | Azi + (1 — Aral 
where 
am ar/ | x 
: ai/| s| + a/ | za] 
Hence A’ is a strictly convex subset of S, (in the sense of Definition 
2). Let F’ be the family of sets A’, ACF. F’ satisfies the hypotheses 
of Theorem 2, and we conclude that through S,.4=H,_»:S, there 
passes a great »—k-+1-sphere Sa» intersecting all members of F”. 


Let Hy-a+1 be the subspace generated by Sy-211. The statement 
S,_m1'4'0 implies there is a point x in A such that x/|x| ES, 4: 


= 0. 
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and hence sE Hy 4:1. Thus Ha-a intersects every member of F. 
This completes the proof. 

As shown in the proof of Theorem 2 (see part 1) the cases k Sn of 
Theorem 4 can be made to depend on the case k=n. It does not 
appear possible to derive the case in r from the Helly case k=n-+1. 

Upon learning of Theorem 4, S. Karlin and L. S. Shapley [3] gave 
a short proof using Helly’s Theorem and the non-existence of a non- 
vanishing tangential vector field on a sphere of any dimension such 
that the vectors at antipodal points are equal. Their method does not 
yield Theorem 2. 
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A THEOREM IN FINITE PROJECTIVE GEOMETRY 
CHUNG-TAO YANG 


It is known! that if F is a Galois field of order p* and SY a finite 
projective »-space over F, then each line of Sf passes through p*-+1 
points and in Sf appear (Nao Nai +: Naw) / (NoNe + + + Nm) t-spaces 
Sr, where 

Nap +" + te”. 

In case’ F possesses a subfield F’ of order p", there exists in S¥ at 
least one »-subspace Sj, that is, a finite projective n-space, on which 
the points contained in a line are p’+1 in number. The converse is 
also true. 

The object of this note is to prove the following theorem. 

In order to divide an Sy into several Sa such that one and only one 
Sn contains a given point, it is necessary and sufficient that r is a divisor 
of m and that m/r ts relatively prime to n+1. 

We first prove the necessity of the condition. 

From the above remark, m is evidently divisible by r. By hypothesis 
every point of S* is contained in one and only one S$; we infer that 
Nao = (prot? —1)/(pr—1) is a divisor of Nay = (p™"t) —1)/(p™—1). 
Hence (m/r, n-+1) =1 is a consequence of the following lemma. 


LEMMA. Let a, 8, and a>1 be three natural integers; 
(a — 1)(a% — 1)/(a* — 1)(e — 1) 
is an integer if and only if (a, 8) =1. 


To prove this we note that (a, 8) =1 implies (a —1; ®—-1)=a—1, 
and both a*—1 and a’—1 are divisors of a#—1, so that 
(a — 1)(a® — 1)/(a% — Io — 1) 
is an integer. 
Conversely, suppose that (a—1)(a%*—1)/(a*—1)(a8—1) is an 


integer. If on the contrary (a, 8)>1, on denoting a prime factor of 
(a, B) by q so that æa =q and B= 6q, we have 


(a — 1)(a%8 — 1) 7 (a — i) (an Ged 4. gr dm L... 4 art 1) 
(at — 1)(a® — 1) u ad — 1 


Received by editors August 2, 1948, 
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As arıde-d marth (mod a°¢—1) if tak (mod 6) and ô> k, we obtain 

that 

qla ea 1) (arD) + gras—2) + ee -+ agra -4+ 1) q(a u 1) (arè == 1) 
a% — 1 (atı — 1)(a*e — 1) 


is an integer. Consequently, g(a—1)(a—1) 2 (ar—1)(a®—1), 
namely, 


gr +. grat git p g D arth g- gar’ +. ga + 1. 
On the other hand we easily derive 
qare > Javea > grt -+ gia, 
qa-+-1>4q, 
and 


ars! = arie’-rie-1gricht > garter, 


which contradicts the inequality just obtained. Hence the lemma 
follows. 

We now prove the sufficiency of the condition stated in the 
theorem. Consider an irreducible polynomial in F[x]: 


art — Gog” — aye lt — ee Bye — Gn} 


then the projective collineation in S$, which carries the point with 
coordinates (xo, %1, ***, X4) into the point with coordinates 
(xd, Xi, °°°*, Xa ) given by 
px = Goto + x1, př = am tu, 
Pin = nio + En, Pia = BnXo, 


(1) 


is fixed point free, It may be shown? that the collineation (1) is of 
order Nyio, when and only when a root of 


(2) ar — agog” — Hari -- + — a,x — a, = 0 


in the algebraic extension of F with degree n+1, namely F*, is of an 
order divisible by Ny‘. 

Since r is a divisor of m, there exists in F a subfield F’ of order pr. 
Let 


antl — bog? — bat -- + — baix — bn 
be any irreducible polynomial in F’ [x]. A reference to (m/r, n+1) =1 


2 J. Singer, A theorem in fintie projective geometry and some applications to number 
theory, Trans. Amer. Math. Soc. vol. 43 (1938) p. 379. 
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shows that it is also irreducible in F[x]. Hence the projective collinea- 
tion 
(3) px = boxo + £u pi = bixo + u, , 
ptm ai ba-1%0 + Ta, pin = bato 
is fixed point free and admits a fixed S, determined by the points 
(1,0,0, -++,0), (0, 1,0, ...,0), i -+, (0, 0, ed, 1). 
Construct an SP*+D over F* to contain the given S™, and consider 
the projective collineations (1) and (3) on S*®*®; then they are 
collineations with exactly n-++1 independent fixed points. If Eis a root 
of (2) in F*, then the fixed points of (1) are (y2, 97", +++, 92"), 
4=0,1,---+, n, where (yo, Yis * * * , Yu) is determined by 
Eyo = Goyo + Yu, Eyi = yo + Yue s, 
EYn—1 = Gn—1Yo + Yn, EVn = nYo. 
Similarly we get the fixed points of (3), (s%", 27",---, 2%), 
4=0,1,--++,, where (30, 21, ° °°, 8.) is determined by 
730 = bogo + 21, 781 = bizo + 82, ° +» NZa = On—-180 + Sn, NZa = Dado, 
with a root 7 of the equation 
prH — bar — byy! edel. 


The ar collineation on a, which leaves invariant 
(0, yo i ), +=0, 1, ‚n, and the given Sy, is com- 
pletely determined by a point Me on the Sy and its image B. Since B 
may be selected in at most Nx) ways so far as A is given and (1), 
being of order Nx), meets such a condition, we infer that all these 
projective collineations form a cyclic group of order Nyo. 

There exists (n-+1)? elements cy in F, 4, k=0, 1, +++, n, such that 

Yo = CooBo + Co181 + ++ + + ConBa, 
Yı = C1080 + Cugi - ++ F Cm 
Yn = Cn081 F Craiga + °° * + Canda- 
The transform T of (1) by 
xo = Coto + Corti + +++ + Conta, 
% = Cto + cuti +--+ + Cintn, 


Xe = Cnoto + Carts F +++ + Canën 
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is a projective collineation of order Ngo and leaves invariant 
(2, Be ling 27), 4=0,1,-°:-+,, and the given Sy. Therefore 
(3) is a power of T. Since a fixed S% of (3) has been obtained, on 
denoting it by A, we have that 


T (Rs), #=1,2,-°-, N, o/ Nes 


are the fixed S| of (3), where T‘(R) represents the image of R, 
effected by T*. These Nito/Nnyo fixed Sa evidently satisfy the condition 
of the theorem. Thus we have completed the proof. 


NATIONAL UNIVERSITY OF CHEKIANG 


SOME CONSEQUENCES OF A WELL KNOWN THEOREM 
ON CONICS 


R. A. ROSENBAUM AND JOSEPH ROSENBAUM 
Graustein [4, p. 296]! proves the following theorem: 


THEOREM I. If three point conics have a common chord, and the three 
conics are taken in pairs and the common chord of each pair which is 
opposite to the given common chord is drawn, the three resulting lines are 
concurrent, 


He remarks that several well known theorems, including those of 
Pascal and the existence of the radical center of 3 non-coaxal circles, 
are obtainable as special cases of the above. The following result also 
follows directly from Theorem I: 


COROLLARY 1. The jotns of the intersections of the opposite sides of a 
complete quadrangle with a conic passing through two vertices of the 
quadrangle are concurrent. 


This corollary furnishes a simple proof of Ex. 155, p. 307 of 
Baker [1]: Let A, B, C, O be 4 points of a conic; let a line meet BC, 
CA, AB respectively in Z, M, N; and OL, OM, ON meet the conic 
again in P, Q, R respectively. Then AP, BQ, CR meet in a point, 
lying on the line LMN. 

It does not seem to have been noted that the following theorem 
may be obtained directly from Theorem I. 


Received by the editors August 28, 1948. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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THEOREM 1. The intersections of each of the conics of a pencil wtih a 
fixed comic C passing through 2 of the base points of the pencil are pairs 
of points of an involution on C. 


Proor. Suppose that the base points of the pencil of conics are 
A, B, C, D; that @ passes through A and B; and that (@ intersects 
any 3 conics Ža, Zs, & of the pencil in Pi, Qi; Pa, Os; and Ps, Qs. Then, 
by Theorem I, the lines P:Q,, P:Q:, CD are concurrent; so also are the 
lines P1Q1, PQs, CD. Hence the lines P,Q; all pass through the same 
point, for all points of intersection P,,Q, of € with an arbitrary conic, 
Zi, of the pencil. But this last is just the condition that P;, Q; are 
pairs of an involution on £. 

This result might also have been obtained more laboriously (for the 
proof of Theorem I itself is easy) by the method which Baker [2, pp. 
134-138] uses for general involutions. 

The involution theorem of Desargues follows from Theorem 1 as a 
special case by letting C consist of the line AB and a line not through 
any of the points A, B, C, D. 

Theorem I leads to a poristic result in the following manner: Let 
Zz, 2’ be two conics through A, B, C, D. Choose A; on È, and draw 
AA; to meet 2’ in a. Let ~B meet È in Ay; AA, meet X’ in a, and 
so on. Starting with A; on È, we thus set up a sequence of points, A, 
on 2: AA, meets 2’ in a, and a,B meets Z in A; Then we have the 
following theorem. 


THEOREM 2. If A, coincides with A: for some position of A1, then A, 
wil coincide with A, for all positions of Ax. 


Proor. Choose Bı on £ and let the intersection of BB, with 2’ be 
called ß,. The lines AA, and BB, constitute a conic through A and B; 
hence, by Theorem I, AıBı, ai$:1, and CD are collinear, at O, say. If 
the intersection of §,A with È is called By, then, by the same argu- 
ment, AB: passes through O. (We have, then, two sets of lines, A,B; 
and @,§;, all concurrent at O). Now, if, for some A1, A, coincides with 
Ai, Bn will coincide with By, for all By. Hence, in turn, A, will coincide 
with A, for all Ay. 

The condition for periodicity when the two conics are circles may be 
easily obtained: 


THEOREM 3. Let S, S' be two circles, centered at O, O', intersecting al 
A and B. The sequence {A,} on S is obtained as follows: AiA intersects 
S' at ai; aiB intersects S at Ais. Then a necessary and sufficient condi- 
tion that A, shall coincide with A; for all starting points, Ai, on S ts that 
angle OAO' =ma/n where m and n have no common factor. 
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Proor. In triangle A;Ba;, each of the angles A; and a, is constant, 
because they are inscribed angles subtending the fixed arcs AB and 
BA of circles S and S’. Hence, the third angle, B, is also constant. 
Now when A, has the particular position where A,A is perpendicular 
to AB, then BA; and Ba; are diameters; so that for this position 
angle A;Ba; is angle OBO’. Hence angle A,Ba, equals angle OBO’ 
for all positions of A,. Since angle 4,Ba; is the same as angle ABA n, 
and since angle 4,BA;,.ı equals 1/2 arc A,A, it follows that arc 
4A:A:rı equals twice angle OBO’, for all positions of Aj. 

The condition for A, to coincide with A; is obviously that 
Ir arc A,A n1 =2mr, or that angle OAO’ (=angle OBO’) =mr/n. 

This result is related to Steiner’s porism on a ring of circles tangent 
to two fixed circles and to the neighboring circles of the ring. (See, for 
example, Coolidge [3, p. 30] or Johnson [5, p. 115].) 


COROLLARY 2. Given two circles Sı, S; with their line of centers inter- 
secting Sı in P,Q, and Sı tn PQ. Let the circles consiructed on P1Qs 
and P:Q, as diameters be 21, Zu. Then, if either of the pairs (Si, Ss), 
(24, Zs) is a Steiner pair, the other is a pair of the type of Theorem 3, and 
conversely. 
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REED COLLEGE AND 
THE MILFORD SCHOOL 


ON THE FREQUENCY OF PAIRS OF SQUARE-FREE 
NUMBERS WITH A GIVEN DIFFERENCE 


L. MIRSKY 
If k is a positive integer, then the function 
f(x) = f(x, k) = > | u(m)u(n + &) | 
enumerates the number of pairs of square-free integers with fixed 


difference k such that the smaller of the two does not exceed x. The 
purpose of the present note is to establish the following result. 


THEOREM. As x> œ we have 
2 
fe) = 1(1- =) I (14 
P D/ tijh 
where the O-constant may depend upon k. 





z: -) x + O(x? logt’ x), 


In a previous publication! I considered the more general sum 


F(x) = 2 p(n + ki) +e m(n + ki), 


where ki, +: , & are distinct integers, r is an integer greater than 1, 


and u(n) is defined as 0 or 1 according as rn is or is not divisible by 
the rth power of a prime. I showed that, for <>», 


(1) F(x) = Ax + O(a tt), 


where A is a constant which can be expressed as an infinite series or 
else as a product ranging over primes. The asymptotic formula (1) 
generalized and sharpened an earlier estimate due to Pillai.? The 
present note furnishes a slight improvement on (1) for the caser =2, 
s=2. The factor x‘ in (1) arose from the expression max,s, d(v), and 
could not, therefore, be replaced by a power of log x by the method 
previously used. 

Our notation is as follows. The letters x, y denote positive numbers; 
all other small letters denote positive integers unless otherwise stated, 
and $ is reserved for primes. 

The O-notation refers to the passage x—œ, and O-constants de- 

Received by the editors July 8, 1948. 
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pend at most upon A. 
(a, b) denotes the highest common factor of a and b. 
d(n) denotes the number of divisors of n. 
We write 


N(x, a, b, k) = >, 1;  Nalx, a, b, k) = > 1. 


au—benk,boSs aut—botenk, bt z 
We begin with two preliminary estimates. 
Lemma 1. If (a, b)Ik, then Ni(x, a, b, k) =0. 
If (a, b)|k, then Ni(x, a, b, k)=x(a, b)/ab+O(1). 


This result is effectively case s=2 of Lemma 2 of my paper re- 
ferred to above. The proof is extremely simple and may be left to the 
reader. 


Lemma 2. N2(x, a, b, k) =O(log x). 


For the case when ab is not a square it was shown by Estermann? 
that 


N(x, a, b, k) S 2d(B) {log (£ + W) + 1}. 


If, on the other hand, ab is a square, the required result follows 
trivially. For write a =}%t, b=m%. If t}k, then Ne(x, a,b, k) =0, while 
if t| k, then 

N(x, G, b, k) = N2( at}, B, m’, kr!) 


s< %) is % 1=0(). 
ph...ghon kg-l 


Rimini 


We now come to the proof of the theorem. Since 


| a(n) | = 2 um) 
win 


we have 


(2) f(x) = 2; p w(a)u(b) = Lit Èis, 


acid, bid 
say, where ab Syin I ,ıandab>yin $`; Here y denotes a function 
of x to be fixed later. 
Writing 
(a, b)? 
K= % u(a)u(b) 


(a,b)2| a?b? 


3T. Estermann, Einige Säise über quadratfrete Zahlen, Math. Ann. vol. 105 
(1931) pp. 653-662, Hilfssatz 2 (Anhang). 
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we have, by Lemma 1, 


Dia = 2, w(a)u(s)Ni(x, 0%, 5°, k) 


bay 


, b)? 
ae SS AOI 


abSy, (at, b) |b a*h* 


1 
= Kr +0(s > ==) +% log y) 


ab>y 
(3) = Kx + O(xy™ log y) + O(y log y). 
Again, by Lemma 2, 


Sis Dts > 1 





+ O(y log y) 





ated deb, bdi e ab>y atob dk Pa goeder ahja 
(4) = > N(x, c, d, k) = O(x?y~ log? x). 
od“ z(z+k)y 


Putting y =x? log Y? x we obtain, by (2), (3), and (4), 
f(x) = Ka + Olz?! logt” x). 
Finally, it is clear that K= [], xp, where 


Xp = Pe u(p*)u(p*) tay = { 


4, 000,15 (p%,p”)2] % DIR 


1—1/p? if | &, 
1—2/p? if PR. 
The theorem now follows at once. 


It may be worth mentioning that the method of the present note 
also enables us to investigate the sums 


2| ulqin + kijulqan + ka) |, 


and 


2 | a(n + kı)lgan + ka) | 


(where ki, ks, qu, qa are given integers), and to obtain asymptotic 
formulae for these sums with error terms of the form O(x*/® logt’ x). 
Another result which can be established by an argument analogous 
to that used above is as follows. 
Let tı(n) = O(log*! n), t(n) = O(log? n), where on, a: are any given real 
numbers, and let 


Tı(n) = 2 hlm), T(n) = 2 ta(m). 
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Then 
$ Tiln)T3(n + k) = Cx + Olh logartart/ty), 
nas 
where 
a, 6)? 
c= E aont) x 
(a, b)1|k a 5? 


The theorem we have proved in detail is the special case t(n) 
=h(n)=u(n) of this result. 

Added in proof (September 1949). In a recent paper (Quart. J. 
Math. Oxford Ser. vol. 20 (1949) pp. 65-79) F. V. Atkinson and 
Lord Cherwell obtained a generalization of Lemma 2 in which 
squares are replaced by rth powers. This new estimate enables me to 
extend the result of the present paper to numbers not divisible by 
rth powers, and to prove that, for any r22, 


E meat A = II(1-—) I (— a 


Rm T p $ p’ ER 2 
+ O( x?! (r+) (log x) (r+2)/(r+1)) 





UNIVERSITY OF SHEFFIELD 


THE IRREGULARITY OF AN ALGEBRAIC SURFACE AND 
A THEOREM ON REGULAR SURFACES 


H. T. MUHLY! 


1. Introduction. In a recent paper [3]? O. Zariski and the writer 
have shown that the arithmetic genus of a field 2 of algebraic func- 
tions of two variables can be invariantly defined with the aid of the 
Hilbert characteristic function associated with a pair of models of 2. 
The first objective of this note is to show that the irregularity of 2 can 
be defined in a similar manner. The second objective is to obtain 
more general results on the existence of integral bases for regular sur- 
faces than were obtained in [2]. 


2. The irregularity. We consider a field 2 of algebraic functions of 
two independent variables over a ground field k. The field k is assumed 
to be of characteristic zero and to be maximally algebraic in Z. We 
use the notations and definitions of [3]. In particular, if U and V are 
normal models of £ we let {Am} ({Ba}) denote the system of curves 
cut out on U (V) by the hypersurfaces of order m (n) of its ambient 
space. The dimension increased by one of the complete system 
|AntB,| (which system is regarded as lying on the join W of U and 
V) is denoted by r(m, n). The transformation T: U—>V is said to be 
proper [3, definition 2] if T(A) is normal for a generic AE {Ai} ; 


LEMMA 1. If the transformatton T: U>V is proper then there exists 
an integer no such that for n= no and m Zi the complete system | AntB „| 
cuts a complete series on the generic curve A; of the system |A,|, where i 
is an arbitrary positive integer. 


Proor. Let A be a nonsingular irreducible hyperplane section of U 
such that 7(A) is normal. (Such hyperplane sections exist in view of 
the Bertini-Zariski theorems [7] and [9] and the fact that T is 
proper.) If #(m, n) is the r-function associated with the pair (A, T(A)) 
in the sense of [3] (article 2), then by formula 4.1 of [3], there exists 
an integer mo such that when m2 no the function r(m, n) satisfies the 
addition formula 


(2.1) r(m, n) = r(m — 1, n) + #(m, n). 
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Order XVIII (NR-043 054) at the University of Illinois and Harvard University. 
The ideas expressed in this paper represent the personal views of the author and are 
not necessarily those of the Office of Naval Research. 

4 Numbers in brackets refer to the bibliography. 
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If + is the genus of A, if u and v are respectively the orders of A and 
T(A), and if ny>2r—2, then the function #(m, n) is given by the 
formula f(m, n) =my+nv—az+1, so that by repeated application of 
(2.1), 


(2.2) (m,n) = r(m — i, n) + ilmu + nv — r + 1) - 2-4 — Du. 


If u; and r; are the degree and genus of the system |A,| the well 
known formulas of Noether yield 


hi = yp, 
xi = ir tat — Iu itt, 
so that (2.2) becomes 
(2.4) r(m, n) = r(m — i, n) + ilmu + m) — rit 1. 


Let A; be a generic? member of |.A;| and observe that | Am +Bal 
cuts a series of order (mu-+-nv)i on A,. If necessary we increase mo so 
that nov >2r—2. It then follows from the second of formulas (2.3) 
that if m24 and m2 the inequality, (mu+nw)i>2#,—2, holds so 
that the series cut on A; by | 4m-+Ba] is non-special. If d is its de- 
ficiency, then the dimension of this series is (mu-+nv)t—a,;—d, and 
since the residual system of |An+B,| with respect to A; is the com- 
plete system | Ami +Bal, 


(2.5) r(m, n) = r(m — i, n) + (mu + nv)i — r, —d++1. 


Equations (2.4) and (2.5) together imply that d=0, q.e.d. 

It is well known that if Cı and C3 are generic members of a linear 
system |C] of curves on an algebraic surface then the characteristic 
series cut by | C| on C; (#=1, 2) will have the same deficiency. This 
deficiency is therefore a character of the system Ic | . We quote the 
following lemma proved in [4] (page 70). 


(2.3) 


LEMMA 2. If the system | C+D| cuts out a complete series on a generic 
curve CE|C|, then the deficiency of the characteristic series of | C| is not 
greater than that of |D}. 


If we let a(m) and B(n) denote the deficiencies of the characteristic 


series of the complete systems |A„| and |B,| respectively then 
Lemmas 1 and 2 together yield the following theorem. 


THEOREM 1. If the transformation T: U>V is proper then there exists 


3 The term “generic” is here used only to signify that A, is irreducible and has 
genus r; where x; is the genus of |.4,|. Unless otherwise specified the term will be used 
in this sense throughout the text. 
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an integer no such that a(m) Sß(n) when n 2 no and m is arbtirary. 


Proor. By Lemma 1 there is an integer mo such that |Am+B,| cuts 
a complete series on the generic curve of cay when n= no and m is 
arbitrary. By Lemma 2 it follows that a(m) S8(n), q.e.d. 


COROLLARY 1. If both T: U—>V and T-!: V--U are proper then there 
exist integers mo and no such that alm) =B(n) tf m= ms and n= no. 


It follows that the deficiency a(m) of the characteristic series of the 
complete system determined by the m-fold of the system of hyper- 
plane sections of any normal model U of 2 is independent of m if m 
is sufficiently large. Indeed, if V is any model of Z in regular cor- 
respondence with U (so that both T: U>V and T-1: V—U are proper 
[3]) and if mo and no are the integers determined by the pair (U, V) 
in the sense of Corollary 1, then a(m)= 8 (no) for all m >m. More- 
over, a(mo) is the maximum value of a(m) since a(m) SB(no) =a{mo) 
for all m. This maximum value assumed by the function a(m) is 
therefore a character of the model U. We denote it by 6(U). The 
non-negative numerical character 6(U) is a relative invariant of U, for 
if U and V are in regular correspondence then 6(U) =a{mı) =8(no) 
=ô( V). 


COROLLARY 2. If U and V are normal models of È such that U< Y 
then 6(U) S6(V). 


Proor. If U and V are normal and if U<YV then T: U—V is 
proper. Hence by Theorem 1 there exists an integer mo such that 


6(U) Spin) S8(V), q.e.d. 


COROLLARY 3. If U and V are nonsingular models of È then 6(U) 
=6(V). 


Proor. It is shown in [8] that there exist models Ui and V, such 
that the correspondence Tı: U1— V; is regular and such that U; (V1) is 
obtained from U (V) by a sequence of quadratic transformations with 
simple centers. Since such quadratic transformations and their in- 
verses are proper [3, Lemma 3] and since Tı and T7' are proper 
Corollary 1 implies that 6(U) = 6(U1) =6( V1) =6(V), q.e.d. 

Since the character 6(U) has the same value for all nonsingular 
models of = we can regard it as a character of 2. It is this character 


4 The notation U< V is used to indicate that the birational transformation 771: 
V~»U has no fundamental points on V; or equivalently, the local ring Q(P) contains 
the local ring O{P), when P(C U} and P’'(C_V) are a pair of corresponding points in 
the birational correspondence T. 
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which we define to be the irregularity q of the field 2, and 2 is said to 
be regular or irregular according as g=0, or g>0. The use of the term 
“irregularity” for this character of È is justified by the well known 
work of Castelnuovo (see [4, chap. IV]) who has obtained the above 
results by different methods. 


COROLLARY 4. If U ts any normal model of È then 6(U) Sq. 


Proor. There exists a nonsingular model Y such that U< V (see 
[6]). Hence 6(U) $8(V) =q, q.e.d. 


3. Regular models. Let U be a normal model of X, and let 
{Am} be the system cut out on U by the hypersurfaces of order m of 
its ambient space. 


LEMMA 3. There extsis an integer no such that if nz the complete 
system |rA,| cuts out a complete series on the generic curve of | An] for 
any inleger r= 2. 


Proor. We regard U as being in regular birational correspondence 
with itself under the identity correspondence and we identify the 
systems {An} and {Bm} of the preceding article. By Lemma 1 there 
exists an integer mo such that [Amta] cuts a complete series on a 
generic An E| An| when n 2 no. It follows that | Aa+..| cuts a complete 
series on a generic A, if #2 and s is an arbitrary positive integer. 
Hence |Ara|(=|rAa|) cuts a complete series on A, if n&r and 
rz2, q.e.d. 


THEOREM 2. If U ts a normal model of È such that the relative in- 
variant 6(U) is sero, then there exists an integer ho such that if Uy is 
any derived artthmettcally normal model of U belonging to a character of 
homogenetty h &ho, then the generic hyperplane section of U, is arith- 
meltcally normal. In fact, any irreducible nonsingular hyperplane sec- 
tion of U, ts an arithmetically normal curve. 


Proor. Let ko be the integer no determined in Lemma 3 and let A 
be a character of homogeneity® of U such that 42 ho. If {A,} denotes 
as usual the system cut out on U by the hypersurfaces of order n of its 
ambient space, and if U, is the derived arithmetically normal model of 
U belonging to the character 4, then the hypersurfaces of order r in 
the ambient space of U, will cut out the complete system |Ax,| on 
Uyr=1,2,--- [1]. Since k& ho, it follows that |Aa,| will cut out 
a complete series on the generic curve of [Aal if r22. If necessary, 


5 For the definition and properties of characters of homogeneity see [5, articles 
20 and 21]. 
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we increase ho so that for AZ ho the deficiency of the characteristic 
series of |A a| will equal ô( U}. Then since ö(U) is zero, the system 
|A»| will cut a complete series on a generic curve of | A,|. It there- 
fore follows that |As-| cuts a complete series on a generic curve Ax 
€|A,| for r=1, 2, +- -,so that A, is arithmetically normal [1]. 

To show that any nonsingular irreducible hyperplane section of 
U is arithmetically normal we observe that the term “generic” is 
used to signify an irreducible member A, of |.Ax| of genus m, as was 
pointed out in footnote 3. In view of the fact that | Aa] is cut out on 
U, by the hyperplanes of its ambient space, it is a straightforward 
matter to show that any two irreducible nonsingular hyperplane 
sections of U, have the same genus.’ It follows that any such member 
of | Aal is generic in the sense in which we have used the term, q.e.d. 

Models of 2 which satisfy the hypothesis of Theorem 2 (that is, 
normal models U such that 6(U) =0) will be called regular models of 
2. If 2 is a regular field, then since 0S6(U) Sq, it follows that every 
normal model of È is a regular model. Whether or not irregular fields 
possess regular models is an open question. 


4. Integral bases. Let p = k [xo, x1, - ++ , Xn] be the integrally closed 
ring of homogeneous coordinates along an arithmetically normal 
model W of È. A triple (yo, 41, ys) of elements of o will be called an 
admissible set of independent variables for o if (a) y: is homogeneous 
of degree one, and (b) o is integrally dependent on k[yo, Yı y2]. The 
elements yo, Yı Ya will then be algebraically independent over k, and 
the quotients 41/70, Ya/yo will form a transcendence base for 2/k. If 
y= |Z: k(yı/yo, Ya/yo)], and if there exist v elements w, ws, +--+, w 
in o which are linearly independent over k [yo, Yı, y2] and form a modu- 
lar base for o over &[yo, Yı Ya], then the set (yo, Yı, Ya) will be called a 
regular set of independent variables for o. The elements a, wa, + + +, 0 
are said to be an independent integral base for o over k[yo, V1, yal. 
The ring o will be called a regular ring if every admissible set of inde- 
pendent variables is regular. It is evident that if the set (yo, Yu, Ya) 
is regular then the set (xo, x1, 23), =) an auCk, | a! 7£0, is also 
regular. 


s Let o be the ring of homogeneous coordinates on U, and let x(n) be the number 
of independent homogeneous elements of degree n in o. If Ay is an irreducible hyper- 
plane section of U, of order r and genus p, then the fact that the prime ideal of A, in 
o is a principal ideal, together with the fact that As is nonsingular, implies that 
x(n) =2-1n(n 1)» +(r—p+1)s-+c, where c is a constant. (See [2, article 6] for de- 
tails.) Since the function x(n) is independent of the curve A, used to compute it, 
the fact that all irreducible nonsingular members of |Ax| have the same genus is 
established. 
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Let U be a regular model of 2 and let U, be a derived arithmetically 
normal model of U such that every irreducible nonsingular hyper- 
plane section of U, is arithmetically normal. Let o be the ring of 
homogeneous coordinates on U, and let (yo, Yı, y2) be an admissible 
set of independent variables for o. Since o depends integrally on 
k[yo, Yı y2], it follows that the ideal Loy, is irrelevent so that the net 
of curves, coyo+cıyı Fceys=0, & Ek, has no base points on U}. Since 
U, has only a finite number of singularities it follows [9] that the 
generic curve of this net is nonsingular. Since the quotients y1/y and 
ya/yo form a transcendence base for 2/k, the general curve of the net 
is irreducible [7]. Hence, after applying a linear transformation to the 
quantities y; if necessary, we can assume that (a) the ideals oy; are 
prime, (b) the curves y;=0,4=0, 1, 2, intersect pair by pair at simple 
points of U+, and (c) the curves y,;=0 are arithmetically normal. It is 
shown in [2, article 8] that these conditions are sufficient to insure 
the existence of an independent integral base for o over k[yo, Yu Ya]. 
Hence every admissible set of independent variables in o is regular, 
and 9 is a regular ring. We can therefore assert the following theorem. 


. THEOREM 3. If U ts a regular model of È then the ring of homo- 
geneous coordinates along a derived arithmetically normal model of U 
belonging to a sufficiently high character of homogentety ts a regular ring. 


5. Regular fields. Let È be a regular field and let &, & be an arbi- 
trary transcendence base for 2/k. The question has been raised by 
O. Zariski as to whether or not the integral closure Ẹ in È of the ring 
kl£ı, &] always has an independent integral base over k[&, &]. Al- 
though we cannot answer this question, the following theorem throws 
some light on the problem. 


THEOREM 4. If (&, &) ts a transcendence base for the regular field 
Z/k, then there exist integers h such that the integral closure in È of the 
‘ring Rı=k|&, &] has an independent integral base over Ry. 


Proor. For any k the integral closure in Z of Rs coincides with the 
integral closure X of Rı. The ring T is a finite integral domain, so 


that there exist elements &, „°, & in © such that © 
= k |s fi, - °°, £. |. Let 70 be a transcendental over © and let n = nok, 
i=1, 2. If 


(5.1) & + aah, fe Heee + aoln &)=0, §=3,4,--+,m, 


7 Condition (b) above is somewhat weaker than the corresponding condition (b) 
given in [2, article 8]. However, the stronger form was used only as a matter of con- 
venience to simplify the details of the proof, as an examination of the proof will show. 
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is the equation of integral dependence for £ over Rı and if m is an 
integer which is not less than the greatest of the numbers j—!-deg Gi, 
4=3,4,°-+,257=1,2,---,¥v, then on multiplying (5.1) by 79” we 
find that ng -£ depends integrally on & |no, m, 72]. By the transitivity 
of integral dependence it follows that nọ’; depends integrally on 
k [ny ™ ng |. We let ya 1=0, 1,2; vn E; j=3, oe » nh. The 
quantities yo, Yu, °° * , Yn can be regarded as the coordinates of the 
general point of a model W of X. Moreover, the ring [y] of homo- 
geneous coordinates on W depends integrally on &[yo, y1, yal. 

Let p be a character of homogeneity of W and let U be the derived 
normal model of W belonging to the character p. Since È is regular, 
the model U is regular and hence possesses a derived normal model U, 
which has a regular ring o=k[xo, %1, * : +, x,| of homogeneous co- 
ordinates. We put g=p-o and observe that g is a character of homo- 
geneity of W and that U, is a derived normal model W, of W belong- 
ing to the character g. 

The quantities y$, vi, v2 are homogeneous of degree g when the 
degree is measured with respect to W, but they are of degree one when 
measured with respect to W,. These elements are in p, and it is not 
difficult to see that every element of o depends integrally on 
ky’, 0%, 33]. In fact, every element of o depends integrally on k[y], 
so that o is integral over k [yo, Yı y2]. Since this latter ring is integral 
over k[y2, y2, y4], it follows that (4%, y2, yZ) is an admissible set of inde- 
pendent variables for o. Since o is a regular ring, the set (y5, vi, 3) 
is a regular set of independent variables. 

After applying a nonsingular linear transformation with coefficients 
in k we can assume that x,=477,7=0, 1, 2. Then x;/xo= 8", +=1, 2. 
If h=gm, then the ring oo=k[xi/x0, x2/x0, ---,%./x0] depends 
integrally on R, and since oo is integrally closed, n»o=Z. By [2, 
Theorem 2.1] the fact that o has an independent modular base over 
k[xo, x1, x2] consisting of u= [Z: k(xı/xo, x2/x0)| elements implies 
that oo has an independent integral base over k [x1/x0, x2/x0|, that is, 
% has an independent integral base over Ra, q.e.d. 
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UNIVERSITY oF ILLINOIS 


ON THE EUCLIDEAN ALGORITHM IN QUADRATIC 
NUMBER FIELDS 


H. CHATLAND 


1. Introduction. Let m be a square-free rational integer. The field 
R(m!!?) is said to be Euclidean or that the Euclidean algorithm exists 
in R(m/?) if for integers a, 8+0CR(m/*) there exists an integer 
yCR(m¥"%) such that , 


| W(a — By) | < | N8) |. 


The problem of determining in what fields R(m*) the algorithm 
exists has been worked out except for m equal to a prime of the form 
24n-+1 and greater than 97. In this paper it is shown that the 
Euclidean algorithm does not exist for m=24n+1>97 except 
possibly for m = 193, 241, 313, 337, 457, and 601. The problem is not 
settled in these six cases. 


2. Previous results. In order that a field be Euclidean the class 
number must be 1. However, this condition is not sufficient for, as 
Dedekind pointed out [1], the field R(— 19?) has class number 1 but 
is not Euclidean. L. E. Dickson [2] showed that for m negative the 
Euclidean algorithm exists only if m= —1, —2, —3, —7, and —11. 
For m positive, the algorithm has been shown to exist for the follow- 
ing values of m: 


(1) 2, 3, 5, 6, 7, 11, 13, 17, 19, 21, 29, 33, 37, 41, 57, 73, 97. 


Except for the last two values in (1) the proofs have been obtained by 
O. Perron [3], A. Oppenheim [4], R. Remak [5], N. Hofreiter [6], 
and A. Berg [7]. It was pointed out by I. Schur [4, p. 351] that the 
algorithm does not exist for m=47. A. Oppenheim [4] proved that 
for m=23 and m=53 the algorithm does not exist. N. Hofreiter [8] 
proved non-existence for m=14 (mod 24) and [6] for m=77 and 
m=21 (mod 24), m>21. E. Berg [7] and J. F. Keston [9] proved non- 
existence for m1 (mod 4) except for the values listed in (1). Also, 
apart from (1) H. Behrbohm and L. Rédei [10] showed that the 
algorithm can exist only in the following three cases. 


L m= pm 13 (mod 24), 


Presented to the Society, June 19, 1948; received by the editors May 11, 1948, and 
in revised form, July 23, 1948. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 


948 


EUCLIDEAN ALGORITHM IN QUADRATIC NUMBER FIELDS 949 


I. m= pe 1 (mod 8), 
OI. m= q with p = ¢ = 3 (mod 8) or p = q = 7 (mod 8) 
| where p and g are primes. 


For sufficiently large m, P. Erdös and Ch. Ko [11] proved that the 
algorithm cannot exist in cases I and II. H. Heilbronn [12] proved a 
similar result for case III. L. Schuster [13] showed that except for 
m=33 and 57 in case III the algorithm exists at most for m=i 
(mod 24). A. Brauer [14] proved that the algorithm cannot exist 
in case I for p>109. There remained then in case I only the values 
m=61 and m=109. L. Rédei [15] proved the non-existence of the 
algorithm for these two values. By an entirely different method L. 
K. Hua and W. T. Sheh [17] proved that the algorithm does not exist 
for m=61. L. Rédei [18] obtained the result in case III that if the 
algorithm exists then m=3q. This result coupled with that of 
Schuster [13] completes case III in which the algorithm exists only 
for m=21, 33, 57. There remain those values of m=p=1 (mod 8). 
For p=73, 97, L. Rédei [15] proved the existence of the algorithm 
and for p of the form 24n-++17 and greater than 41 the non-existence 
of the algorithm. The case p=24n+17 and p>4i was also treated 
by L. Hua and S. Min [16] who left in doubt however p= 89, 113, and 
137. 


3. Present results. Recently H. Danveport [19] proved that the 
Euclidean algorithm does not exist for quadratic fields whose dis- 
criminants exceed (128)?. In their paper, mentioned above, Erdös and 
Ko prove the following theorem: 


THEOREM. For a prime p of the form An-+1, the Euclidean algorithm 
cannot exist in R(p"?), if p can be written in the form 


(2) p = gum + gums, 


where m1, Ma, qi, qa are all positive and quadratic non-residues (mod p), 
and where the q; are odd primes which divide qem; to an odd power for 
4=1, 2. 


In this paper a representation of the form (2) is given for each prime 
of the form 24n-+1 greater than 97 and less than (128)? except for 
p=193, 241, 313, 337, 457, and 601. In the case of these last six it 
can be shown that no such representation exists. Hence for them no 
conclusion can be drawn, concerning the existence of the algorithm, 
by this method. 
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Representations of primes p=24n+1 in the form pP =qımı +gama 


409 =14% 
433= 7X 
577 =14X 
6713=17X 
769=23X 
937= 5X 
1009=11X 
1033 =11X 
1129=17 X 
1153=17 X 
1201 =17X 
1249 =19X 
1297 = 5X 
1321 =17X 
1489 =17 X 
1609 =19X 
1657= 7X 
1753= 7X 
1777= 5X 
1801 =19 X 
1873 =23X 
1993= 7X 
2017= 5X 
2089= 7X 
2113= 5X 
2137 =13X 
2161 =23X 
2281= 7X 
2377= 5X 
2473= 5X 
2521=11X 
2593= 5X 
2617= 7X 
2689=13X 
2713=11X 
2833= 7X 
2857= 5X 
2953= 5X 
3001= 7X 
3049 =11 X 
3121= 7X 


19-+11X 
29-+10X 
13+ 5X 
15+19X 
21-+13X 

7+41X 
52+19X 
13+-89X 
19+31X 
14+-61X 
26423 X 
44+ 7X 
1544+17 X 
39+47X 
39-+-59 X 
14+17X 
45-+-61 X 
165+13X 
21+19X 
784-11X 
60+17X 

5+89 X 
26+17X 
190+11X 
277+ 7X 
129+ 5X 
70+19X 
s1+13X 
62+13X 
31+19xX 
53+17 X 
215+29X 
1224+41 X 
46+17X 
153+ 5X 
15+11X 
138 +11X 
42 +13X 
65+19X 
94-+13X 
220+17X 


3169= 7X 
3217= 5X 
3313 =13X 
3361 =11X 
3433 = 7X 
3457= 5X 
3529 = 13 X 
3673= 5X 
3697= 5X 
3769 =17X 
3793 =19X 
3889 =11X 
4057 =29 X 
4129= 7X 
4153 =13X 
4177 =11X 
4201 =11X 
4213 = 5X 
4297 = 5X 
4441 =13X 
4513 =19%X 
4561 =17 X 
4657= 5X 
4729 =11X 
4801 =23 X 
4969= 7X 
4993 = 5X 
5113= 5X 
5209=11 X 
5233 = 5X 
5281 = 7X 
5449= 7X 
5521= 7X 
5569=19X 
5641= 7X 
5689 =17 X 
5737 =37X 
5857 = 5X 
5881 =31 X 
5953= 5X 
6073= 5X 


86 +17 X 
87 +13 X 
45+11X 
68+13X 
10+19X 
42 +17 X 
57 +17 X 
13+11X 
92+13X 
14411 
60+ 7X 
38+13X 
20+19X 
29+13X 
102+11X 
45+ 7X 
38+13X 
58+ 7X 
19 +11X 
70+11xX 
15+ 7X 
110+13X 
46+19%X 
93-+17X 
21+17 X 
152+11X 
57+11X 
93+ 7X 
306-+19 X 
i7+11x 
38-+17X 
95+13X 
89-+31X 
68+13X 
172429 
132+13X 
20-+19X 
78+ 7X 
13+11 

7+11X 
29-+19X 


151 


1949] 


6121= 7X 
6217=17X 
6257= 5X 
6337= 5X 
6361 =17 X 
6481 =13X 
6529 =11X 
6553 =11 X 
6577 = 5X 
6673= 5X 
6793= 1X 
6841 =29 X 
6961 = 7X 
7057 =13X 
7129= 7X 
%177= 5X 
1297= 1X 
7321= 7X 
7369 =13X 
7393 =23 X 
1417= 5X 
7489 =37 X 
7537= 5X 
1561 =13X 
1681 =13X 
7753= 5X 
7873 =13X 
7993 = 5X 
8017 =19X 
8089 =17X 
8161= 7X 
8209=13X 
8233 =17 X 
8329 =31 X 
8353= 5X 
8377 =13 X 
8521 =13X 
8641= 7X 
8689 =29X 
8713= 5X 
8737 =37X 
8761=19X 


87-+13X 
15+11X 
56+43 X 
61+13X 
21+19X 
342+11X 
141+19X 
280 +23 X 
69+19X 
308 +29 X 
235+11X 
67+31X 
104-++23x 
80-+11X 
374413X 
38+17X 
15-++29%X 
312+11X 
201+29X 
29-+19X 
17+13x 
704-23 X 
51+11X 
73+29X 
102-+31x 
416+31X 
10+29x 


424 
542 
139 
464 
316 
185 
262 
151 
328 
177 
468 


88-+ 7x1079 


90 -+17 X 
295 +29 X 
29 -4-23 X 
14+-23 X 
165-+23X 
219-++-11X 
17+13X 
135+11X 
31-411 
136-+11X 
195+37X 
404 -+-23 X 
30-+-29 X 
71+17X 


371 
106 
346 
349 


8929 =13X 
9001 =13 X 
9049=11X 
9241 =17 X 
9337 = 5X 
9433 =13 X 
9601 =13 X 
9649 =41 X 
9697 =11X 
9721 =11X 
9769=17X 
9817 = 5X 
10009 =11 
10177= 5X 
10273= 5X 
10321= 7X 
10369=13X 
10513= 5X 
10657 =29 X 
10729 =41 X 
10753= 5X 
10993 = 5X 
11113= 5X 
11161= 7X 
11257 =17 X 
11329=11X 
11353= 7X 
11497= 7X 
11593=11X 
11617 =13X 
11689= 7X 
11833= 7X 
11953= 5X 
12049 =19X 
120735 7X 
12097 =11X 
12241 =13 X 
12289 =19X 
12409 =13X 
12433 =13X 
12457 =19 X 
12553 =11 X 
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114+11X 
42-+19X 
53+17X 
286 -+29 X 
203+19X 
80-+11X 
1744+41 X 
212 +11 X 
30+17X 
774+17X 
390 +43 X 
42--13X 
105-+19X 
7+11X 
238+31X 
A1+29X 
207-+11X 
28+11X 
353+ 7X 
534-23 X 
351+11X 


818 


156+ 7xX1459 


611+17X 
66+13X 
190+-23 X 
140-+-13X 
19-+17X 


474 
823 
349 
753 
660 


60+11 1007 


40-+-19X 
245 +17 
2644-13 X 


587 
496 
151 


20 -+4-11 X1063 


22-+13X 
156+23X 


911 
395 


15+11x1088 


120+13X 
126-+-23X 
165+23X 

63-+-19 X 
160-+17X 
330-+-23 X 
230-+13 X 


829 
461 
398 
610 
609 
269 
771 
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12577= 5X 126+13x 919 14593 =111123+ 5X 448 
12601=29X 132+31 283 14713 =11X 399+29x 356 
12721=17X 52+19x 623 14737=11X 80+31x 447 
12841=23x 86+17x 639 14929=11X 42+17X 851 
12889 =11xX 195+17X 632 15073= 5X 366+41X 323 
13009= 7X 23+111168 15121=11xX 129+31x 442 
13033= 5X 102+ 71789 15193 =17X 250+31X 353 
13177= 7X 80+11%1147 15217= 7X 117+23x 626 
13249= 7X 13+17xX 774 15241=11X 78+19X 757 
13297 = 5X 153+13 964 15289=17 469+31x 236 
13417=11X 40+19xX 683 15313= 5X 281+19X 732 
13441 =29X 110+17X 603 15361= 7X 305+17X 778 
13513= 5X 126+13 991 15601=17X 56+19x 771 
13537= 5X 63-+11x1202 15649 =11xX 492+29x 353 
13633= 5X 569+31 348 15817= 5X 577-+53x 244 
13681 =11X 69-+13X 994 15889= 7X 374423x 577 
13729=17X 328+31X 263 15913=11K 70+19X 797 
13873=11X 78-+19X 685 15937 = 7X 165+19 778 
13921=11X 118-+13xX 971 16033= 7X 15+111448 
14281=13x 124441 309 16057= 7X 60+19x 823 
14401 =11X 145+19X 674 16249=11%X 680+37X 237 
14449=11X 62-+13xX1059 16273= 5X 322+31X 473 
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Onto STATE UNIVERSITY 


TRANSCENDENCE OF FACTORIAL SERIES WITH 
PERIODIC COEFFICENTS 


VERNE E. DIETRICH AND ARTHUR ROSENTHAL 


It is well known that every real number a can be represented by a 
factorial series 


Gy GG 0 On 
1 Eee Seem rae: Seen Saree 
a oe a ta i 
where the a, (n=1, 2, - - - ) are integers and, moreover, 0 Saa <7 
(for n=2, 3, +--+). This representation is unique for the irrational 


numbers a, while every rational a can be represented either with 
almost all! a,=0 or with almost all ¢,=n—1. 

The representation (1) was discussed and the aforesaid properties 
were proved by M. Stéphanos [1].? But an even more general type 
of series had already been studied by G. Cantor [2] (not known to 
M. Stéphanos). These series have later been called “Cantor series” 
(cf. [3]). 

In this note we consider the case in which the factorial series (1) 
has periodic coefficients a, and we prove the following theorem: 


THEOREM 1. Every number a represented by a factorial series (1) 
with periodic coeficients ts transcendental (except for the trivial case where 
almost all a„ are zero). 


The above condition 0 Sa. <n (for n=2, 3, + - - )isnot used at all 
in the following proof. Moreover, the coefficients a, need not neces- 
sarily be integers; the a, can be any algebraic numbers. Then Theorem 
1 and its proof still hold. 

We generalize Theorem 1 further: 


THEOREM 2. If the power sertes* 


Le) On 
(2) gl) = 2, — 3" 
nl n! 
has algebraic coeficients a, (not almost all of them being zero) which 
form a periodic sequence, then $(s) ts a transcendental number for every 
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3 Under the conditions of Theorem 2, ¢(s) is an entire function. 
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algebraic z( 0). 
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For s=1 Theorem 2 furnishes Theorem 1. Hence we prove Theo- 


rem 2. 


The general case in which the period starts with a, (s21) can im- 
mediately be reduced to the case in which the period begins with aı. 
One has only to subtract and add s—1 terms, that is, algebraic num- 
bers. Therefore it suffices to assume that the period starts at a. 

Let m be the “length” of the period, that is, the number of coefh- 


cients @, belonging to the period, 





and let w be a primitive mth root 


of unity. Then 
ets m J ws ES oe 
1! 2i 
ut (m1) . g (m1) Wim. gm 
EST -- ae + eee 


Thus, since the sum of the rth powers of all the mth roots of unity is 


zero if r is not divisible by m, we 


Det =m+0+-- 
bel 


+0+:- 


and hence 


eek 


M ke 
+0+:-- 


Similarly for r=1, 2, - 





mM Kl 


+04. HOH mr 


By summing over r=0, 1,2, - - 


obtain: 


Lola 
m! 





“Om 


Z 
+ 0+ an — 
m! 


gim 


1025 Fee ees Mss 
+0 +4 am T 


-,m—1 we have 


wT 


Dora O4... +04 aa mmc 


(m — r)! 


im-r 


ESET E g 5: EET 
Gaani" F 


-,m-—1, we obtain 


3 en (> = amar) = (8) + Gm 
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or, if we set (1/m) I Gn_rw* =A, (R=1, 2,- -, m), we have 
(3) U Are — [4(s) + an] e = 0. 

Am], 


It is impossible that all coefficients A, (k=1, 2, : - -, m) vanish; for 
then the equation of (m—1)st degree 


m—1 
uns" = 0 


r= 0 


would have m different roots w* (k =1, 2, - - - , m), while the case that 
all 4,=0 (n=1, 2, ---,m) has been excluded. But now, since for 
an algebraic 20 the numbers w*-s (k=1, 2, - +--+, m) are algebraic, 
different, and nonzero and since the A, (k=1, 2,-+-+,m) are also 
algebraic numbers and at least one of them is not zero, it follows from 
(3) by Lindemann’s general theorem ([4, 5], cf. also [6]) that #(z) 
-Fän and hence also ¢(z) is a transcendental number for every alge- 
braic s £0. 
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PURDUE UNIVERSITY 


A NONHOMOGENEOUS MINIMAL SET 
E. E. FLOYD 


1. Introduction. In this note we consider the following question: 
does there exist a compact minimal set which 1s of dimension 0 at some 
of its points and of positive dimension at others? We answer the question 
in the affirmative by constructing a compact plane set X and a homeo- 
morphism T of X onto X such that X is minimal with respect to T 
(that is, contains no proper closed subset Y with T(Y)CY) and such 
that X possesses the desired property. As a result, there exist non- 
homogeneous minimal sets. 

An outline of the procedure is as follows. A compact, totally dis- 
connected subset A of the x-axis in the plane and a homeomorphism 
f of A onto A are defined so that A is minimal with respect to f. Two 
real functions bo and b, are then defined on A with 0 Sdo(x) Sdi(x) S1. 
We then let X be the set of all points (x, thi(x)+(1—12)bo(x)) for 
xGA and 03/381, thus in effect erecting a vertical interval or a point 
over each «GA. Then T is defined so as to send the point determined 
by x and # into the point determined by f(x) and t£. 


2. The example. 

DEFINITIONS. Let A, denote the set of integers 1, ---, 3‘ and let 
mıı be the map from AÁ: to A; defined by mu(P)=p mod 3% for 
PCA... Let A designate the limit space of the sequence (Aj, Tigi) 
[1].1 Then A is a compact totally disconnected metric space. Let f; 
be the map from A; onto A; defined by f,(~) =(p+1) mod 3°; then 
Fitir = Sfi. It follows that the map defined by f(x) =fi((x:)) for 
x= (x,) GA is a homeomorphism of A onto A. Moreover A is minimal 
with respect to f for if x=(x;)CA and y=(y;) GA, then f(x) has 
its first n coordinates equal to those of y. 

Let x= (x,) CA; the points of Aj. mapping onto x; under Tip are 
xita-3', a=0, 1, 2. Define a; by xmı=x: +a; 3t. We call the sub- 
sequence fi, Bs, « * - of a1, a, © - - consisting of all a;>1 the associated 
sequence for x, and define several functions of x: 

Let a(x) be the number of elements in the associated sequence for x 
(a(x) is either a non-negative integer or œ). 

Let bo(x) =0 if a(x) =0, bo(x) = (1/2) IR B,/2! if a(x) >0. 

Let by (x) = bo(x) + > dats 1/27 =bo(x) +1/2°@ if a(x) <0, and let 
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bi (xc) = bo(x) if a(x) = œ. 

Let bi(x) = thi(x) +-(1 —2)bo(x) for OS? 1. 

Since A is a totally disconnected compact metric space, it may be 
embedded in the x-axis of the plane. Let X be the set of all points 
(x, b:(x)), «GA and Osts1. Define a transformation T of X into X 


by T((x, bi(x))) = F(x), Se(f(#)). 


THEOREM. The space X +s compact and of dimension 0 at some points 
and of dimension 1 at the others. Furthermore T is a homeomorphism of 
X onio X and X ts minimal with respect to T. 


Proor. The proof will be divided into four parts. 

(a) X ts compact. We state the following, omitting proof: the func- 
tion bo(x) is lower semi-continuous on A and &(x) is upper semi- 
continuous on A. Let (x,, b:,(x;)) be an infinite sequence of points in 
X. Some subsequence, which we suppose the same as the original, 
converges to a point z= (x, y) of the plane. Since A is compact we 
have «GA. For yEA let V(y) = Voses: (y, 5:(y)). By the semi-con- 
tinuity statements we have lim sup V(x;)C V(x). But (xa 8.(x,)) 
E V(x.) and hence se V(x) CX. 

(b) X ts of dimension 0 at some of tts points and dimenston 1 at the 
others. Since A is totally disconnected, the components of X are the 
sets V(x), z&A. If a(x) =o, then V(x) is a single point and the 
dimension of X at x is 0. If a(x) is finite then V(x) is a line segment 
and the dimension of X at x is greater than or equal to 1. This dimen- 
sion is exactly 1 since X is the subset of a product of a space of di- 
mension 0 and a space of dimension 1. 

(c) Tis a homeomorphism of X onto X. Let x = (x,) GA. Suppose for 
SOME  Xmi13743™t!; let m be the first such integer. We say that x is of 
type 1 if m=0; if m>0 we say that x is of type 2 or 3 according as an 
is 0 or 1. Then: 

(i) If x is of type 1, a(f(x)) =a(x), bi(f(x)) =b.(x). 

(ii) If x is of type 2, a(f(x)) =a(x&) —1; be(f(%)) = 23,(x) -—2+1/2°. 

(iii) If x is of type 3, a(f(~))=a(~)+1, d:(f(x)) = (1/2)d.(x) 
—1/241/2"-1, 

Of the above statements we prove (ii) as typical. We then have 
x=(x;) where x;=3' for i Sm, zur = 3", 4:34 fors+2m-+1. The asso- 


ciated sequence is then 2,---,2, 0, Basi, "led by (m—1) 2’s. 
Then 
m—1 
N) bola) = D 1/214 D B24 = 1— 1/2e4-+ Do Bf, 
= famtl ja 


Also f(x)=(y,) where yj=1 for Sm, yapi=1+3", „=1+2; for 
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i>2m-+1. The associated sequence of f(x) is then 0,---,0,Bm4t, °° ° 
led by (m—1) 0’s and hence bo(f(x)) = Do j2m41 83/27. Solving this with 
(*) we obtain bo(f(x)) =2bo(x) —2+1/2™"*. Also, by inspecting the 
associated sequences, it follows that a(f(x)) =a(x) —1. These formulas 
imply the result for b,(f(x)). 

Inspection of these formulas together with consideration of the 
one exceptional point shows that a(f(x)) is infinite if and only if a(x) 
is infinite. Then V(f(x)) is a point if and only if V(x) is a point. 
Since f is 1-1 and onto, T is then 1-1 and onto X. 

The continuity of T at (x, b.(x)) follows from the formulas in case 
x is one of the types; for the exceptional point continuity may be 
checked directly. 

(d) X ts minimal with respect to T. Consider the point x= (1,1, - - -) 
EA and the point s= (x, 0) CX. We show that s is an almost periodic 
point? under T and that Ut"... T*(z) is dense in X. It will then follow 
that X is minimal under T. To show z almost periodic, we notice that 
V(x) =3; that is, X is of dimension 0 at z. Then there exist arbitrarily 
small neighborhoods U of xin A and Y of z in X such that (y, 5.(y)) 
EV if and only if y&U. But then almost periodicity of x under f 
implies the almost periodicity of s under T. 

Let w=(y, b:(y)) EX where y=(y)EA. We must now define a 
sequence (kn) of integers with 7**(z)—»w. Since boly) Sbi(y) Sbily), 
it follows from the definitions that the associated sequence 
(B;| j=i,---,a(y)) may be extended by addition of elements to 
obtain a sequence (B,\j=1, +++, 0), each ß; either 0 or 2, such 
that b:(y) = 51 8/21. Define a, by Yar = yitar 3%. Let n>0; let 
m be the number of elements in aı, +++, as which are not 1. Let 
y =y; for jan, Yarı = Yny TEmperi 3°? for OSj7Sn—1, and y= Yi 
for j22n. By construction, y™ =(y;) is a point of A. Since from 
some point on the coordinates of y™ are identical, then A, =y,—1 
has the property that f(x) =y®. The associated sequence of y™ is 
Êi, Ba, lg Bray re) Britny 0, -+ + and hence bo(y™) = i B,/2i, 
Then y™—y and bo(y)—b.(y) as n increases. Then 7*(g) = (vy), 
bo(y™)) which converges to w as n» increases. This completes the 
proof. 

REMARK. Let P be a topological space and let g be a homeo- 
morphism from P onto itself. Then a point p&P is said to be regu- 
larly almost periodic if and only if for each neighborhood V of p 
there exists a positive integer k such that the closure of UZ", g™*(p) 


2 The point z is said to be almost periodic under T if to e>0 there corresponds a 
positive integer N such that in every set of N consecutive integers appears an integer 
n with p(s, T(z) <e. 
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is contained in V. An example has been given by Garcia and Hedlund 
[2] of a minimal set some of whose points are regularly almost peri- 
odic while others are not. The example of the preceding theorem also 
has this property. It is easily verified that each point of A is regu- 
larly almost periodic with respect to f; it follows that points of X at 
which the dimension is 0 are also regularly almost periodic. All points 
of X, however, are not regularly almost periodic, for otherwise a 
theorem of Garcia and Hedlund [2] would give us that T hasequi- 
continuous powers, which is false. 


BIBLIOGRAPHY 


1. H. Freudenthal, Entwicklungen von Rdumen und ihren Gruppen, Compositio 
Math. vol. 4 (1937) pp. 145-234. 

2. M. Garcia and G. A. Hedlund, The structure on minimal sets, Bull. Amer. Math. 
Soc. vol. 54 (1948) pp. 954-964. 


UNIVERSITY OF VIRGINIA 


AN INEQUALITY RELATED TO THE 
ISOPERIMETRIC INEQUALITY 


L. H. LOOMIS AND H. WHITNEY 
In this note we shall prove the following theorem. 


THEOREM 1. Let m be the measure of an open subset O of Euclidean 
n-space, and let mi, - ++, Ma be the (n—1)-dimensional measures of the 
projections of O on the coordinate hyperplanes. Then 


(1) m! S mya + Ma. 


Note that for n-dimensional intervals with faces parallel to the 
coordinate hyperplanes, (1) holds with the equality sign. 

With any reasonable definition of the (n—1)-dimensional measure 
s of the boundary of O, s22m; for each +, so that (1) gives 


(2) ml < s+/2*; 


this is the isoperimetric inequality, without the best constant. Since 
the proof of the isoperimetric inequality with the best constant is 
difficult,! and since its applications do not necessarily require the best 
constant, our elementary proof of the theorem may be of some 
interest. 

We first reduce the problem to a combinatorial one, in the following 
theorem. 


THEOREM 2. Let S be a set of cubes from a cubical subdivision of 
n-space; let S, be the set of (n—1)-cubes obtained by projecting the cubes 
of S onto the tih coordinate hyperplane. Let N and N; be the numbers of 
cubes in S and S; respectively. Then 


(3) Nw! < NiNa- N. 


Assuming Theorem 2, we prove Theorem 1 as follows. Given e>0, 
choose a cubical subdivision of n-space into cubes of side 6, with 6 so 
small that if S is the set of cubes interior to O forming the set 5S, 
u(O—S) <e (u=measure). Then 


[u(S) |: = N”) < (N8!) Soi (Nn?) S mi’ Mn, 
and since e is arbitrary, (1) follows. 
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PROOF OF THEOREM 2.? If n=2, the theorem is clear; we shall use 
induction on n. Each cube of S projects into an interval on the first 
coordinate axis; let J;, * * * , J; be the intervals thus obtained. Let T; 
be the set of cubes projecting onto I;, and let 7,, be the set of (n—1)- 
cubes obtained by projecting the cubes of 7; into the jth coordinate 
hyperplane (j=2,--:, n). Let a, and a, be the numbers of cubes in 
T; and T,, respectively. Clearly 


k 

(4) I aeN, Ga S Ni(¢=1,---, &, 
Tom] 
h 

(5) 2, 4; = N; (j= 2,-++,n). 
um] 


Also, by induction, 
n 


(6) a E i e (i= 1,- , $. 


From (6) and the second part of (4) we obtain 


DEN nee, (@=1,---,h). 


Now using successively the first part of (4), the above inequality, 
Hölder’s inequality, and (5), we see that 


} k k n 
ij (a—1) 1 (n—1) 
vom] mL 


yo? 
k m 1/(n—1) A 
1/ (n—1)} 1/(a—1) 
< N! II( È o) =I 
je N i=l yml 
as required. 
HARVARD UNIVERSITY 


* The authors are indebted tọ M, R. Demers for a simplification in the proof of 
this theorem, 


SOME ELEMENTARY TOPOLOGICAL PROPERTIES OF 
ESSENTIAL MAXIMAL MODEL CONTINUA 


W. R. SCOTT! 


1. Introduction. Let T: s=i(w), wED, be a bounded continuous 
transformation from a bounded connected open set D in the w-plane 
into the s-plane. Radó and Reichelderfer [3, p. 263]? have defined 
essential maximal model continua y(z) for such transformations. If A 
is a set in the g-plane, let E(A) be the point set sum of the e.m.m.c. 
y(z) for sGA. Thus #(A4) is a subset of D. We are primarily interested 
in the topological properties of H(A). Since most of the reasoning is 
valid for more general spaces, it is carried out first for these spaces 
and then in §6 the results are applied to the above situation. These 
results are also applicable to the set Et(A) and E-(4) defined by 
Reichelderfer in [4]. 


2. Preliminaries. Let T: y=i(x), xX, be a single-valued con- 
tinuous transformation from a normal Hausdorff space X into a 
topological space Y (these terms are used in the sense of [1, chap. 1]). 
Suppose that for each set A C Y there has been defined a set F(A) CX 
such that 


(1) E(A) = 2 E(y), 
(2) Ey) = do 7, 
Es) 


where S(y) is a class of disjoint nonempty closed connected sets YCX 
such that yC T-!({y}) and having the following property: 

P. If yvo&S(yo) and if G is any open set such that yoCG, then 
there exists a neighborhood N(yo) such that if yEN(y,) then there 
exists a y©S(¥y) such that YCG. 

Let f(y) be the number of yES(y). Thus f(y)=0, 1, 2, -,or 
+œ, no distinction being made between infinite cardinals. 


3. Closed sets A. 


THEOREM 1. Let T, A, E(A), and f(y) be given as in §2. If A is 
closed and if f(y), yEA, is upper semi-continuous and bounded on A, 
then E(A) ts closed. 

Received by the editors May 27, 1948. 

1 This paper was written under the joint sponsorship of the U. S. Navy, Office of 
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* Numbers in brackets refer to the bibliography at the end of the paper. 
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ProoF. Deny the theorem. Then there exists a point »E&C(E(4)) 
— F(A), where C(E(4)) is the closure of E(4). Since A is closed and 
since E(A)CT-{A) which is closed, we have #(x.)=yECA. Let 
five) =k. Then there exist disjoint vES(yo), #=1,--+-+,k, and 
xo: X y:=0. Since each ys is closed, and since X is a normal Hausdorff 
space, there exist disjoint open sets Go, -- +, Gr, such that xo&Go, 
7,CG;, t=1,-+-,k. By property P, there exist neighborhoods 
N.(yo) such that if yEN;(ye) then there exists a yES(y) such that 
YCG,. Since f(y) is upper semi-continuous on A, there is a neighbor- 
hood N’(yo) such that if yEN’(y0)-A, then f(y) sk. Let 


N (yo) = N’ (Yo): Nayo) * + + Na(yo)- 


Then if yEN(y)-A, all of the yES(y) lie in $$, Gi. But since 
EG and Go: I G,=0, this implies that zo EC(E(A)). This is a 
contradiction. Thus (A) is closed. 

It will be noted that the fact that each y is connected was not used 
in the proof of this theorem. 


4, Connected sets A. 


LEMMA 1. Let T, A, and E(A) be given as in §2. Let EA)=Eı+Es 
where Er C(Ea) + C(E:i) Ea=0. Let fily), yA, be the number of 
yYES(y) such that yC E, Then f(y) is lower semi-continuous on A. 


Proor. Note that since a yoC.S(yo) is connected, either yoCF; or 
or Yo’ #;=0. Hence fily) +fı(y) =f(y), yCA. It will be sufficient to 
show that fı(y) is lower semi-continuous on A. Let filyo) Zn, nEA. . 
If x=0, then fi(y)2n, yEA. If n>0, there exist y, CE: E(yo), 
4=1,.--, n. Hence Yı, +++, Yn and C(Es) are disjoint closed sets. 
Therefore there exist disjoint open sets Gi,°--,G, such that 
C(E,): >,G;=0 and y;CG;. By property P there exists a neighbor- 
hood N(yo) such that if yEN(yo) then there exists a y,CG;:E(y). IE, 
in addition, yA, then fı(y)&r. But this proves that fı(y) is lower 
semi-continuous on A. 

In particular, if E}=0, we have that f(y), yE4, is lower semi- 
continuous on A. Thus, if A = Y, this shows that f(y) is lower semi- 
continuous on Y. 


LEMMA 2. Let A be a connected subspace of Y. Let g0), EA, be a 
(finite) integrol-valued, lower semi-continuous function, 1=1, h. 
Let g(y)= X gy), YEA, be upper semi-continuous. Then io is 
constant on A for each t. 


Proor. The function g*(y) = Is g,(y) is lower semi-continuous. 
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Hence g;(y) is upper semi-continuous, being the difference of an 
upper semi-continuous function g(y) and a lower semi-continuous 
function g*(y). Since g,(y) is also lower semi-continuous, it is con- 
tinuous. Since A is connected, g;(y) is constant on A. 


THEOREM 2. Let T, A, E(A), and f(y) be given as in §2. Let A be 
connected, and suppose that f(y) is upper semt-continuous and f(y) Sk 
<+tw, yEA. Then E(A) has at most k components. Let these com- 
ponenis be Fy, +--+, En rSk. Let f(y), YEA, be the number of 
yES(y) such that YCE,. Then f,(y) is constant for each i. 


Proor. If H(A) =0, the theorem is trivial. If E(4) £0, let fi, ---, 
E, be such that E10, E: C(E) =0 if i=j, and I E;=E(A). Let 
f(y), YEA, be defined as in the theorem. Clearly f;(y) is integral- 
valued and #0. Moreover, by Lemma 1, f;(y) is lower semi-continu- 
ous on A. Since f(y) = >ofi(y) is upper semi-continuous and bounded 
on A, Lemma 2 is applicable, and f;(y)=k,21, +=1,---,7r. But 
since 


b= fly) = DI) > Di =r, 


we have rsk. But if H(A) had more than k components, then there 
would exist Er +--+, Ema such that £;>40, E: C(E;) =0 if +547, and 
> E,;=E(A). Hence E(A) has at most k components and the theorem 
is true. 


5. Open connected sets A. 


THEOREM 3. Let T: y=t(x), x CX, be a continuous transformation 
from a connected, locally connected, locally compact, separable metric 
space X into a topological space Y. Let A be a connected open set in F, 
let E(A) be given as tn. $2, and suppose that f(y)s0 is upper semi- 
conunuous and bounded on A. Let yıEA, 2G A. Then there exist points 
xE Ey), EEY), and an arc C from xı to xq such that T(O CA. 


Proor. Let Eı(A) be any component of E(A). Let fily), vE4A, be 
the number of yES(y) such that yCEı(A). Then by Theorem 2, 
fily)#h4i1>0, yEA. Hence there exist an sı@&E(yı)-Eı(A) and an 
x2 E (ys): Eı(A). Let G be the component of T-(4) which contains 
Eı(A). Then [2, Theorem I, 14.1] G is open and connected. Hence [2, 
Theorems I, 14.3 and II, 5.2] G is arcwise connected. Therefore there 
exists an arc CCG joining xı and x. Clearly T(C)CA. 


6. Plane transformations. Let T: s=i(w), wED, be a bounded 
continuous transformation from a bounded connected open set D in 
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the w-plane into the z-plane. Radó and Reichelderfer [3, p. 263] have 
defined essential maximal model continua (e.m.m.c.) y for such trans- 
formations. Let S(s) be the class of (disjoint) e.m.m.c. of z. If yE S(2) 
then yCT-!(s) and S(z) has property P [3, Lemmas 2.8 and 2.16]. 
Define E(A) by equations (1) and (2). The function f(z) becomes the 
essential multiplicity function «(s) [3, p. 263]. The conditions in 
Theorems 1, 2, and 3 are satisfied, and we have the following result. 


COROLLARY. Let T: s=t(w), wED, be a bounded continuous trans- 
formation from a bounded connected open set D in the w-plane into the 
3-plane. Lei x (3) be upper semi-continuous on A with x(s)Sk< +o, 
ZEA. Then if A ts closed, H(A) is closed; if A ts connected, E(A) has at 
most k components. 


Theorem 3 of course yields a corollary also. 

Reichelderfer? [4] has recently defined a class S+(s) for such plane 
transformations as follows. St(g) consists of all e.m.m.c. Yo of Zo 
such that if G is any open set containing Yo then there exists a finitely- 
connected Jordan region RCG containing yo in its interior and such 
that u(so, T, R)>0 (see [3, p. 263] for notation). Reichelderfer [4] 
shows that S*(z) has property P. Define Z+(A) by equations (1) and 
(2). The function f(s) is then denoted by x*(z). Then Theorems 1, 2, 
and 3 apply in this case. 

Similar definitions and conclusions hold for E~(A) (see [4]). 


7. Examples. The discussion will be restricted to bounded continu- 
ous plane transformations T: s=i(w), wED, where D is an open 
simply-connected set, and to the functions «(z) and #(z) mentioned in 
§6. The following examples shed further light on Theorems 1, 2, and 
3. We have let w =u +iv, 3=x+iy, and have used whichever notation 
is More convenient. 

I. In Theorem 1, if f(s) is merely assumed to be bounded, then 
E(A) is not necessarily closed. For let D be the disc |w] <2, and let 


w, | w| <1 
= Au w, 1<|w| <2. 


Let A be the closed disc |z| <1. Then x(s) $1, s©A, and E(A) is the 
set |w| <1 which is not closed in D. 

II. In Theorem 1, if x(z)=-+ 0, s€A, then E(A) is not necessarily 
closed. Sierpinski [5] has constructed a continuous function x = g*(x), 
0<u<i1, such that x(x, g*)=+ for O<x<1 except at a countable 


3 The author had the privilege of reading this paper in manuscript. 
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set of points. A slight modification of his function yields a continuous 
function x =g(u), 0 Su £1, such that «k(x, g)=+«0,0<x<1, and such 
that g(1)=1. To construct the required example, let D be the open 
rectangle: 0<u<3, 0<r<1. Let T be defined by the relations 


g(t), 0<# Sil, 
x = į (3 — w)/2, 1<us2, 
1/2, 2<u<3, 
y = 0, O<e<cl. 


Let A be the line segment: 1/2sxs3/4, y=1/2. Then «()=+», 
z€-A, and E(A) is not closed because it contains the segment 3/2 <u 
<2, v=1/2, but not the point u =2, v=1/2. 

III. In Theorem 1, if A is open and x(z)=k< +0, s€A, it does 
not follow that H(A) is open. For let D be the disc | w| <2, and let 


(w — 1)w, 1s|w| <2, 
|w| — 41, OSlw| <1. 


Let A be the disc |z| <2. Then it follows that «(2)=1,2€A, and E(A) 
is the set of points w such that 1s | | <2. Hence F(A) is not open. 

IV. In Theorem 2, H(A) may be connected, thus having only 1 
component, even though k(s) =k< +o, sCA. For lets=w', | 20 | <2. 
Let A be the unit circle |z| =1. Then x(s) =k, GA. But E(A) is the 
unit circle |w| =1, and is therefore connected. 

V. Theorem 3 does not hold for line segments A. For let D be the 
open rectangle: —2<u<2, —2<v<2. Let S be the point set con- 
sisting of the line segment u=0, —1 Sv S1, and the curve v =sin 27/u, 
O<ust. Let S’ be the point set consisting of S and the two line 
segments —2 <u <0, v=0, and 1 <u <2, v=0. Let d((u, v), S^) be the 
distance from the point (u, v) to the set S’. Define the transforma- 
tion T as follows: 


s=) = 4 


44, —~2<4 <0, 
x = 10, SW sl, 
u — 1, 1<u<2, 
d((#, v), S’), (u, v) above S’, 
y=j0, (u, o) ES, 
— d((u, v), S’) (u, 0) below S”. 


T is clearly continuous. Let A be the line segment: -1sxsi1/2, 
y=0. Then x(s)=31, 3&4, and T-!(A)=E(A) consists of the line 
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segments -1Su<0,v=0,and1<us3/2,0=0, and the set S. Hence 
if g.=(—1, 0) and s=(1/2, 0) there is no arc www CD such that 
tw) =21, HKw)=2, T(arc ww) LA. 

VI. There remains the question as to whether, in the case of plane 
transformations, we could require CC E(A) in Theorem 3. This would 
be impossible in the general case, as may be shown by an example 
similar to the one described in V. 
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A NEW PROOF OF E. CARTAN’S THEOREM ON THE 
TOPOLOGY OF SEMI-SIMPLE GROUPS 


GEORGE DANIEL MOSTOW! 


1. Introduction. E. Cartan has proved? that a connected semi- 
simple Lie group is topologically the direct product of a compact 
subgroup and a Euclidean space. Cartan first proved this theorem in 
1927 by a reduction to special cases, and not until 1929 did he free 
his proof from the consideration of special cases. As a result Cartan’s 
proof is diffused among several journals. Moreover, Cartan employs 
in an essential way the theory of symmetric Riemannian spaces and 
makes use of a result whose proof seems to be lacking (Ann. Ecole 
Norm. loc. cit. p. 367, §20). 

In this paper there will be given a more direct proof which elim- 
inates the use of symmetric Riemannian spaces. The author wishes 
to acknowledge his debt to Professor C. Chevalley who suggested in 
an oral communication Lemma 1.4 below and to whom a proof of 
Theorem 1, essentially the same as the one given here, was known. 


2. Definitions and preliminaries. Let G be a semi-simple Lie 
algebra over a field K of characteristic zero. Let ad g denote the linear 
transformation x—>[g, x], where x, gEG. By a Cartan subalgebra 
is meant a subalgebra X of G maximal with respect to properties (1) 
Fe is abelian, that is, [3¢, 3€] =0; and (2) HEK implies ad H is semi- 
simple, that is, its minimal equation has no repeated factor. It is a 
theorem that a Cartan subalgebra is a maximal abelian subalgebra 
(but not conversely). 

Let G be a semi-simple Lie algebra, that is, G contains no abelian 
ideal, and let 3¢ be any Cartan subalgebra. Assume that the base field 
K is algebraically closed. A nonzero linear function œ defined on & is 
called a “root” if and only if there exists an X in G such that [H, X] 
=a(H)X for all HEK. Any nonzero Yin G with this property is 
said to “belong to a.” 

The following is known; 

R1. If Xa, Xp belong to a, B respectively, then [X ., Xa] belongs 


Presented to the Society, September 10, 1948; received by the editors September 2, 
1948. 
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to a+ or is zero according as e+ is a root or not. 
R2. The linear subspace of elements of G belonging to a root is 
one-dimensional. 
Notation. “X.” denotes an element belonging to the root a. 
Clearly any collection {X.} with distinct subscripts are linearly 
independent over K mod X and { 3, X „| all roots œ} spans G. 
Suppose a, 8 are roots. Define 


k(a, 8) = max l(8 — va is a root, OS» < l; r, l integers), 
k'(a, 8) = max 1(8 + va is a root, OS» < l; r, l integers). 


Define B(X, Y)=Trace (ad X ad F). B is called the “fundamental 
bilinear form.” 

R3. B(X, Y) is nondegenerate on G and on &. If a+f8 +0, 
B(Xa, Xp) = 0. B(A, X.)=0, if HER, for all roots a. 

Define Ha as the element of 3 such that B(H, Ha) =a(H) for all 
HEX. 

R4. 

k(a, 8) — k (æ, B) 


BH.) = — aa); 


4, 
= kla B) — kla, 8) 3, 
HD > [k(a, p) — %’(a, B)] 


[Xa Xa] = B(X a, X_.) He. 





For each root a select an Xa. Define Cag by the relations 
[Xa, Xa] = CasX a48 if a + B is a root, 
| Ca = 0 if a+ B is not a root. 


RS. CaCa -8 = —27k' (a, A Klo, 8) +1 le(Ha. 

R6. {Xalal roots a} may be so chosen that [X., X_a]=Hz and 
Ca,g™= — Ca p. Here B(Xa, Xa) =1 and Ces is real if K is the 
complex numbers. 


3. An algebraic theorem. We shall now deal exclusively with Lie 
algebras over the real and complex number fields R and C respectively. 

Let G be a Lie algebra over C. By a real form of G is meant a real 
linear subspace which (1) is closed under the formation of brackets; 
(2) spans G; and (3) has a base which is linearly independent over C. 
If Gis a Lie algebra over R, by the complexification of G' is meant the 
augmented linear space over C obtained by augmenting R to C. 

Let Ç be a Lie algebra over C and let Gr be a real form. Consider 
the real-linear transformation @ of G (considered as a linear space 
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over R): 
6: X+(—-1)8¥Y > X — (-1)V?V, where X, VE Gr. 


DEFINITION. @ is called the “conjugation of G with respect to Gr.” 

Note that Gr is the set of elements which are invariant under 0. 

Note too that @([X+(—-1)¥?¥, U+(—1)¥?V])=6(([X, U] 
—[Y, VJ+- DrX, VIFLY, U)))=[X, U]-[F, V]-(-)? 
(X, n+[Y, V])=[X—-(-1)"Y, U-(—-1)¥?V] if X, Y, U, 
VEGr. Thus 6([X, Y ) = [0(X), N] if X, YEG. 

DEFINITION. A compact form of a complex Lie algebra is a real 
form on which the fundamental bilinear form is negative definite. 

This section is devoted to the proof of the following theorem. 


THEOREM 1. Let G be a semi-simple Lie algebra over R, let Go denote 
its complexification, and let 0 denote the conjugation of Go with respect 
to G. Then 0 leaves invariant a compact real form Gx. 


Notation. “X'” denotes 6(X), where XE Ge. 

Clearly Gc is a semi-simple Lie algebra. Assume that for each root a 
an X „is so chosen as to make { X,| all roots æ} satisfy the condition in 
R6 above. 


LEMMA 1.1. Let X be a Cartan subalgebra of G and let He denote the 
complexification of X. He is a Carian subalgebra of Go. Moreover to 
each root a there corresponds a root œ’ such that 

(1) a (H)=&H) for HEX, 

(2) [H, X? ]=a’(H)X! for HEX, 

(3) if a, 8, a +B are roots, then a’ +8’ ts a root and (a+ 8)’ =&' +48". 


Proor. Inasmuch as {ad HIHEXo} is a commutative set of 
linear transformations and is spanned by semi-simple transforma- 
tions, and inasmuch as C is algebraically closed, all the elements of 
{ad H|HEe} are semi-simple. 

Suppose X+(—1)U?Y, where X, YEG, is an element of a Cartan 
subalgebra of Ge which includes £e. Then [H, X]=[H, Y]=0 for 
HEX. £ being a maximal abelian subalgebra, X and Y must be in 
se so that X+(—1)”?YCRe. It follows that Ko is a Cartan sub- 
algebra of Ge. 

From 


a([X, Y)) = [X’, Y'] 
and 


(aX) = aX’ if X, Y € Go 
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we infer that 
[H, Xd] = aamx!, if HER. 
Lemma 1.1 follows from this. 
LEMMA 1.2. Cag=iCar gr. 


Proor. — C3 e= — 271%" (a, P) [k(a, D +1la(H a). From Lemma 1.1 
it follows directly that 


k(a, 8) = kla, BY), k (æ, B) = k'a, 8’). 


Since 


un E Ra, — k' (a, 3 
HD 2, IM ß) — '(a, B)] 


it follows that C„s= + Ce pr. 
LEMMA 1.3. Ho = Hi. 


Proor. Since the fundamental bilinear form B is real on G, 
B(X+(—1) PY, U+(—1)12V) is the complex conjugate of 
BX-(-YRY, U—(—1)"*V) if XYEG, that is, B(Z’, W’) is 
the complex conjugate of B(Z, W) if Z, MEGe. Hence B(H, Hd) 
is the complex conjugate of B(H, H.) is the complex conjugate of 
alH) =a'(H) if HER. Consequently B(H, Hi)=a’(H) for all 
HEXe¢ and thus by definition A» =H. 

Let 4. be defined by the relation 


Xi = tlaXa’ (all roots æ). 


Since C.,s are real, tlettg = tUas if a, 8, a +f are roots. Also hata =1, 
Uala™ Í. 
LEMMA 1.4. The choice of {X.|all roots a} can be modified without 


changing the constants of structure Ca, so as to make | ttal =1 for all 
roots a. 


Proor. Let r„.=|w.|-"% and let Yu=r.Xa for all roots a. Then 
Tara = Ta and Pata = 1 if a, 8B, a+ are roots. It follows immediately 
that if we replace the {Xa} by {Y.}, then the constants of structure 
are unchanged. Moreover 

(Va) = Daf a’ 
where |v«| =|ratary'| =|we|—-¥2-|wo]-|wa|/?=1. The lemma is 


4 The proof given here is a simplification, pointed out by Dr. Harish-Chandra, of 
the author’s proof. 
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thus proved. 

We assume now that G,-has a base {Ha Xa|all roots æ} such that 

|ual] =1. Since w%a=1, it follows that u_a= fa. 

PROOF OF THEOREM 1. Let I&denote the real linearspace spanned by 
H,| all roots a} and let Gx denote the real linear spaced spanned by 
(— 1) Ro, SaXa— Bad a roots @, Za assuming all complex values } : 

Since Ca,s is real and C_s,~=—Ca,s, it is readily seen that Gx is 
closed under formation of brackets. Moreover { H, --+, Hy, 
XKa—X—a, (1) Xat Xa) | all pairs of roots a and —a;H;,-:-, A; 
base for (—1)Y/25C,} is a base for G, with respect to complex numbers. 
It follows that Gx is a real form of G.. If ZEGx, then Z=(—1)?#H 
+) a(8eXa—ZaX—a), where HEX. Thus 


0(Z) me (— 1)1/277’ + > (Bothadr a! = Zalb_aX_ar) 
ze (— 1,127’ + 5 (BathaX a! = ZalaX a’) 


where H’ € 3p. Hence Gris invariant under the conjugation @. Finally, 
Gx is a compact real form. For if ZEGk, then 


Z = (— 1)IRH + DS (2aXa — aX a), HE Ko. 


By R3, B(Z, Z)=—B(H, H)— doa Za But 
B(H, H)=Tr (ad H)(ad H) = È a a*(H) 20 


with inequality holding only if H=0, since all roots assume real 
values on 36 (cf. R4). Hence B(Z, Z) <0 if Z0. Thus Gx is a com- 
pact real form invariant under the conjugation @. 


4. The theorem. Let G be a connected real semi-simple Lie group, 
G its Lie algebra, and let ad G denote its adjoint group, that is, the 
Lie group of autmorphisms of G induced by the inner automorphisms 
of G. Let Go denote the complexification of G, 0 the conjugation of 
Gc with respect to G, Gx a real compact form of Ge which is invariant 
under 6. ad Gc, being a subalgebra of the Lie algebra of all linear 
transformations of Go, determines a Lie subgroup Gg of the Lie 
group of all nonsingular linear transformations on Ge. To G there 
corresponds a real linear subspace G* Cad Ge under the correspon- 
dence: 


XE Goad X Ead Go. 
To Gx there corresponds, under the correspondence 


X E€ GroadXEad Go, 
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a real linear subspace G£ Cad Ge. Regarding ad Ge as a Lie algebra 
over the reals (that is, regard ad Ge as a linear space over the reals; 
since the bracket operation satisfies the identities of a Lie algebra, ad 
Go is a real Lie algebra) G* and G% are then subalgebras and to them 
correspond subgroups G* and Gk of Gt. Clearly G*œad G topo- 
logically as well as algebraically. 


LEMMA 2.1. G=GAGk+Gl(—1)"Gx (directly), that is, G has 
a base {Xn +--+, Xp, (1) X py, +--+, (—1)2X,} with X,EGk 
(t=1,2,---+,1). Moreover, there is base C for Ge relative to which the 
mairic of ad X is real skew-symmetric for all X CG'r. 


ProorF. Since the real form G'x is invariant under 8 and since 6? is the 
identity, there is a base IX, "ee, Xp Xp 9, Xr) of Ge such 
that 0(X,) =X; G=l,.--,p) and OX) =—-X, G=pt+l,---,7). 
Inasmuch as 9 (-1) X) =(—1)”2xX,; (j=p+i, ---,7), one infers 
that (-NUX,EG (j=pti,---, r). Clearly [X1,-+--, Xp; 
(—1)9X pu, +++, (-1)VAX,} is a base for G, that is, G=-GNGk 
+GN(-YY?G%k (directly). 

The fundamental bilinear form being negative definite on the com- 
pact real form Gx, a base C= {Zı, ---, Z,} can be selected for Ge 
such that Z;€ Gx (i=1, - - -,r) and such that B(X, Y)=— Doin 
if X= I, «Zs, Y= D1. Yy:Zı By the Jacobian identities, ad 
[X, Yl=ad Yad X—ad X ad F. Hence 


B(ad X(Y), Z) + BY, ad X(Z)) 
= Trace ad [X, Y] ad Z + Trace ad Y ad [X, Z| 
= Trace (ad X)(ad F ad Z) — Trace (ad Y ad Z)(ad X) 
= 0. 


It follows that, relative to (°, the matrix of ad X is real skew-sym- 
metric if XEGr. 

DEFINITION. Let U be a linear space over a field K and let E denote 
the group of nonsingular linear transformations on U. Let @ denote a 
base for U and Ty the matrix of TEE relative to C. If HCE, 
[tr ‘| TEH } is denoted by Hy. A subgroup G of € is called “alge- 
braic relative to @” if Gy is the intersection of an algebraic subvariety 
of the space of matrices of all linear transformations of U with Ey. 

It is to be noted that if a group is algebraic relative to one base for 
U, then it is algebraic relative to any other base. Hence one can use 
simply the term “algebraic.” 

In our usage of algebraic groups, the field K will always be the 
reals. 
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DEFINITION. Let G be a Lie algebra over the complex numbers and 
Go a real form of G. The set of all automorphisms of G is called “aut 
G.” The subset of aut G keeping G invariant is called “aut Go.” 

Let T be a complex-linear transformation of Ge. If Go is regarded 
as a linear space over the reals, then the transformation T is a fortiori 
real-linear. 


LEMMA 2.2. Let Ge be regarded as a linear space over the reals. Then 
aut Go, aut G, and aut Gx are algebraic groups. 


Proor. Let D={Xi, +--+, Xn (—1)¥#Xi, ++, (—1)"2X,} be a 
base for Ge considered as a linear space over the reals. Let X,+2 
denote (—1)/#X, (k=1, - - - ‚,r). Let ı denote the real-linear trans- 
formation determined by the mapping 

Kr (— 1)"°X,, 
u €" (k= 1,--+,7). 
Let Ty denote the matrix of T relative to D if T is a real-linear trans- 
formation of ge Finally, let the real numbers Cy be defined by IX, 
X 
u 


X,]= DF (4,5, k=1, Pee -, 2r). 
Clearly TEaut Ge if and only if det T#0 and 
(1) Tı=ıT, 
(2) [TX:, TX, | =T[X;, X;] (1,j=1, aa: r). 


The first condition states that 


ru(z 0)" (20)? 


where E is the rXr identity matrix. Condition (2) states that 


u ee ee a eu 
2, Capaiay = 2, Car (4,7 =1,++ +7), 
a fm fan] 
where (a4) =Ty (p, g=1, - - - , 2r). Thus aut Ge is algebraic. 
To prove that aut G is algebraic, assume |X; ++, X,} chosen 


so as to be a subset of G. Then, clearly, TGaut G if and only if 
det 70 and 

(1) TiscT, 

(2) [TX;, TX;]=T[X;, X,] (4, Jales, r), 

(3) d=0 if j>r. 
Thus aut Gis algebraic. By a similar argument aut Gx may be proved 
to be algebraic. 


LEMMA 2.3. G*, Gx, Go are the components of the identity of aut G, 
aut G'x, aut Go, respectively. 
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Proor. G, G*, Gù are all semi-simple Lie algebras. The lemma now 
follows easily from the observations: 

(1) If exp ¿X is an automorphism of Ge (or G or Gx) for all real ż, 
then X is a derivation of Ge (or G or Gr). 


(2) All the derivations of a semi-simple Lie algebra are inner. 


LEMMA 2.4. Let L be an algebraic Lie group containing s 
=exp (—1) °W, where the matrix of W relative to some base for the 
underlying (real) linear space is skew-symmetric. Then exp (—1)¥%4W 
CL for all real t. 


PROOF. Choose a base D for the underlying linear space relative to 
which the matrix of W=diag (DU, ee, (—1)"2,}, Ay real. 
Relative to D the matrix of st is diag {e-™4, -- +, Ma}, 

If f is a polynomial and f(e~™1, +--+, e-**)=0 for all positive 
integers k, then from the fact that M, -- +, A, are real it can be in- 
ferred that f(e™), - ++, e®) =0 for all real é. 

Inasmuch as Z is algebraic, it is seen that s*CZ for all positive 
integers k implies that exp (-1)US WEL for all real ¢. 

As seen in Lemma 2.1, G=-GNGz+GN(-VV:Gx. Let J=G 
NG, let *={ad X|XEF}, let S=GN(-1)Y2Gz, and let S* 
= jad X|XES}. Let F* denote the Lie subgroup of G4 correspond- 
ing to the real Lie subalgebra 7*CG@ and let S* = {exp X| XES tr, 
Let C be a base for the complex linear space Ge relative to which the 
matrix of ad X is real skew-symmetric for all X€ Gx. Then Gt is a 
subgroup of the orthogonal group relative to @. Let F* denote the 
subgroup of G* whose matrices relative to ( are real orthogonal. 

Suppose now gEG*. Then g=f-s where s=exp (—-1)Y?W, and 
relative to C the matrices of fand W are respectively real orthogonal 
and real skew-symmetric (cf. C. Chevalley, Lte groups, p. 15). 


LEMMA 2.5. In the above decomposition for g, fC F* and sCS*. 


Proor. Let n denote the conjugation of G with respect to Gx, let 
Tx denote the matrix of T relative to @ if T is a complex-linear trans- 
formation of Go, and let 7*(T) denote the complex-linear transforma- 
tion of Ge with matrix Ty. Since G=GOAGxr+GNM(—1)?Gx, 
n(G) =G. Moreover n([X, Y])= [n(X), n(¥)] implies ad n(X)(n(Y)) 
=y(ad X(Y)) for X, YEGe. On the other hand 7*(ad X)(n(Y)) 
=n(ad X(Y)). It follows that 7*(ad X)=ad n(X) for XEGe and 
that 7*(G*) =G* where G*= {ad X|XEG}. Since G* consists of 
finite products of the type exp X,-exp X:-:--exp X, where 
Xi, +-:,X,EG*, and since y*(exp Xi-exp Ar: exp X.) 
=exp 7*(X1) - - - exp 7*(X,) it is seen that 7*(G*) =G*. 
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Consider now the relation g=f-s. Then, 7*(g) =n* (f) n* (s) =f s7. 
Hence s?=(n*(g))—'g is in G*; that is, exp 2(-1)!?WEG*. 

Suppose C= {Zy <- © , Zp}. Let @ = {Zn +++, Zn (11) Zn ++, 
(—1)¥ 27, . Regard now Ge as a linear space over the reals and denote 
by T, the matrix relative to (’ of areal-linear transformation T on Ge. 
Since the coefficients of Way are real, W, is the 2r X2r matrix 


ws 0 ) 
0 Wu) 

‘Wu 0 —W. 0 

W.=( x. )-( er )= -w 

0 Wy 90 —- Wy 
Consequently W, is a real skew-symmetric matrix. Applying Lemma 
2.4, it is seen that exp (—1)"?%:-2W belongs to aut G for all real ¢ 
and thus, by Lemma 2.3, to G*. It follows that (—1)/?7 WEG". Since 
Wu is real, WEGE and hence (—1)?*WES*=G*O(—1) GF. 
Consequently s&S* and f, being in G*, must be in F*. Proof of 
Lemma 2.5 is now complete. 


Let S* be endowed with its inner topology relative to G* (and F* 
with its topology qua Lie group). 


LEMMA 2.6. G* = F* XS* topologically. F* ts a compact Lie subgroup 
and S* is topologically a Euclidean space. 


Proor. ‘Consider the one-to-one mapping g—(f, s) defined by: 
g=f-s where fEF*, sC.S* of G* onto the topological direct product 
Fx S*, 

It follows directly from Lemmas 2.2 and 2.3 and the fact that an 
algebraic Lie group is closed that G* and Gx are closed in the group of 
all regular real-linear transformations on Gc and a fortiori in the 
group of all regular complex-linear transformations on Ge. F*, the 
set of all real orthogonal (relative to the base €) complex-linear 
transformations in G*, is clearly closed. 

The mapping gw—(fa, sm) is the restriction of the well known? 
one-to-one bicontinuous mapping of the group of all regular complex- 
linear transformations of Ge onto the topological direct product of 
the group of unitary matrices and the set of positive definite hermitian 
matrices (relative to (C). Furthermore, the exponential mapping of 
S * onto ‚S* is the restriction to § * of the well known homeomorphism® 
of the hermitian matrices onto the positive definite hermitian 
matrices. Since G* and F* are closed, their topologies as Lie groups 


+ Cf. C. Chevalley, Lie groups, Princeton University Press, 1946, p. 16. 
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and the given topology of S* are equivalent to their inner topologies 
relative to the group of all regular complex-linear transformations of 
Go. It follows that S* is topologically a Euclidean space and that the 
mapping g—f-s is a homeomorphism of G* onto F*x.S*. 

Since G* is connected, F* is connected. But the Lie algebra of F* is 
clearly G*NG%, the Lie algebra of the Lie subgroup F*. Conse- 
quently F* = F*, and F* is closed in the full complex-linear group on 
Go. Inasmuch as {Tu| TC F*} is a subgroup of the real orthogonal 
group (relative to base (?), F* is compact. Proof of the lemma is now 
complete. 

Let D denote the center of the semi-simple group G. D is discrete 
and G*=G/D topologically as well as algebraically, under the natural 
mapping ¢: 

g@G—automorphism of Ge induced by I, where T, is the 
inner automorphism x—g-'xvg of G. Let S= {exp X | XES, § 
= G\(—1)4Gr}, and let F denote the connected Lie subgroup of 
G determined by 7=GNGr. 

t (exp X) =exp ad Xif X CG’. Inasmuch as the mappings X—ad X 
and ad X—exp ad X are one-to-one if X €S, the mapping X—exp X 
is one-to-one if X GS. Give S the topology which makes the mapping 
X—exp X of § (endowed with its natural Euclidean topology) onto 
S a homeomorphism and F its topology qua Lie group. Clearly ¢ 
maps S homeomorphically onto S*. 


LEMMA 2.7. G=FXS topologically. 


Proor. Let f=¢-1(F*). The homogeneous space G/F is homeo- 
morphic to G*/F*=,S*, a simply connected space. It follows that F 
is connected, F=F, and DCF. 

Let EG. Since ¢(g)=f*-s* where fEF* and s&S*, g=d-f':s 
where F EF, sES, dED. But DCF; hence g=f-s where fEF, sES. 

Suppose that fı-sı=fı: s2 where fi, EF and sı, €S. Then 
C(f1)0(s1) =t (fdt (s2) implies that €(s1) =¢ (s2). Since ¢ is one-to-one on 
S, sı=ss and hence fı=fs, that is, the mapping 


¢: (fs) 8 


defined by g=f-s is a one-to-one mapping of FXS onto G. 

We now prove that ¢ is a homeomorphism. Inasmuch as the 
exponential mapping of a Lie algebra (endowed with its natural 
Euclidean topology) into a Lie group is a continuous mapping, and 
inasmuch as group multiplication is continuous, the mapping & is 
continuous. 

Let U, V be connected neighborhoods in F, S respectively. Since ¢ 


` 
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is a homeomorphism on S, {(V) is a connected open set of S*. Since F 
and F* are closed subgroups of G and G* respectively, it follows that 
their topologies qua Lie groups are equivalent to their inner topologies 
relative to G and G* respectively. Consequently ¢( U} is a connected 
open set of F* and ((¢(UXV)) is a connected open set of G*. 


elU X V)) = HUN = EU) e). 


Hence by selecting U and V sufficiently small, ((6(U X V)) can be 
made arbitrarily small. Since G is a covering space of G* under ¢, 
TUN) is a union of disjoint connected open sets if N is a sufficiently 
small connected open set. Inasmuch as ¢(UX V) is connected, it is a 
(connected) open set of G if U and V are sufficiently small. The 
mapping @ is therefore open. 


LEMMA 2.8. J*=L*@cA* (directly) where C* and A* are respec- 
lively semi-simple and abelian ideals of f*. Let L*, A* be the Lie sub- 
groups of F* determined by C*, A* respectively. Then L* and A* are 
compact, 


Proor. Consider the adjoint group of F acting on F. Since F* is 
compact, the adjoint group of F (a homomorphic image of F*) is 
compact and is therefore completely reducible, that is, if the linear 
transformations of the adjoint group keep a subspace invariant, they 
keep invariant a complementary subspace. It follows that 7 is the 
direct union of minimal ideals. Consequently F=L 9A (directly) 
where £ and «/ are respectively semi-simple and abelian ideals of 7. 
Let £*, cA*, be the images of L, A respectively under the adjoint 
representation of G. Then 7* =.C* @cA* (directly). 

Since * contains no abelian ideals, «/* can clearly be character- 
ized as the maximum abelian ideal of *. It follows that A* is the 
maximum connected normal abelian Lie subgroup of F*. Since A*, 
the topological closure of A*, is a connected normal abelian Lie 
subgroup, A*=A*, that is, A* is a closed subgroup of F* and is thus 
compact. 

Consider now F*/A*. This is a compact Lie group whose Lie 
algebra is isomorphic to F*/e4* =.C*. Since there is a compact Lie 
group with Lie algebra isomorphic to £*, by a theorem of Weyl’ any 
Lie group whose Lie algebra is isomorphic to £* is compact. Conse- 
quently L* is compact. 


THEOREM 2.G=K XE topologically, where K is a maximal compact 
subgroup and E is topologically a Euclidean space. 


t H. Weyl, loc. cit. p. 170. 
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Proor, As was seen in the proof of Lemma 8, ¥=£.@c4 where L is 
semi-simple and <4 abelian. Let L, A be the Lie subgroups of F cor- 
responding to L, v7 respectively, {(L) =L* and {(A) =A*. A, being 
the component of the identity of the closed subgroup ¢—1(A), is closed. 

Since [=.[* and L* is compact, by Weyl’s theorem L is compact. 

Let TX V be a decomposition of the connected abelian Lie group A 
into the direct product of a toroidal group T and a vector group Y. 
V is closed in A and hence in F, 

Set K=LT, that is, K = {HIIEL, IET}. K is a compact normal 
subgroup of Fand F=KV.K and V being closed subgroups of F, 
KAY is both compact and a subgroup of V; it follows that K and V 
intersect in only the identity of F. Inasmuch as K and V are closed 
normal subgroups of F, F=KXV topologically as well as alge- 
braically. Finally, let E= V-S. Clearly E is topologically the direct 
product of two Euclidean spaces and is hence itself Euclidean. It 
may now be asserted that G=K XE topologically. 
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L-S-HOMOTOPY CLASSES ON THE TOPOLOGICAL 
IMAGE OF A PROJECTIVE PLANE 


MARSTON MORSE 


1. Introduction. Models for the L-S-(locally simple) homotopy 
classes of closed p-curves (p= parameterized) on any 2-manifold S 
have been announced in Morse [1].! Proofs have been given only for 
the case in which S is orientable. The present paper will treat the 
case in which S is the top. (topological) image of a projective plane. 
The proofs in the case of a general non-orientable surface can be 
given by an appropriate modification of methods of Morse [1] and 
of the present paper. 

Recall that one writes f +0 when f is a closed p-curve homotop. to 
zero. Deferring technical definitions until later sections, we can state 
the principal theorem as follows. 


THEOREM 1.1. Let h be a simple closed p-curve on the top. image S of a 
projective plane with h not =0 on S. Leth™ (n>0) be a closed p-curve on 
S which traces h n times. Any L-S-closed p-curve f on S is in the L-S- 
homotopy class of k® or haf h not = 0, and of h® or h® tf h=0. No 
two of the p-curvesh®, h®, hD, h® are in the same L-S-homotopy class. 


For theorems on regular closed curves in the plane see Whitney, and 
H. Hopf. For L-S-closed curves in the plane see Morse [2] and Morse 
and Heins [1]. For a use of L-S-curves in studying deformation 
classes of meromorphic functions see Morse and Heins [2]. 


2. L-S-curves and deformations. Let C represent the unit circle 
on which |z| =1 in the plane of the complex variable s=u-+iv. With 
2=e" on C, we assign C the sense of increasing 6. Let S be an arbitrary 
2-manifold. A closed p-curve on S is a continuous mapping f of C into 
S such that the image of z in C is a point f(s) in S. Two p-curves fı 
and fs are regarded as the same if and only if 


rls) = Jale) 


for every z in C. The union of the points f(s) in S as z ranges over C 
is called the carrter of f. The simplest case arises when the points f(z) 
are in 1-1 correspondence with their antecedents s in C, and in this 
case f is termed simple. 

Let f be a continuous mapping of C into S. Let X be any sense 


Received by the editors August 13, 1948. 
! Numbers in brackets refer to the references cited at the end of the paper. 
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preserving top. (that is, 1-1 and continuous) mapping of C onto C 
with A(z) the image in S of gin C. Then fand fA are termed equivalent 
mappings of C into S or equivalent p-curves on S. Here fA symbolizes 
the function whose value at 3 is f[A(z) |. In earlier papers the class of 
mappings equivalent to a given mapping has been termed a curve, as 
distinguished from a p-curve. We shall here find it simpler to rely 
on -curves and make use of Lemma 2.1, according to which any 
two equivalent closed p-curves are in the same L-S-homotopy class. 
A closed p-curve f on S will be termed L-S if there is a positive 
constant e so small that the mapping under f of any arc of C with 
length less than e is top. Hence there exists a constant ¢,>0 so small 
that any subarc of f whose carrier has a diameter less than &ı is 
simple. Such a constant e, is called a norm of local simplictty of f. 
The L-S-homotopy class [f]. Let J be the interval 0SiS1, t the 
“time.” A deformation of f on S is a continuous mapping D of CXJ 
into S such that the image of a point (z, tł) in CXJ is a point D(s, t) 
in S, with 
D(z, 0) = f(z) GEC) 


initially (that is, when #=0). For ¢ fixed in J, D defines a mapping? 
D(-, t) of C into S, and thus a p-curve f' termed the deform of f at the 
time #. We say that f is deformed through the family f’ into f!. If the 
deforms ft, OStS1, possess a common norm of local simplicity, D 
will be said to be L-S. The class of p-curves f! into which f can be 
L-S-deformed on S is termed the L-S-homotopy class [f] of f on S. 
By virtue of a proof similar to that of Lemma 28.1 of Morse [2] we 
can affirm the following. 


LEMMA 2.1. Any two equivalent closed p-curves on S are tn the same 
L-S-homotopy class on S. 


A first objective of this paper is the proof of Theorem 1.1. Models 
for the L-S-homotopy class [f] on the top. image S of a projective 
plane will be determined as indicated. In case the given p-curve f =0, 
the M-order of f, as defined in Morse [1, §4], is 1, or 2 mod 2, accord- 
ing as [f] = [k@] or [f]= [4%]. Here M is the top. sphere covering S. 

In case the given p-curve f not=0, a new S-difference order ds(f) 
is defined in §7 and [f]=[%] or [k® ] according as 


dg(f) = 1 or 3 (mod 4). 
The value of dg(f) will be shown to be independent of f in its L-S- 


t For fixed #, D(-, £) symbolizes the function whose value at z in C is D(z, #). 
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homotopy class, and to be a top. invariant in the following sense. If 
S’ is a top. image of S with f’ on S’ the top. image of f on S, then 


ds(f) = ds’) (mod 4). 


An important special result in the case f not +0 is that dg(f) =1 mod 4 
if and only if [f] contains a simple closed p-curve. 


3. The 2-sphere M covering Il. We shall begin with a special model 
Il of a projective plane obtained by identifying diametrically opposite 
points 

r = (x v2; a3), Tr e (— vi, — Lay — x3) 

of a 2-sphere 
(3.1) M: ee ogre mar ters 
A point in II can accordingly be given by a pair (x, —x) of dia- 
metrically opposite points x and —x in M. We understand that the 
point (x, —x) in II equals the point (—x, x) of II. We say that x in 
M covers the point (x, —x) =(—x, x) in U, and denote this point in 
Il by A(x). We say also that x on M projects into A(x) on I. 

The mapping A of M onto ll has two fundamental properties: (1) 
for xand yin M 


(3.2) A(x) = A(y) 


if and only tf x= +y; (2) the mapping A ts locally top. 

Let ¢ be any mapping of an abstract set E into M. Then? Ad is a 
mapping of E into I termed the A-projection of œ into I. 

A closed p-curve F mapping C into M will be termed R-invariant 
(reflection invariant) if for every sin C 


(3.3) F(— z) = — F(s). 


The mapping u of C onto the semi-circle Cı. We shall make frequent 
use of a mapping yz of C onto the semi-circle 


(3.4) Ci: s = h, O0OS6<rf, 
of C. Explicitly, with z=e*, set 
(3.5) u(z) = e*(19 (0S 60 < 2m). 


The mapping u of C into Ci is continuous, except at s=1. Let C, be 
the residual ‘semi-circle C—C, of C. When F is R-invariant the 


* Here and elsewhere a functional operation such as A on ¢ is indicated by Ad. 
The value of Ad ata point x of E will be denoted by A¢(x) and not by A [¢(x) ]. 
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mapping Fu of C into M determines the mapping F of C into M in 
accordance with the equations 


Fu(s?) = F(z) ls E Ci], 
Fu(2?) = — F(z) [s E Cy]. 


By definition u is single-valued; it is one branch of z"? on C, and to 
avoid confusion is not to be continued into the other branch. The 
mapping Fu of C into M is discontinuous at the point s=1 of C. In 
fact, 


(3.7) | Fu(1) = — Fu(l7) 


where Fu(17) indicates the limit of Fu(z) as z tends to 3 =1 on C from 
the arc of Con which # <arc 3<?2r. 
When F is an R-invariant closed p-curve on M, the mapping 


(3.8) J" = AFu 


of C into H is a closed p-curve on H by virtue of (3.7). The p-curve ff is 
the A-projection of Fu on IL. 

A deformation A of aclosed p-curve F on M is a continuous mapping 
of CXJ into M in which the image of a point (z, t) of CXJ isa 
point A(z, t) in M, with 


(3.6) 


(3.9) A(z, 0) = F(z) lz EC] 
initially, that is, for ¢=0. Such a deformation is termed R-invariant if 
A(—3,#) = — A(s, $) 


for each point (z, 4) in CXJ. Suppose then that A is R-invariant. 
Then F is necessarily R-invariant. The deform F* of F under A is the 
R-invariant mapping A(-, 4) of C into M. The A-projection A Fu of 
Fu is a closed p-curve fF on Ol, and AAp is a deformation of fF on 
II. We draw the following conclusion: 


LEMMA 3.1. If an R-invartani L-S-closed p-curve F on M admiis an 
R-invariant L-S-deformation on M through p-curves F*, then the A 
projection on II of Fu admits a L-S-deformation on U through the closed 
p-curves A Fu on IL. 


4. The cases f~0 and f not +0. Let f be a closed p-curve on U. 
Let xs and —xo bethe points in M which cover f(1). Let a be either one 
of the points xo, —xo. Given f and a it follows from the local top. 
character of the projection A of M onto H that there exists a unique 
continuous mapping of & of the @-axis into M such that (with 
g =e") 
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(4.1) aO) =a Agal) = fl) (— œ <0 < +0), 
It follows from (4.1) that 
(4.2) Ada(O + 2x) = Ada(6). 


Recall that for points x and yin M, A(x) =A(y) if and only if x= y. 
From (4.2) then 


(4.3) 6.0 + 2m) = + 0). 


The sign in (4.3) is independent of # and is + if and only if f=0 in 
accordance with the following lemma. 


LEMMA 4.1. If f is a closed p-curve on U and a a pointin M such that 
A(a)=f(1), and if df is the unique continuous mapping of the b-axis 
into M such that (4.1) holds given a, then a necessary and sufficient 
condition that 


(4.4) gal + 2x) = $6) (=œ <9 < + o) 
ts that f=0 on IU. 
If (4.4) holds the equation 


(4.5) Fı(g) = ¢a(8) (z = e’) 


defines a single-valued mapping F; of C into M. Thus F is a closed 
p-curve on M, and as such is deformable on M through a continuous 
family F$, 0StS1, of closed p-curves on M into a p-curve, whose 
carrier is a point of M. The A-projections AF into II of these p- 
curves deform f on If into a p-curve on II whose carrier is a point. 
Hence f=0 on H if (4.4) holds. 

Conversely suppose that f +0 on I, or more specifically that f on I 
is deformed into a P-curve whose carrier is a point, through a family 
ft (0S#S1) of closed p-curves on I. With & given in terms of f by 
(4.1) a continuous mapping ¢% of the b-axis into M can be determined 
by continuation with respect to increasing ¢, with 


$a(0) = 6.() 
initially, and 
(4.6) Ags (0) = f(s) [for z = e®] 


where &7(#) is continuous in (6, £) for OS#S1 and arbitrary 6. 
As a consequence of (4.6) 
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(4.7) ġa (27) = + ġa (0) 08:81) 


where the sign in (4.7) is independent of ion [0, 1]. For i sufficiently 
near 1 on [0, 1] the + sign must hold in (4.7) since the carrier of f! 
in (4.6) isa point and A is locally top. Hence the + sign must hold 
in (4.7) when t=0 as well. Thus (4.4) holds when f=0 on IL. 
Antecedents and p-antecedents on M of p-curves on DU. If f is a closed 
p-curve on II, any closed p-curve Fon M such that AF =f will be 
called an antecedent on M tof on II. If f not ~0 no closed p-curve F 
on M can be antecedent to f, because (4.4) cannot hold in this case. 
However we shall verify the following. When f not ~0 there always 
exists (Lemma 4.2) an R-invariant closed p-curve Fon M such that 
AFu=f. Such a closed p-curve F will be called a v-antecedent of f. 


LEMMA 4.2. Let f be a closed p-curve on U. If f=0 on II there exist 
just two closed p-curves FF antecedent on M to fon Il. If f not~0 there 
exist just two closed p-curves FF, -antecedent on M to f on O. 

The two antecedents (u-antecedents) Fand F* of f satisfy the relation 
F(z) = — F* (8). 


Case I. f=0. We start with #/ as defined in (4.1), with a =% or 
— xo where A (xo) =f(1). Let F$ then be defined as in (4.5). In case I, 
(4.4) holds, so that F is closed on M. The A-projection of Fl is f in 
accordance with (4.1). There are accordingly at least two closed 
p-curves Ff (a==x9 or —x,) antecedent to f on I. 

Any other closed p-curve F on M such that AF=f must satisfy 
the condition 


Fi) =e (a = x Or — Xp). 
By virtue of the continuity of the mapping F and the top. character 
of A, Fis thereby uniquely determined by f and a, and so must equal 
FY. There are accordingly just two closed p-curves F antecedent on 
M to f on I when f 0. 


Case II. f not=0. We start again with # as defined in (4.1). In 
Case II we define F{ as a p-curve on M such that for w=e* 


(4.8) F.(w) = p 2a) -» <a< ow}, 


That F is single-valued for each w in C, and R-invariant, follows 
from the relation 


(4.9) gala + 2m) = — gala) 
which holds by virtue of Lemma 4.1 and (4.3). In fact 
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Fu w) = ¢o(2[a + #]) = — 8al2e) = — F,(w) 
for every win C. Relation (4.8) implies that 
(4.10) Faule) = 6,(0) is = e”, 0 S0 < 2r] 


and it follows from (4.1) that 4 Fíu =f. While Fiz is discontinuous at 
z==1 on account of (4.9), A Fiu is continuous at s=1. In Case II there 
accordingly exists two closed p-curves F; (a = +0), u-antecedent on 
M tof on I. 

Any other closed p-curve F on M such that A Fu =f must satisfy 
the condition F(1) =a, [a = +x] and by a process of continuation be 
uniquely determined by the relation 4 Fu =f as the R-invariant closed 
p-curve F$. The p-curves Fila = +x] are accordingly the only closed 
p-curves -antecedent on M to f on II when f not=0. 

The preceding lemma can be extended to deformations D on M as 
follows. 


LEMMA 4.3. Corresponding to any continuous deformaiton D on U of 
a closed p-curve f such that f~0 |f not =0] on D, and to either of the 
two antecedents |u-antecedents| F! of f, there exists a unique deforma- 
tion A of Fon M such that AA =D when f ~0, while A ts R-invarıant 
and AAu=D when f not =0. 


We term the deformation A of the lemma antecedent on M to D on 
U when AA=D, and u-antecedent when AAu =D. 

The proof of Lemma 4.3 is so similar to that of Lemma 4.2 that it 
need only be indicated. 

Let ft, OSiS1, be the deform of f under D at the time t. Let 
Xo(t) and —Xof(t) be the two points in M which cover f!(1) on I, 
Xo being chosen so that it is continuous for ¢ in [0, 1]. Let O represent 
the @-axis. Let a be either of the functions +X». There exists a 
unique continuous mapping ®, of OXJ into M such that (with 
z=e") 


(4.11) @,(0,#) = cl), <A,(0,4) = Dos, À 

for each point (@, t) on OX J. Equation (4.11) replaces (4.1) while the 
analogue of (4.3) is 

(4.12) &,(9 + 2r, i) = + 8,6, À 

where the sign is + if and only if f=0 on IL. 


Case I. f=0. In this case the required deformation A is defined by 
the equation 
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A.(z, H = &,(6, 8) [z = e®]. 


Then AA,=D in accordance with (4.11). 
Case If. f not 0. One here sets 


(4.13) A,(w, Ò = Pala, À [w = ef] 


and observes that A, is single-valued and R-invariant by virtue of 
(4.12), the sign — prevailing in (4.12). Finally (4.13) implies that 


Aal[u(s), t] = €.(0,4) (2 = e%,05 6 < 2x) 


for each ¢ on [0, 1], so that AA. =D. 

In either case the uniqueness of a deformation A satisfying the 
lemma when an antecedent (u-antecedent) F* of f is given, follows as 
in the proof of Lemma 4.3. 

If F is an R-invariant closed p-curve on M the class of all R-in- 
variant closed p-curves which admit R-invariant L-S-deformations 
into Fon M will be called an R-invariant L-S-homotopy class on M. 

The following theorem reduces the problem of determining the 
L-S-homotopy classes on II to a problem on M. It is a consequence of 
the preceding lemmas including Lemma 3.1. 


THEOREM 4.1. A necessary and sufficient condition that L-S-closed 
p-curves fi and f20 [not 0] on II be in the same L-S-homotopy class on 
IL is that an antecedent [u-aniecedent] F/ and F's of fiand fs respectively 
be in ihe same L-S-homotopy class [R-invariant L-S-homotopy class | 
on M. 


In case f~0 on U models for the L-S-homotopy classes of f can 
accordingly be inferred from those on the 2-sphere M. Such models on 
M are given in Theorem 4.2 of Morse [1]. 

The model p-curve k on II, and T on M. We shall introduce a simple 
closed p-curve k on II, with carrier on D covered by a great semi- 
circle on M. More definitely we suppose that k has a w-antecedent T 
on M given by the mapping 


(4.14) atin=z, %=0 [z €C], 


of the circle C into M. For each integer n>0 let closed p-curves k™ 
on I and T™ on M be defined by the equations 


k™ (z) = R(s*), (zs) = T(z*) [EC]. 
The p-curves k and k® have I and T® as u-antecedents on M, 


while ® and k‘ have T and T® as antecedents on M. Theorem 4.2 
of Morse [1] gives the following. 
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THEOREM 4.2. Any L-S-closed p-curve f=0 on H is in the L-S- 
homotopy class of k® or k® on I, while [k@ |] [k®] on II. 


That [k9] [k9] on H follows from the fact that [[ |] [T®] on 
M. For the equality [2] = [k@] on H would imply that [T] = [T®] 
on M by virtue of Theorem 4.1. 

Given f +0 on II the problem of determining to which of the two 
homotopy classes, [k®] or [2], f belongs is equivalent to the prob- 
lem of determining to which of the two homotopy classes, [T] or 
[T®] on M, an antecedent F of f belongs on M. This problem is 
resolved by the determination of the M-order p(F), of F, as shown in 
§4 of Morse [1]. In fact 


FF] = [r] or [re] 


according as p(F)=1 or 2 mod 2. As shown in Morse [1], p(F) is a 
topological invariant of M and F, and in particular is invariant under 
any “R-invariant” homeomorphism T of M, that is, one for which 


T(— x) = — T(x) (x € M), 


and is accordingly a top. invariant of D. Finally if F and F’ are 
L-S-closed -curves on M 


p(F) = pF) 


if and only if [F]=[F’] on M, and accordingly if and only if [AF] 
=[AF’] on I. 
We turn accordingly to the case f not=0 on I. 


5. L-S-homotopy classes when f not ~0 on II. Let F be an R-in- 
variant L-S-closed p-curve on M. In accordance with Theorem 4.1 
we seek a model for the R-invariant L-S-homotopy classes of F on 
M. To that end we refer to the semi-circle Cı defined by s=e*? for 
0<0<7r, and to the residual semi-circle C defined by s=e*! when 
asp <2r. Let Fiand Fr be submappings of F defined by the equations 
(a superimposed bar indicates closure) 


F(z) = F(z) [z e Ci], 

F(z) = F(s) [z ECs] 

and term F; the kernel of Fı and F; the kernel residue. We shall be 

concerned with various continuous mappings of Ci into M and will 
term such mappings p-arcs on M. 

Various elementary p-arcs and p-curves on M will be defined and 


analyzed for later use. In defining kernels F, the path which F(z) 
traces as 3 traces Č, will be given. These paths will be ordered finite 
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sequences of simple, sensed arcs successively joined to form a con- 
tinuous curve. The paths used will be rectifiable. From a path a a 
kernel F,= {a} will be formed by making s in Cı correspond to that 
point Fı(3) in œ which divides a in the same ratio with respect to arc 
length as that in which s divides Č, with respect to arc length. The 
kernel residue F; will be defined by setting 


Fı(— s) = — F(z) [z E€ Čl. 


In order that F so defined be L-S it is sufficient that Fı be L-S and 
that the images on M under F of sufficiently small neighborhoods of 
3=1 in C be simple. 

A symbolism is needed for a path a which is a product 


a= 0103 ose On 
of simple, regular, sensed, closed curves ai, + - - , Gn, with a, positively 
tangent to arı (k=1, -- -,n—1) ata prescribed point P+. If a is a 


simple, sensed arc or closed curve, and P and Q are two points in a, 
a(P, Q) shall denote the subarc (if any exists) of a leading from P to 
QO on a. With this understood «& shall denote the path defined by the 
sequence of simple arcs (with aı(Pı, Pi) the arc a; cut at P;), 


ai( Pi, Pı)as(Pı, Ps) ne Gn—1(P —2) Pa); 


(5.1) 
åP asi Pai) Ogt Pai Pao) er Se ao( Pe, P)). 


We admit the possibility that a: is not a closed curve, but rather the 
closure of a simple arc, while a; + - - a, remain simple closed curves. 
In such a case P; is to be an inner point of a. If P and P’ are the 
initial and final points of a1, the preceding sequence (5.1) is to be 
altered by replacing a:(Pi, Pi) by ai(P, Pı) and aı(Pı, P’) is to be 
added to the sequence. 

The elementary p-arcs on M to be used in defining model kernels 
Fı on M can now be defined. Let y be the simple arc 


(5.2) % = cos l, x = sin ð, % = 0 (OS 6< x) 


taken in the sense of increasing @. Let X be a small sensed circle of 
diameter <1, with x320 thereon, positively tangent to y at the mid 
point (0, 1, 0) of y. Let à~! be the reflection of X in the plane [x;=0]. 
For n a positive integer A” shall formally symbolize A ---A with z 
factors A, while X~” shall formally symbolize A`! - - - A”! with n 
factors A”!. Let q be any nonvanishing integer. We introduce a 
product path y`% in which (0, 1, 0) is the point of contact of suc- 
cessive factors. Then {yae} is a well-defined p-arc on M which, taken 
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as a kernel Fi, leads to a L-S-closed p-curve F on M. We shall prove 
the following lemma. 


LEMMA 5.1. The p-arc {yds } admis a L-S-deformation on M in 
which sufficiently short initial and final subarcs of y remain simple 
with invariant carriers, and in which {y*} is deformed into {y} when 
q is even, and inio {yr} when q ts odd. 


For simplicity we begin with YA. The circle A can be deformed on 
M through circles tangent to y at (0, 1, 0) into A~}, so that {ya} is 
L-S-deformable on M into [yAX-1}. The point of contact of A-! with 
A can be continuously regressed on A to the point of maximum x; on 
A, varying A"! through circles M +, 0 SiS1, of fixed radius. Then Ay! is 
the terminal circle in this deformation of A-!. Observe that AAT! is a 
figure eight with x;>0 thereon, except at the point of contact of A 
with y at (0, 1, 0). It is clear that {YAP 1) is L-S-deformable into 
{y}, and that the whole deformation of {yA*} into {y} can be so 
made that sufficiently short initial and final arcs of y remain simple 
with invariant carriers. 

In the same way, it is clear that for g>2 [yAe} is L-S-deformable 
successively into 
a 


Aa fa 


so that an induction with respect to g shows that the lemma is true 
if g>2. A reflection in the plane at x=0 makes it appear that for 
q<0, {yd*} is L-S-deformable in the required manner into {y} when 
q is even, and into {yA-!}, when q is odd. But the above deformation 
of A into A”! shows that {yA-!} is L-S-deformable into {yA}, and the 
proof of the lemma is complete. 

The succeeding proofs will be simplified ıf one can suppose that 
the mappings F of C into M are regular, that is, that the representa- 
tion of the point F(z) in terms of the parameter @ defining s =6% has 
a form 


(5.3) F(z) = [a1(6), 22(6), as(6) | 


2 
in which a; (t=1, 2, 3) has a continuous derivature å; and 


(5.4) 6:(8) + ör(0) + 43(0) 0. 
This and more is needed, and is supplied by the following lemma. 


LEMMA 5.2. Let e be a positive constant. Any R-invariant L-S-closed 
p-curve Fon M admits an R-invariant L-S-deformation on M into a 
p-curve F' on M with no point F(z) thereby displaced a distance more 
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than e, and with F’ regular. 


The method of proof of this lemma is entirely similar to the 
methods used in proving Theorems 28.2 and 28.3 of Morse [2], ex- 
cept for the conditions of R-invariance of the p-curves used. Dis- 
regarding this condition for the moment recall that the component 
deformations used in Morse [2] are local in character, involving 
among other procedures the use of conformal transformations. All 
this is essentially the same on the sphere M. Short straight arcs used 
in the plane are here replaced by short geodesics on M. If the succes- 
sive local deformations D are applied to sufficiently restricted arcs 
h on M, it will be possible to accompany each D by a simultaneous 
deformation of the reflection A’ of k in the origin through a reflection 
of the deforms kt of k under D. In this way the resultant deforma- 
tions will be made R-invariant as required. 

The order O(Fı, E). We shall refer to the given system of co- 
ordinates (%1, %3, %) on M as the system E. The points 


2ı = (0, 0, 1), Z_1 = (0, 0, me, 1) 


will be called the poles of E. A p-curve or arc on M whose carrier does 
not intersect the poles of E will be termed E-pole free. A p-curve on H 
will be termed E-pole free if no point of its carrier is covered by a 
pole of Eon M. Let F be an R-invariant closed p-curve of M which is 
E-pole free. With F(z) of the form 


F(z) = [xı(2), 2(z), xa(z) | (2 EC) 
we set 
(5.5) QO(F,, E) = variation BE sle) + 2] 
Ci r 


as 3 traverses Cı from s=1 to s= —1. Observe that x:(z) and %(2) do 
not vanish simultaneously since F is E-pole free. Thus O(F,, E) is 
well defined. Moreover O(F,, E) is an odd integer since 


wy(— 1) = — all), nl 1) = ml). 


We define O(F, E) similarly with Cı replaced by C in (5.5), and ob- 
observe that O(F, E)=20(F,, E). 
The following lemma is of the nature of a procedural simplification. 


LEMMA 5.3. Let F be an R-invariant closed p-curve on M. The order 
O(Fı, E) ts an invarianti of any R-invariant deformation of F on M in 
which the deforms Ft of F remain E-pole free. The R-tnvartant L-S- 
homotopy class of F contains p-curves F* such that 
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(5.6) OF, B) = 2. 


The first affirmation of the lemma is immediately clear. In estab- 
lishing the concluding statement of the lemma no generality will be 
lost if F is assumed regular. 

We shall deform an arc of Fı over one of the poles of E. More defi- 
nitely we start with an open simple arc g of Fı and deform the middle 
third gı of g, leaving the carrier of the residue of g invariant in order 
that the deforms g‘ of g may cause no failure of Fi to remain L-S, 
apart from a failure of g‘ itself to remain L-S. We deform gı through 
tongue shaped curves gi with two end points fixed on g, and with 
semi-circular tips r‘. We suppose r* moves across (0, 0, —1) so that 
at the moment of crossing (0, 0, —1) is at the mid point of r’. By 
virtue of such a crossing O(Fj, E) will change by 2 or —2 according 
as the sense of r‘ just after the moment & of crossing is or is not the 
sense in which arc (x;-+ix:) increases on r’. By an appropriate de- 
formation in which the tongue remains L-S, either case can be made 
to happen. It should be observed that the tongue can be made self- 
intersecting provided it remains L-S. Since any finite number of such 
tongues can be used, it is clear that (5.6) can be made to hold pro- 
vided the deformation of F, through the above p-arcs Fi be converted 
into an R-invariant L-S deformation of F by deforming the kernel 
residue F; of F through p-arcs Fy for which 


(5.7) Fi(— 2) = — File) [s € Cı]. 


Canonical p-curves on M. These curves are special p-curves intro- 
duced to simplify the proof of Theorem 5.1. Such p-curves are to be 
regular R-invariant closed p-curves with the following properties: 

(1) F(1)=(+1,0,0). 

(II) The positive tangent to the path of F at the points corresponding 
to z= +1 on C shal have the direction cosines (0, +1, 0) respectively. 

(III) The p-curve F shall be E-pole free. 

(IV) The order Q(F, E) =2. 

It follows from Lemmas 5.2 and 5.3 that there exists a canonical 
p-curve F in the R-invariant L-S-homotopy class of any given R-in- 
variant L-S-p-curve. Cf. proof of Lemma 7.1. We term a kernel A, 
of a canonical p-curve F, a canonical kernel F;. Canonical kernels lie 
on the open sub-manifold of M 


Mi=M—Z,—-Z1 [ı= (0,0, + 1)]. 


We shall make several uses of the following mapping. 
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A mapping W of Mi into a complex w-plane. Under this mapping x 
in Mı has an image w= W(x) in the w-plane where 


(5.8) W(x) = exp [x + 2i arc (x, + ix,)] (x E Mi). 
This mapping can be equivalently given in the form 
(5.9) | w | = exp [xs], arc w = 2 arc (xı + iza). 


The mapping W is single-valued and continuous, and carries Mi into 
a ring in the w-plane on which 


(5.10) ert<|ul<e. 


Each point w in this ring has just two distinct points on Mı of the 
form 


(a1, Gs, ās) (— G1, — 03, Gs) [(a1, đa) al (0, 0) | 


as antecedents. The mapping W is locally top. The inverse W~? is 
single-valued on a two-sheeted Riemann surface covering the ring 
(5.10) twice without branch points. 

Canonical p-curves in the w-plane. If Fı is a canonical kernel on M, 
there exists a unique regular, closed p-curve 2 mapping the circle C 
into the ring (5.10) on the w-plane, and such that 


(5.11) Q(z) = WFyw(s) l EC]. 


Such a p-curve has the following properties, paralleling the properties 
I-IV of canonical p-curves on M. 

(I’) Q(1) =1. 

(I1) The positive tangent to the path of Q at the point corresponding 
to 3=1 is parallel to the positive v-axts (u-tiv=w). 

(III) The carrier of Qis on the ring (5.10). 

(IV’) The ordinary plane order of Q with respect to w=0 ts 1. 
Conversely any closed regular p-curve Q in the w-plane which is 
canonical in the above sense determines a unique canonical kernel Fi 
on M such that (5.11) holds. We then term F the p-antecedent on M 
of Q in the w-plane. Any L-S-deformation of a canonical kernel on 
Mı or p-curve on the ring (5.10) through such curves will be called 
canonical. 

Let Q then be a canonical p-curve Q on the ring (5.10) and F its 
canonical p-antecedent on M. Any canonical L-S-deformation 
Qt, 0SiS1, of Q on the ring (5.10) implies a canonical L-S-deforma- 
tion Fi, 0SiS1, of Fion M such that 


2 = WF. 
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Such deformations of Q on the ring (5.10) are 0-deformations in the 
sense of Theorem 33.1 of Morse [2]. Since the ordinary plane order 
q of Qis 1 the prooft of Lemma 33.1 and Theorem 33.1 shows that 
Q admits a canonical L-S-deformation on the ring (5.10) into a 
p-curve Q! whose p-antecedent on M has the kernel {y} or {ar} 
according as the angular order (cf. Morse [2]) p of Q is 1 or not 1. 
Lemma 5.1 thus permits the following conclusion. 


LEMMA 5.4. A canonical kernel Fı on M admits a canonical L-S-de- 
formation on M into {y} or {yd}. 


Observe that {7} is the kernel T, of the R-invariant p-curve T on 
M defined at the end of §4. Recall that ATu=k™. Observe further 
that the circle X can be deformed through circles which remain 
tangent to y at (0, 1, 0) into a great circle C’ on which x,;=0, so that 
{yd} is L-S-deformable among canonical kernels into {yC’}. This is 
the kernel of T®. Recall that AT®u=k®. We are thus led to the 
basic theorem. 


THEOREM 5.1. Any L-S-closed p-curve f not=0 on IL is in the L-S- 
homotopy class of R® or k®, 


We have merely to review the various steps which lead to this 
result. In the first place the given f has an R-invariant closed p-curve 
F as a u-antecedent on M. Cf. Lemma 4.2. Such an F admits an 
R-invariant L-S-deformation into a canonical p-curve F*. Cf. Lemmas 
5.2 and 5.3, and the proof of Lemma 7.1. 

The kernel Ff admits a L-S-deformation through canonical kernels 
F¥ into {y} or {yd} in accordance with Lemma 5.4, and hence into 
the canonical kernel of T or I. On extending these canonical kernels 
on M by reflection as in (5.7) we infer that F* admits a L-S-deforma- 
tion on M through R-invariant p-curves F* into T or T®. The 
p-curves AF*u on I are closed and L-S, and deform AFYp into kW 
or k®. In résumé, f= A Fiu is first L-S-deformed on H into A Fp and 
then into k® or k®. 

This completes the ‘proof of the theorem. 

It remains to show that kV, k®, k®, k® are in distinct L-S- 
homotopy classes on II. Part of this result is already clear. For the 
property of a p-curve f being null homotop. on II is invariant of arbi- 
trary continuous deformations of fon U and in particular invariant of 
L-S-deformations. Thus the null homotop. p-curves k® and k@ 


‘ In the proof of Lemma 33.1 suppose that a line element Z of g at Q is tangent to 
a circle C with center at w=0, One can hold E fast in the deformation. A preliminary 
L-S-deformation should be used to make g convex towards the origin near Q. One then 
proceeds as before identifying Q with the point s=a of the proof. 
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are not in the L-S-homotopy classes of k® and k®, Moreover 
[k®] [2%] as affirmed in Theorem 4.2. We must finally show that 


[eo] » [ko] 


and going somewhat deeper characterize the classes [k@ | and [2] 
topologically. 

In §6 a numeral invariant d(f, E) of a L-S-homotopy class [f] is 
defined in case f not +0 and f is E-pole free. In §7, d(f, E) is replaced 
by a topological invariant dg(f) defined for an arbitrary top. image S of 
the projective plane, thereby freeing d(f, E) from its dependence on 
the special coordinate system E and the special representation II of 
a projective plane. 


6. The difference order d(/, E) when f not ~0. Let F be an R-in- 
variant closed p-curve on M. In the case in which F is E-pole free 
an angular order P(Fı, £) of the kernel Fı will be defined. For this 
purpose it is necessary that M receive an orientation from E. 

The E-orientation of M. Corresponding to the coordinate system E 
of M, M will be oriented as follows. Let C(x) be an arbitrarily small - 
circle on M with center at x in M. As previously, let Z41=(0, 0, +1). 
The positive sense of C(Z_.) shall be such that a continuous branch 
of the multiple-valued function 


arc (yı + iya) [y = (yı, Yə ya) | 


increases as y traces C(Z_1) in its positive sense. The sense of C(x) at 
other points x in M will be obtained by a continuous variation of C(x) 
from C(Z_,). In particular it should be noted that as C(Z,) is traced 
in its positive sense by a point y any continuous branch of arc 
(vi ttys) decreases. 

Reference directions for the measurement of angles at a point x of 
Mı= M—2Z,—Z_; must be defined. For each x in M; let C!(x) be the 
circle through x parallel to the plane on which x;=0. Let the positive 
sense of C(x) be that of increasing arc (yıt?Ys) for y in C!(x). The 
reference direction at x shall be the positive tangent to C(x) at x. 
The sign of an angle at x measured from the reference direction will 
be determined by the orientation of M at x as defined by C(x). 

The angular order P(F,, E). Let F be R-invariant L-S, closed and 
E-pole free. Set f=A Fiu. Let & be a positive constant so small that 
the submappings of F on which s=e*® with aS@Sa+e are top. 
mappings for each constant a. Given g=e*# let 3, denote the point 
eot, We suppose that O<e<ea. Let Hr(z, e) denote the angle at the 
point x = F(s) in M, measured from the reference direction at x to the 
positive tangent at x to the great circle on M leading from F(z) to 
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F(s,). For fixed e let Hr(z, e) be chosen so as to vary continuously 
with z in Cı. Since F(—s) = — F(s) it is clear that 


(6.1) Hr(— 1, ©) = — Hp(l, 9 (mod 27) 
so that a 
(6.2) Hr(— 1,e) + Hrll, e) = 2rr 


where r is an integer. We set 
Hp(— 1,e) + Hrll, €) 


E 


(6.3) PR, E) = 


and note the following. 

The value of P(F,, E) is independent mod 4 of the choice of e in 
(0, &), of the choice of F between the two u-antecedents of f, and of 
the choice of Hy among the possible continuous branches of this angle 
function. For Hr(z, e) can be chosen as to vary continuously with 
(z, €) for ein (0, eı) and z in Ci, so that the left member of (6.2) is 
independent of ein (0, &). If F and F* are the two -antecedents of 
f, F(z) = — F*(s), so that one can take 


Hr(zs,e) = — Hr(z, e). 
Hence 
P(Fi, E) = — P(Fi, E) = P(F, E) (mod 4). 


Finally a change of the continuous branch of Hp will change the left 
member of (6.2) by an integral multiple of 4r and so leave P(F,, E) 
unchanged mod 4. 

The difference order d(f, E). Let f not +0 be a L-S-closed p-curve on 
U which is E-pole free. Let F be a u-antecedent on M of fon II. We set 


and observe that:d(f, E) is independent of the choice of F as p-ante- 
cedent of f, and of any R-ınvarient L-S-deformation of Fon Mı. 
One sees that 


a(k? , E) = Q(T, E) — P(Ts, 2) =1-0 (mod 4), 


(6.4) ak, D = 00”, E — PC, E =3—0 (mod 4). 


An immediate conclusion is that k® admits no L-S-deformation on IL 
into k™ through p-curves which are E-pole free. To remove the latter 
condition, deformations must be made through the poles of E and 
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the effect on d(f, E) determined. For this purpose p-curves on H 
whose u-antecedents on M are broken geodesics are useful. 

Admissible broken geodesics on M. In Morse and Heins [1] use has 
been made of L-S-curves composed of sequences of a finite number of 
straight arcs. The analogous p-curves on M are sequences of a finite 
number of geodesic arcs each less than r in length, with nonzero 
angles at the vertices (the junction points of successive arcs). A 
p-curve on M of this character will be called an admissible broken 
geodesic. Admissible broken geodesics are L-S. A deformation on M 
of an R-invariant closed p-curve F through admissible broken 
geodesics F' will be termed admissible if the number of vertices is 
independent of £, if the vertices vary continuously with ¢ and remain 
distinct on any p-curve F*, if the point F*(1) is a vertex of F‘, and if 
each p-curve F' is R-invariant. The methods of Morse and Heins [1] 
suffice to prove the following lemma. 


LEMMA 6.1. Lete bea positive constant. Any R-tnvartant L-S-p-curve 
Fon M admits an R-tnvartant L-S-deformation into an admissible 
broken geodesic displacing each point F(z) on M at most e in thts process. 

Any two R-tnvariant broken geodesic closed p-curves F and F’ which 
are in the same R-invariant L-S-homotopy class, can be admıssibly de- 
formed on M into each other through R-invariant broken geodestcs, pro- 
vided a suitable number of vertices are initially added to F and F”. 


With this lemma as an aid, the following theorem can be proved: 


THEOREM 6.1. If f not ~0 and f’ not =0 are two closed L-S-p-curves 
on IL in the same homotopy class on Tl and if f and f' are E-pole free, then 


(6.5) d(f, E) = d(f’, E) (mod 4). 


The theorem follows at once from the definition of d(f, E) if f can 
be L-S-deformed into f’ on H through -curves which are E-pole free. 
In any other case we can suppose, without loss of generality, that the 
p-antecedents Fand F’ on M, of f and f’ respectively on H, are ad- 
missible broken geodesics which are E-pole free. In accordance with 
Lemma 6.1, F can be admissibly deformed into F’ through a family 
F' of broken geodesics. If use is made of the freedom of small displace- 
ments of the vertices of Ft, we can be assured that F* is E-pole free 
except for a finite set of values h,---,t, of t, that no vertex of 
F“ G@=1,--+-+,n) is ata pole of E, and that F* has just one point in 
common with the poles of E. 

The conventions as to the measurement of angles are such that asa 
geodesic arc of F, moves across the pole (0, 0, 1) 
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AP(Fi, E) = AQ(Fi, E) = + 2 


so that d(f‘, E) is unchanged by such a passage. When a geodesic 
arc of Fi moves across the pole (0, 0, —1) 


AP(Fi, E) = — AQ(F:, E) = + 2. 


The difference d(f‘, E) mod 4 is accordingly invariant as } increases 
from 0 to 1. This completes the proof of the theorem. 
Reference to (6.4) gives the following corollary of the theorem. 


COROLLARY 6.1. The models k™ and k® on IL are not in the same 
L-S-homotopy dass on II. 


By virtue of Theorems 5.1 and 6.1 any L-S-p-curve f not +0 on H 
which is E-pole free is in the L-S-homotopy class of kV or k® accord- 
ing as d(f, E)=1 or 3 mod 4. This determination of the L-S-homotopy 
class of f depends upon our special model II of the projective plane 
and upon the coordinate system E. We shall remove this dependency. 


7. Invariant orders and models. We begin with the following 
lemma: 


LEMMA 7.1. Any simple closed p-curve f not ~0 on I can be deformed 
on If into any other such p-curve on IL through simple, closed p-curves. 


It will be sufficient to show that f can be deformed into k“ in the 
manner required. If F is a -antecedent of f it will be sufficient to 
show that F can be deformed on M into T through R-invariant simple, 
closed p-curves on M. The required deformation will be defined as a 
sequence of five deformations. 

(1) We first deform F in the required manner into an R-invariant, 
simple, regular closed p-curve FW, With obvious precautions to main- 
tain a simple curve the proof of Lemma 5.2 will suffice. 

(2) We next rotate M in such a manner that F“ is deformed into a 
p-curve F® for which F@ (1) =1. 

(3) A suitable rotation of M about the x axis will then carry F® 
into a p-curve F® which is tangent to T at the point (1, 0, 0). 

(4) If Fi? is not E-pole free its kernel FY, with its simple projec- 
tion on II, intersects (0, 0, 1) in a point F(z) for just one value of 
son Cı. A suitable L-S-deformation of F® near this point of intersec- 
tion and a corresponding R-invariant L-S-deformation of F® will 
yield a simple closed p-curve F“ which is E-pole free. Moreover 


(7.0) OF, FE) = +2 
as one sees on projecting M: stereographically from (0, 0, 1) onto the 
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plane tangent to M at (0, 0, —1). Finally we can suppose that the 
-+ sign holds in (7.0). For if one keeps F{ simple and regular and 
deforms a tongue once over (0, 0, 1), the order (7.0) of F™ will be 
changed from —2 to 2, if initially —2. 

(5) The resultant p-curve FW is canonical in the sense of 85. Use 
can be made of the mapping W of Mı into the ring (5.10) of the w- 
plane. On this ring there exists a canonical p-curve Q such that 


Q = WE? p. 


In particular Q has the plane order 1 relative to w=0 in the w-plane. 
It follows that there exists a deformation of Q on the ring (5.10) 
through simple, canonical p-curves Q', OSt<1, on the ring into the 
p-curve w=z=e", On M, F can accordingly be L-S-deformed 
through simple canonical -curves into T. 

Hence f can be deformed on I in the manner required into kW. 

Various methods (including conformal mapping) are available to 
prove the following. 

(i) Let g', OS#S1, be a 1-parameter family of simple closed 
p-curves in the (u, v)-plane of which g! is the circle C:z=e*. Let G! 
be the closure of the interior of g'. There exists a continuous 1-param- 
eter family of top. mappings T‘ of Gt into the closed disc bounded 
by C, such that T* maps g‘(z) into z and G? is the identity. 

Recall that an tsotopic deformation of a manifold S is defined by a 
continuous 1-parameter family of top. mappings of S onto S. With 
this understood we state the following lemma. In proving this lemma 
it will be convenient to denote the carrier of a p-curve F by |F]. 


LEMMA 7.2. Any homeomorphism H of U can be isotopically deformed 
into the identity on IL. 


Let K be an R-invariant homeomorphism of M such that AK =H. 
Set F=K-IT. By virtue of Lemma 7.1 there exists a continuous 
1-parameter family of R-invariant, simple, closed p-curves F* on M 
which deform F into T. Let 2‘, 0SiS1, be a continuous 1-parameter 
family of closed domains on M bounded by the respective Jordan 
curves | F*|. Observe that £! is a hemisphere of M bounded by |T]. 
It follows from (i) that there exists a continuous 1-parameter family 
of top. mappings T* of X‘ onto the hemisphere 2!, which, in particular, 
map the Jordan curve | F*| onto the circle |T| in such a manner that 
T(z) is the image of F*(z) and T! is the identity. The mappings T" 
can be extended over M by reflection, that is, so that 


T'(—2) = — T'(a) (X, } E (MX J). 
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So extended T*, 0Sts1, defines an isotopic deformation of T° into 
the identity 7". 

It remains to deform K isotopically into T”. By definition KF=T 
so that K(x) = 7°(x) when x is in the Jordan curve | F| . By a theorem 
of Tietsze there is an isotopic deformation of the mapping K re- 
stricted to 2°, into 7, likewise restricted to D°, leaving | F| pointwise 
fixed. This deformation can be extended to all of K by reflection in 
the origin, so as to yield an R-invariant isotopic deformation of K 
into T°. Hence K is isotopically deformable into the identity through 
R-invariant top. mappings of M onto M. 

The lemma follows. 

Proof of Theorem 1.1 of the introduction. The p-curve k whose mul- 
tiple tracings k®, k®, k®, k appear in Theorems 4.2 and 5.1 is 
a simple, closed p-curve on U with k not=0 on Il. It follows from 
Lemma 7.1 that in these theorems k can be replaced by any other 
simple, closed p-curve k such that A not +0. This completes the proof 
of the fundamental Theorem 1.1. 

Further invariance of d(f, E). We now admit any coordinate system 
E’ obtained from E by a rotation of E about the origin, or by a re- 
flection of E’ in the origin. We have seen that d(f, E) is independent 
of the L-S-deformation class of f provided only that d(f, E) is well 
defined, that is, provided that f is E-pole free. The following theorem 
shows the essential top. invariance of d(f, E). 


THEOREM 7.1. Let f be a L-S-closed p-curve on IL, H a homeomorphism 
of I and f! =Hf the transform of f under H. If E and E’ are admissible 
coordinate systems such that f and f' are respectively E and E'-pole free, 
then 


(7.1) d(f, E) = d(f’, EF’). 
We shall first show that 
(7.2) d(f, E) = d(Hf, E) 


provided f and Hf are E-pole free. Relation (7.2) follows from Lemma 

7.2 according to which H can be isotopically deformed into the 

identity, thus implying a L-S-deformation of Hf into f. From the 

invariance of d(f, E) under such deformations of f, (7.2) must hold. 
We shall next show that 


(7.3) af, E) = d(f, E’) 


provided f is E and E’-pole free. To that end let T be the orthogonal 
transformation by virtue of which E’=TE. It is trivial that 
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(7.4) af, E) = d(Tf, TE). 
But f and f’ are E’-pole free so that 
dTf, TE) = d(f, TE) = d(f, E’) 


according to (7.2). Hence (7.3) holds. 

To establish (7.1) let Æ” be chosen (as is possible) so that f and 
f’ are E'’-pole free. By hypothesis f is E-pole free, and f’ is E’-pole 
free. Hence 


af, E) = d(f, E'") 24 af, E^) un af, E’) 


in accordance with (7.2) and (7.3). This completes the proof of the 
theorem. 

Definition of an invarıant S-order of f when f not~0. Let S be an 
arbitrary top. model of the projective plane, and f an L-S-closed p- 
curve on 5 with f not=0 on S. Then d(Zf, E) is independent mod 4 
of the choice of Z among top. mappings of S onto II and of the choice 
of E among admissible rectangular coordinate systems for M pro- 
vided Zf is E-pole free. 

For each L-S-closed p-curve of not=0 on S we set 


d(Zf, E) = de(f) (mod 4) 


provided Zf is E-pole free, and term ds(f) the S-difference order of f. 
The fundamental nature of the top. invariance of ds(f) is specified 
in the following theorem. 


THEOREM 7.2. The S-difference order dg(f) of a L-S-closed p-curve 
f not =0 on S ts independent of the choice of f in tis L-S-homotopy class. 
If Sis mapped top. onto S' under a mapping K and tf f' =K], then 


(7.5) ds(f) = dg(f’) (mod 4). 
The difference order ds(f) has but two possible values 1 and 3, mod 4. 


A necessary and sufficient condition that ds(f)=1 mod 4 ts that the 
L-S-homotopy class of f contain a simple, closed p-curve fi not=0 on S. 


Let Z and Z’ be arbitrary top. mappings of S and S’ respectively 
onto U. Then by definition 


ds(f)=d(Zf,E), ds (f) = (ZT, E’) 


provided E and E’ are admissible coordinate systems for M such that 
Zf and Z’f’ are respectively E and E’-pole free. Observe that 


Z'f' = (Z'KZ) (Zf) 
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and that the transformation 
ZKZ!=H, 
is a top. mapping of IT onto U. Hence 
d(Zf, E) = d(Z'f', E”) 


in accordance with (7.1). Thus (7.5) holds. 

The first statement in the theorem is a consequence of Theorem 
6.1. 

To establish the last statement in the theorem suppose first that 
dg(f)=1. Recall that [f]=[k@] or [k®] by Theorem 5.1. But we 
have seen in (6.4) that 


d(k®, E) =1, d(k®, BE) =3 (mod 4) 


so that [f]= [2%]. Thus &@ is a simple closed p-curve in [f] as af- 
firmed. 

Conversely, suppose that [f] contains a simple, closed p-curve fi. 
Recall that [fı]= [k] as a consequence of Lemma 7.1. Hence 


ds(f) = d(k®, E) = 1 (mod 4). 


This completes the proof of the theorem. 
The part of Theorem 1.1 which concerns the case f not =0 can be 
completed as follows. 


THEOREM 7.3. If f not =0 is a L-S-closed p-curve on the top. image S of 
a projective plane [f|=[k®] or [k®] according as ds(f) =1 or 3 mod 4. 
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INSTITUTE FOR ADVANCED STUDY 


TABLE OF THE ZEROS AND WEIGHT FACTORS OF THE 
FIRST FIFTEEN LAGUERRE POLYNOMIALS 


HERBERT E. SALZER AND RUTH ZUCKER 


The chief use of the present table of zeros and weight factors of 
the Laguerre polynomials is in the performance of quadratures over 
the interval [0, ©], when the integrand behaves like the product of 
e” by a polynomial. From the well known theory of orthogonal 
polynomials, the quadrature formula is exact for any polynomial 
P(x) up to the (2n —1)th degree, provided one uses the n-point quad- 
rature formula. Thus if af? denotes the “weight factors” or “Chris- 
toffel numbers,” corresponding to L,(x), the mth Laguerre poly- 
nomial, and x” denotes the zeros of L,(x), then 


(1) f e P(x)dx = a,” PEN: 
0 f1 

Besides problems involving direct quadratures, there are those aris- 
ing in the numerical solution of linear integral equations, range 
[0, œ], where the unknown function occurs both inside and outside 
the integral sign. By considering the product of e* by the integrand 
as a polynomial, and making use of (1), the approximation problem 
reduces to the solution of a set of only » linear equations. Hence only 
nm points are needed to give accuracy obtainable by approximating 
the product of e” by the integrand as a polynomial of the (2n—1)th 
degree. For a full description, including examples, see A. Reiz [3],! 
especially pp. 1~12. 

For many purposes, the report of the Admiralty Computing Serv- 
ice [2], which furnishes zeros to 8 decimals and weight factors to 8 
significant figures as far as L(x), will suffice. This present table is 
intended to cope with problems requiring higher degree and accuracy. 
Thus there are given here the zeros and weight factors of the first 
fifteen Laguerre polynomials, the zeros to 12 decimals and the weight 
factors to 12 significant figures. (The zeros and weight factors are 
available in manuscript form to two extra places for 710, and to 
one extra place for 10 <n £15.) Also the example of A. Reiz is fol- 
lowed in that the quantities «”er'” are also tabulated to 12 'sig- 
nificant figures, to facilitate the quadratures when the integrand does 
not contain e”* explicitly. Thus in 

Received by the editors July 19, 1948. 

1 Numbers in brackets refer to the references cited at the end of the paper. 
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E F(x)d& = fr le F(x) |d ano es F( wo), 
having a”e=“” saves the labor of computing e*” and then multi- 
plying e*” by either af or F(x®). In addition, the exact values of 
the coefficients of the first twenty Laguerre polynomials have been 
computed, because of their fundamental importance. They were 
calculated from the recursion formula (6) below, which was used to 
obtain Ct”, the coefficient of x" in Lay(x), by the relation 

CG. aie, SC. ac, 
and as a check, it was verified that 
Ce = (-1)"(n — MC 


The Laguerre Be L,(x) is defined as 








a™ 
(2) Ina) = e| — (ere |, 
dx" 
from which 
: 2 2 a 1 4 
(3) Lal) ze (a Fat mt - e) 
1! 21l 
The polynomial L,(x) satisfied the orthogonality relations 
(4) Í Et: eier 
0 
Also, L(x) satisfies the differential equation 
(5) Ln (2) + (1 ul) Halle) = 0, 
and the recursion formula 
(6) Lasila) — (1 + 2n — x)L,(%) + Lnr) = 0. 
The weight factors a are D K 
a” e~*L,,(x) 
(7) aK saa de. 


The calculation of aj” is facilitated by the following relation (given 
in the Admiralty Report [2] and A. Reiz [3], the latter crediting it 


* These coefficients are available in manuscript form at the Computation Labora- 
tory. 
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to J. Deruyts [6]): 


(8) = eL.(2) (n1)? 


A OX = Ta) 7, R ? 
0 2% x, Int ) 


from which there follows the very convenient formula for af, 
namely, 


(a) 1 ni $ 
z i RAES | 
The zeros of L,(x) were calculated by Newton’s method, from a 
first approximation. In most cases, for a given n, a first approxima- 
tion to x® was obtained by either extrapolation as a function of n 
for the same value of 4, or when 4 was considerably greater than 1, 
by extrapolation for fixed n, based upon the previous values of ¢ (ora 
combination of both these processes). Then the first approximation 
was refined still further by 1), noting by how much previously ob- 
tained roots differed from their values obtained by this method of 
extrapolation, and 2), using another operation of extrapolation 
upon those deviations to find the deviation of the first approxima- 
tion. All roots were checked by substitution into the polynomials 
L,(x), and noting how closely they satisfied L,(x<”) =0. In addition 
the roots were checked by the relations 


(10) Pi =ø 
tml 

and 

(11) mi = pl, 
Šal 


The first step in finding the weight factors (or Christoffel numbers) 
was to obtain L,/ (x). Because the calculations of L; (x{”) were 
lengthy, as a check upon L/(x{”), the second derivatives L} (x{”) 


were also computed, and were employed in the checking equation 


(n) 


La )= (a — Da“). 


(12) x, Inlay, )= (x 
Then the weight factors a were calculated from (9) and checked by 
the relation (n!)*=alx{ ZL, (x) }2, and also by substitution into 
(1), with P(x)=x”, where m! must be obtained. For each L„(x), m 
was taken successively as every number in the set 0, 1, 2, 4, 8, 16, 
and 24 which did not exceed 2» —1. This wide range of m was neces- 
sary in order to be sure of including all the desired significant figures 
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of each af in the checking. 

The quantities e*” were obtained by interpolation in the Mathe- 
matical Tables Project’s Tables of the exponential function e” and 
checked by interpolation in the Project’s Table of natural logarithms, 
vols. III and IV. Finally, to guarantee the quantities aex, they 
were checked both by division by e“”, and by duplicate calculation. 


Zeros of Laguerre Weight Factors 


Pol ‘al Weight Factors? x Exponential of 
olynomials Pe 
n= n=] n=1 
1.00000 00000 00 1.00000 00000 00 2.71828 18284 6 
n=2 n=2 n=2 
58578 64376 27 85355 33905 93 1.53332 60331 2 
3.41421 35623 73 .14644 66094 07 4.45095 73350 5 
n=3 n=3 n=3 
41577 45567 83 .71109 30099 29 1.07769 28592 7 
2.29428 03602 79 ‚27851 77335 69 2.76214 29619 0 
6.28994 50829 37 .(1) 10389 25650 16 5.60109, 46254 3 
n=4 n=4 n=4 
.32254 76896 19 .60315 41043 42 .83273 91238 38 
1.74576 11011 58 .35741 86924 38 2.04810 24384 5 
4.53662 02969 21 .(1) 38887 90851 50 3.63114 63058 2 
9.39507 09123 01 .(3) 53929 47055 61 6.48714 50844 1 
n=5 n=5 n=5 
.26356 03197 18 ‚52175 56105 83 .67909 40422 08 
1.41340 30591 07 .39866 68110 83 1.63848 78736 0 
3.59642 57710 41 .(1) 75942 44968 17 2.76944 32423 7 
7.08581 00058 59 .(2) 36117 58679 92 4.31565 69009 2 
12.64080 08442 76 .(4) 23369 97238 58 7.21918 63543 5 
22284 66041 79 .45896 46739 50 .57353 55074 23 
1.18893 21016 73 .41700 08307 72 1.36925 25907 i 
2.99273 63260 59 11337 33820 74 2.26068 45933 8 
5.77514 35691 05 .(1) 10399 19745 31 3.35052 45823 6 


2 The number in the parentheses stands for the number of zeros between the 
decimal point and the first significant figure. 
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Weight Factors 
x Exponential of 


Zeros 
n=6 n=6 n==6 
9.83746 74183 83 .(3) 26101 72028 15 4.88682 68002 1 
15.98287 39806 02 .(6) 89854 79064 30 7.84901 59456 0 
n=7 n=7 n=7 
‚19304 36765 60 .40931 89517 01 ‚49647 75975 40 
1.02666 48953 39 ‚42183 12778 62 1.17764 30608 6 
2.56787 67449 51 „14712 63486 58 1.91824 97816 6 
4.90035 30845 26 .(1) 20633 51446 87 2.77184 86362 3 
8.18215 34445 63 .(2) 10740 10143 28 3.84124 91224 9 
12.73418 02917 98 .(4) 15865 46434 86 5.38067 82079 2 
19.39572 78622 63 .(7) 31703 15479 00 8.40543 24868 3 
n=8 n=8 n=8 
17027 96323 05 ‚36918 85893 42 .43772 34104 93 
.90370 17767 99 ‚41878 67808 14 1.03386 93476 7 
2.25108 66298 66 ‚17579 49866 37 1.66970 97656 6 
4.26670 01702 88 .(1) 33343 49226 12 2.37692 47017 6 
7.04590 54023 93 .(2) 27945 36235 23 3.20854 09133 5 
10.75851 60101 81 .(4) 90765 08773 36 4.26857 55108 3 
15.74067 86412 78 .(6) 84857 46716 27 5.81808 33686 7 
22.86313 17368 89 .(8) 10480 01174 87 8.90622 62152 9 
n=9 n=9 n=9 
.15232 22277 32 ‚33612 64217 98 ‚39143 11243 16 
.80722 00227 42 ‚41121 39804 24 .92180 50285 29 
2.00513 51556 19 .19928 75253 71 1.48012 79099 4 
3.78347 39733 31 .(1) 47460 56276 57 2.08677 08075 5 
6.20495 67778 77 .(2) 55996 26610 79 2.77292 13897 1 
9,37298 52516 88 .(3) 30524 97670 93 3.59162 60680 9 
13.46623 69110 92 .(5) 65921 23026 08 4.64876 60021 4 
18.83359 77889 92 .(7) 41107 69330 35 6.21227 54197 5 
26.37407 18909 27 .(10) 32908 74030 35 9.36321 82377 1 
n=10 n=10 n=10 


.35400 97386 07 
.83190 23010 44 


.30844 11157 65 
„40111 99291 55 


.13779 34705 40 
.72945 45495 03 
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n= 10 
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.12579 64421 
.66541 82558 
.64715 05458 
.09113 81430 
.02928 44015 
.50988 78638 
.60595 09995 
.43161 37580 
.17885 ‘74032 
.21770 93396 
.49719 28471 


n=12 


„11572 21173 
.61175 74845 
.51261 02697 
.83375 13377 
. 59922 76394 
. 84452 54531 
.62131 68424 
13. 
17. 


00605 49933 
11685 51874 


.15109 03793 
28. 
.09912 10444 


48796 72509 


.80834 29017 40 
.40143 36978 
.99249 61400 
.33015 27467 
.84378 58379 
.27925 78313 
.99658 58119 
.92069 70122 


55 
64 


97 
84 
67 


Weight Factors? 


n=10 


‚21806 82876 

.(1) 62087 45609 

.(2) 95015 16975 

.(3) 75300 83885 

.(4) 28259 23349 

.(6) 42493 13984 

.(8) 18395 64823 

.(12) 99118 27219 


n=i1 


„28493 
.38972 
‚23278 

.(1) 76564 
.(1) 14393 
.(2) 15188 
.(4) 85131 
.(5) 22924 
.(T) 24863 
.(10) 77126 
.(13) 28837 


32128 
08895 
18318 
45354 
28276 
80846 
22435 
03879 
53702 
26933 
15868 


n=12 


‚26473 
37775 
„24408 

.(1) 90449 
.(1) 20102 
.(2) 26639 
.(3) 20323 
.(5) 83650 
.(6) 16684 
.(8) 13423 
.(11) 30616 
.(15) 81480 


13710 
92758 
20113 
22221 
38115 
73541 
15926 
55856 
93876 
91030 
01635 
77467 
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n=10 


„33028 85617 
.86306 39031 
„45025 55580 
12276 41551 
.93415 26955 
.99241 48721 
.57220 24851 
. 78469 58403 


i CA eR G GG BS eS pi 
ID HA PB CO m (n 


n=i1 


.32312 88804 35 
.75812 55998 10 
.20864 14229 
.68457 91671 
„19963 34786 
.71348 97457 
„43712 14165 
„24484 02908 
30682 60194 
.90421 54788 
.17671 27469 


MD Aa tn B® G BO HOR pja 
Ww CO @ HN Ww bd Hh © 


pk 


n=12 


.29720 96360 
.69646 29804 
.10778 13946 
. 93846 42390 
.99832 76062 
.50074 57691 
.06532 15182 
. 72328 91107 
.52981 40299 
.59725 84618 
.21299 54609 
. 54383 74619 
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n=13 | 


29225 


.81500 
.86140 
.51076 
. 88463 
18526 
. 80038 
. 72300 


18990 
43364 
71084 
59290 
62711 
19411 
35888 
20377 
96638 
38646 
63019 
86692 


n=14 


.09974 75070 


.52685 
.30062 


76488 
91212 


43080 10787 


.93210 
.82553 
.14024 
.91649 
.21080 
.10489 
. 12338 
.21298 


28222 
62183 
01415 
95073 
50111 
22202 
16282 
17232 


„14944 36605 


.36608 


17111 


n=15 


‚09330 78120 
.49269 17403 
.21559 54120 
.26994 95262 


66762 27217 


42533 66274 


.10714 23884 72 
. 56613 
. 39856 
.61659 
. 23884 


40 
51 


92 
17 


17 
02 
71 
04 
51 
14 


Weight Factors? 


n=13 


24718 
36568 
‚25256 
‚10347 

.(1) 26432 
.(2) 42203 
.(3) 41188 
.(4) 23515 
.(6) 73173 
.(7) 11088 
.(10) 67708 
.(12) 11599 
.(16) 22450 


87084 
88229 
24200 
07580 
75441 
96040 
17704 
47398 
11620 
41625 
26692 
79959 
93203 


n=14 


„23181 55771 
„35378 46915 
.25873 46102 
.11548 28935 


.(1) 33192 
.(2) 61928 
.(3) 73989 
.(4) 54907 
.(5) 24095 
.(7) 58015 
.(9) 68193 
.(11) 32212 
.(14) 42213 
.(18) 60523 


09215 
69437 
03778 
19466 
85764 
43981 
14692 
07751 
52440 
75022 


n=15 


‚21823 48859 
34221 01779 
‚26302 75779 
‚12642 58181 
.(1) 40206 86492 
.(2) 85638 77803 61 


10 
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Weight Factors 
X Exponential of 


i 
a y CA Ol a G G2 AQ ND RA pet 


þh pad fen 


Zeros 
n=13 


27514 39554 


. 64413 
.02272 
‚41641 
.83252 
.28058 
.71382 
.33192 
.98648 
.79354 
86763 
. 90209 
. 88961 


90765 
17785 
76056 
46178 
03822 
63658 
99564 
29749 
78219 
13371 
88049 
00139 


n=14 


„25613 
‚99917 
.94997 


11547 
04774 
15024 


.31280 78114 


.69326 
. 09840 
.53763 
.02415 
.57780 
. 23056 
.03941 
.12094 
. 77429 


59907 
90842 
26549 
99177 
43557 
50349 
33684 
19283 
53670 


‚21683 42167 


n=15 


.23957 81703 
.56010 08427 
.88700 82629 
.22366 44021 
. 57444 87216 
.94475 19765 


oO © bor G bo G& 
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I 
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11 
93 
19 
5 
3 
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Weight Factors 


Zeros of Laguerre Weight Factors? X Exponential of 
Polynomials 7 
eros 
n=15 n=15 n=15 


7.56591 62266 13 .(2) 12124 36147 21 2.34150 20566 
10.12022 85680 19 .(3) 11167 43923 44 2.77404 19268 
13.13028 24821 76 .(5) 64599 26762 02 3.25564 33464 
16.65440 77083 30 _—.(6) 22263 16907 10 3.80631 17142 
20.77647 88994 49 .(8) 42274 30384 98 4.45847 77538 
25.62389 42267 29 .(10) 39218 97267 04 5.27001 77844 
31.40751 91697 54 .(12) 14565 15264 07 6.35956 34697 
38.53068 33064 86 .(15) 14830 27051 11 8.03178 76321 
48.02608 55726 86 .(19) 16005 94906 21 11.52777 21009 


BIBLIOGRAPHY 


NOTE: A detailed bibliography on Laguerre polynomials is really 
unnecessary, since a very exhaustive one up to the year 1940 is given 
in J. Shohat [1]. However, the few references given below afford a 
representative sample and cover many essential aspects of Laguerre 
polynomials. 


1. J. A. Shohat, A bsblsography on orthogonal polynomeais, Bulletin of the National 
Research Council, no. 103, 1940. Lists over 2000 articles, books, and theses, by 643 
authors, on the subject of orthogonal polynomials. The topical index has a special 
section on Laguerre polynomials, where more than 250 references are given. 

2. Department of Scientific Research and Experiment, Admiralty Computing 
Service, Zeros of Laguerre polynomials and the corresponding Christoffel numbers, June, 
1945. 

3. A. Reiz, On the numerical solution of certain types of integral equations, Arkiv 
fur Matematik, Astronomi och Fysik, vol. 29A, no. 29. 

4. G. Szegt, Orthogonal polynomials, Amer. Math. Soc. Colloquium Publica- 
tions, vol. 23, 1939. Includes a large bibliography. 

5. D. Jackson, Fourser series and orthogonal polynomials, Carus Mathematical 
Monographs, no. 6, Mathematical Association of America, 1941. Chapters VII (gen- 
eral) and X (on Laguerre polynomials). 

6. J. Deruyts, Sur le calcul approché de certaines intégrales défintes, Bulletins de 
l’Académie Royale de Belgique (3) vol. 11 (1886) pp. 307-311. 

7. W. Hahn, Bericht uber die Nullstellen der Laguerreschen und der Hermtteschen 
Polynome, Jber. Deutschen Math. Verein. vol. 44 (1934) pp. 215-236. An elaborate 
bibliography is included in this paper. 

8. E. Moecklin, Asymptotische Entwicklungen der Laguerreschen Polynome, Com- 
ment. Math. Helv. vol. 7 (1934) pp. 2446. 

9, F. Tricomi, Generolissasione di una formula asintotica sus polinomi di Laguerre 
e sue appiscastons, Atti Accad. Sci. Torino vol. 76 (1941) pp. 288-316. 

10. E. C. Kemble, The fundamental principles of quantum mechanics, McGraw- 
Hill, 1937, pp. 160, 585-587. 
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11. J. Cossar and A. Erdélyi, Dicttonary of Laplace transforms, Part 2B (issued 
by Dept. of Scientific Research and Experiment, Admiralty Computing Service), pp. 
84-85. 

12. H. Margenau and G. M. Murphy, The mathematics of physics and chemistry, 
New York, Van Nostrand, 1943, pp. 77-78, 122-128, 350. 

13. R. Courant and D. Hilbert, Meikoden der mathematischen Physik, vol. I, Berlin, 
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Of the above references, [2], [3], and [14] include zeros and 
Christoffel numbers. Those in [2] agree exactly with the table above 
as far as comparison can be made. The zeros and Christoffel numbers 
in [3], both given to 7D, up to n=5, also agree with this table as far 
as comparison can be made, save for a few values that differ by no 
more than 2 units in the last place. The zeros and Christoffel num- 
bers in [14], given only for n=5, to 7D, are all incorrect (except for 
As) up to as much as 63 units in the 7th decimal place. For details on 
[14], see MTAC III, no 21, Jan. 1948, item 121 on p. 41. In a foot- 
note to [9], there are given 5-decimal values of the zeros of the first 
few Laguerre polynomials, correct to within several units of the last 
place. But in the text on p. 308, x is erroneously given as 29.9315 
instead of 29.9207. In [3], there occurs ae, up to n=5, to 7D. 
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MATHEMATICAL SOCIETY a 


The American Mathematical Society will issue in the near future 
the first number of a new medium of publication to be known as the 
Memoirs of the American Mathematical Society. This new series is 
designed particularly for long papers and for groups of cognate papers. 
The Memoirs are to be under the supervision of the Editorial Com- 
mittee of the Transactions of the American Mathematical Society and 
to be subject to the same standards for acceptance of manuscripts as 
those now used for the Transactions. 

The Memoirs are to be printed by the photo-offset process from 
copy fully prepared by the authors, following instructions formulated 
in a manual. A committee consisting of B. P. Gill (Chairman), A. W. 
Tucker, G. T. Whyburn, and J. W. T. Youngs is now considering the 
various problems concerning the manual of instructions. Until this 
manual appears, authors desiring to submit manuscripts for the new 
series are advised to consult this committee. 

The Memoirs are to be nonperiodical, but serial, publications; in 
this respect, they are like the volumes in Mathematical Surveys or 
the Colloquium Publications. They will be issued and sold separately. 
As they are ready for distribution, members will receive suitable 
announcements and order cards. Individuals and institutions will be 
given the opportunity to place standing orders for all numbers in the 
series. As the manuscripts are to be fully prepared by the authors for 
photo-offsetting, there will be no expense to the Society for type- 
setting. Therefore it is hoped that it will be possible to sell the 
Memoirs at a low price. 

One of the factors which has caused the heavy backlog of papers in 
the Transactions is the number of very long manuscripts worthy of 
publication which have been and are being accepted by the Editorial 
Committee of the Transactions. With the existence of this new 
series, the editors of the Transactions are setting increasingly higher 
standards for longer papers and the publication of these papers 
may be deferred at the discretion of the editors. Papers of more than 
a specified size are not to be printed in the Transactions, except in 
unusual cases, but are to be published in the Memoirs. In this manner 
authors whose papers are accepted for the Memoirs can expect 
prompt publication. This is a great advantage, both to the author 
and to mathematics in general, for at the present time there is often 
a period of eighteen months between acceptance and publication. By 
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relieving the pressure on the Transactions, the Council hopes that the 
Bulletin will receive some corresponding relief. 

The new series will be inaugurated by the publication of two 
Memoirs. The first will be entitled Open mappings on locally compact 
spaces by G. T. Whyburn and the second will contain papers by Jean 
Dieudonné and L. K. Hua, entitled On automorphisms of the classical 
groups and Supplement to the preceding paper by Dieudonné, respec- 
tively. 

J. R. KLINE, 
Secretary 


MEASURABLE TRANSFORMATIONS 
PAUL R. HALMOS 


1. Introduction. The purpose of this paper is to review the progress 
made in the study of measurable and measure preserving transforma- 
tions during the last 17 years. The interest of mathematicians in this 
subject was aroused at the end of 1931 by von Neumann's and Birk- 
hoff’s proofs of their respective versions of the ergodic theorem 
[8, 9, 101].! It was very quickly recognized that the proper general 
framework for von Neumann’s mean ergodic theorem lay in the 
direction of Hilbert spaces and Banach spaces, whereas the extent of 
generality suitable to Birkhoff’s theorem was to be found in the con- 
cept of a measure space. A measure space is a set possessing no in- 
trinsic algebraic, analytic, or topological structure-—all that is nec- 
essary is that a concept of measurability and a numerical measure be 
defined in it. Perhaps the best known nontrivial example of a measure 
space is one which, to be sure, has many essential non measure theo- 
retic properties, but which may, nevertheless, be considered typical 
of measure spaces in general—namely the closed unit interval 
X= [0,1]. For the sake of definiteness I shall begin the discussion 
by considering a one-to-one transformation T of this space X onto 
itself, such that, for every measurable subset E of X, both TE and 
TE are measurable and u(E)=u(TE)=u(T-!E) (where u denotes 
Lebesgue measure in X). In much of what follows the space X and 
the transformation T can be replaced by more general spaces and 
transformations respectively. I shall indicate some of these generaliza- 
tions in what might be called the geometric direction (that is, gen- 
eralizations that retain something like an underlying measure space 
and a transformation acting on it), but I shall not enter at all into the 
analytic generalizations which constitute the current theory of the 
mean ergodic theorem. 


2. Asymptotic properties. The problems that were first treated, and 
that are still of interest and importance, are connected with the be- 
havior of the sequence {7*} of powers of T. One of the first results 
in this direction is the Poincaré recurrence theorem, which asserts 
that, for every measurable set E and for almost every point x in E, 

An address delivered before the Chicago meeting of the Society on November 26, 
1948, by invitation of the Committee to Select Hour Speakers for Western Sectional 


Meetings; received by the editors November 26, 1948. 
1 Bold face numerals refer to the bibliography at the end. 
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there are an infinite number of positive values of n such that TEE 
[18, 79]. An equivalent way of phrasing this assertion, in terms of 
the characteristic function xz of E, is to say that for every measurable 
set E the series I ,5.0x»(T”x) diverges for almost every point x in E. 
A related result, proved by Hopf [67], is that if f is any positive meas- 
urable function, then the series I %..f(T”x) diverges for almost every 
point x in X. From the Poincaré recurrence theorem it follows easily 
that if E is any measurable set of positive measure, then there are 
an infinite number of positive values of n such that u(ENT*E)>0, 
and, conversely, this formulation of Poincaré’s theorem implies the 
original one. In this direction the result has been strengthened by 
Khintchine who showed that if E is any measurable set of positive 
measure and if € is any positive number, then the set of values of n for 
which 
u(E(\ TE) > (u(E))? — € 


is relatively dense in the sense of Bohr [90, 126]. 

Birkhoff’s ergodic theorem may also be viewed as a statement con- 
cerning the recurrence properties of {7*}. In its most primitive form 
the ergodic theorem says that if E is any measurable set and if, for 
each positive integer » and for every point x in X, s,(x) is the number 
of values of $ for which TCE, 0SiSn—1, then lim (1/n)s.(x) 
= 5*(x) exists almost everywhere and, moreover, /s*(x)du(x) =u(E). 
If the discrete parameter n is interpreted as time, then s*(x) is the rel- 
ative amount of time (time of sojourn) that x spends in E, and the as- 
sertion is that the mean sojourn time is almost everywhere defined and 
that its value depends in an obvious way on the size of E. In terms of 
characteristic functions the statement of the ergodic theorem con- 
cerns the existence almost everywhere of lim (1/n) I axs(T'x) and 
the value of the integral of the limit function. A more general state- 
ment asserts that, for any integrable function f, lim (1/2) III (Tx) 
=f*(x) exists almost everywhere and that, moreover, /f*(x)du(x) 
= ff(*)du(x). 


3. Generalizations. The first attempts to generalize the ergodic 
theorem consisted of replacing the underlying space X by abstract 
measure spaces [88] and dropping the hypothesis u(X) < œ [57, 122]. 
A slightly more interesting generalization was given by Khintchine 
[89] who proved that if f is any integrable function on X and g is 
any periodic function of n, then lim (1/n) II S(Tx)g(i) exists al- 
most everywhere. The most powerful result in this direction is due to 
Wiener and Wintner [129] who proved that, if f is, as before, an 
integrable function, then not only does lim (1/n) D jige?*9(T%x) 
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exist almost everywhere for each real number X (here +=(—1)¥/*), 
but in fact the exceptional set of measure zero can be chosen to be 
independent of A. 

The ergodic theorem is a statement about a space, a function, and 
a transformation. In the preceding paragraph I mentioned the possi- 
bility of generalizing the space and the function; there remains the 
possibility of generalizing the transformation. What, for instance, can 
be said if the transformation is not necessarily one-to-one, but is 
still, in one sense or another, measure preserving? Suppose, for the 
sake of definiteness, that T is a transformation of X onto itself such 
that the inverse image of every measurable set is a measurable set of 
the same measure. (A nontrivial example of such a transformation T 
is defined in the unit interval by Tx=2x [mod 1].) If T is such a 
transformation, if f is any measurable function, and if g,(x) =f(7*x), 
n=0, 1, 2,--+-+, then the sequence { gn} has the homogeneity prop- 
erty that the joint k-dimensional distribution of any k of its terms 
depends only on the relative distances between the indices and not 
on their values. More precisely, it is true that if A is any Borel set 
in k-dimensional space, and if (m, - ++, ,) is any &-tuple of distinct 
non-negative integers, then 


a({ a: (Enn), sey Enzt-m(X)) = A}) 


is independent of m. It is a nontrivial extension of the ergodic theo- 
rem to say that for any sequence len of integrable functions with 
this homogeneity property lim (1/n) > %og.(x) exists almost every- 
where—this extension is due to Doob [24]. 

The final generalization that will be mentioned here is one in 
which the transformation is not required to be measure preserving. 
The first significant result here was obtained by Hurewicz [73]. I 
shall state a special case of Hurewicz’s theorem—a special case 
which, however, is typical of the general case and from which, in 
fact, the general case can easily be derived. Suppose that the trans- 
formation T is a one-to-one transformation of a measure space X 
onto itself such that, for every measurable subset E of X, both TE 
and T'E are measurable and such that if u(Z)=0, then uv(TE) 
=u(T-1E)=0. Suppose moreover that T is incompressible in the 
sense that, for every measurable set E, ECTE implies n(E—TE) =0. 
It follows from the Radon-Nikodym theorem that, for each integer 
n, there exists a positive measurable function w, such that u(T*E) 
= /zw,du for every measurable set E. In the notation so established 
Hurewicz’s ergodic theorem says that, for any integrable function f, 
the weighted averages 
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(Euro) (Eu) 


converge to a finite limit almost everywhere [42]. 


4. Indecomposability. If the interval X is the union of two disjoint 
measurable sets E and F of positive measure, each of which is invari- 
ant under the measure preserving transformation T, then the study 
of any property of T on X reduces to the separate studies of the cor- 
responding property of T on E and T on F. In such a situation the 
transformation T may be called decomposable. The most significant 
transformations are the indecomposable ones—they are usually called 
metrically transitive [7] or ergodic. In the early days of the theory 
many special examples of indecomposable transformations were pre- 
sented in the literature—they occur in fields as apparently diverse as 
geometry [51, 52, 53, 54, 55, 56, 66, 69, 70, 71, 100, 120, 121, 123, 124, 
125], probability [22, 74], and topological groups [39]. 

For indecomposable transformations the statement of the ergodic 
theorem can be strengthened by adjoining to it a description of the 
limit function. Precisely speaking, if f is an integrable function, if 
f*(x)=lim (1/n) Sd f(T~), and if the measure preserving trans- 
formation T is indecomposable, then f*(x) is equal almost everywhere 
to a constant, and the value of that constant is /fdu. This assertion is 
at the basis of the celebrated and sometimes misunderstood inter- 
changeability of time means and phase means. It is of interest to ob- 
serve that the principle of interchangeability is in fact equivalent to 
indecomposability for measure-preserving transformations on a finite 
measure space; if, in other words, for each integrable function f, f* is 
equal almost everywhere to a finite constant, then T is indecomposa- 
ble [103]. 

A question might be raised as to the extent to which Birkhoff’s 
theorem could be extended to functions which are not necessarily 
integrable. It is clear that if a transformation is sufficiently decom- 
posable (meaning that there exists a disjoint infinite sequence of 
measurable invariant sets of positive measure), then the conclusion 
of Birkhoff’s theorem is true for many non integrable functions. The 
identity transformation is from this point of view the extreme case— 
if T is the identity, then the conclusion of Birkhoff’s theorem is true 
for every function. For indecomposable transformations T, on the 
other hand, it can be proved that if f is a non-negative measurable 
function, or, more generally, a measurable function with the property 
that either its positive part or its negative part is integrable, and if 
lim (1/n) >o*-0f(T&) exists and is finite almost everywhere, then f 
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must be integrable. M. Gerstenhaber has recently shown me an 
example which proves that for arbitrary measurable functions this 
result is not necessarily true. 


5. Decompositions. A natural problem in connection with the con- 
cept of indecomposability is whether or not every measure preserving 
transformation may be decomposed into indecomposable compo- 
nents. In order to clarify the question and motivate the answer it is 
helpful to consider an example. Suppose that the measure space X is 
the unit square in the Cartesian plane, and that the measure pre- 
serving transformation T on X has the property that it leaves un- 
altered the first coordinate of each point. This implies that every 
subset E of X which depends on the first coordinate alone, that is, 
every set E which is the union of a class of vertical segments, is in- 
variant under T. Suppose moreover that the invariant sets so ob- 
tained exhaust essentially all possibilities—that is, that every meas- 
urable invariant set is, modulo sets of measure zero, a union of verti- 
cal segments. Since each vertical segment may be considered as a 
measure space on its own right (with linear Lebesgue measure) and 
since, in the presence of the conditions described above, the trans- 
formation T is indecomposable on each such segment, this situation 
is an example of a decomposable transformation which is in a certain 
intuitively obvious sense made up of many little indecomposable com- 
ponents. 

The general situation exemplified by the preceding paragraph may 
be described as follows. Suppose that to each point x of a measure 
space X (with measure u) there corresponds a measure space Y, 
(with measure yz) so that the spaces corresponding to distinct points 
are disjoint. Suppose that a concept of measurability and a numerical 
measure À are introduced into the set Z of all those pairs (x, y) for 
which <&X and yE F, in such a way that whenever A is a measura- 
ble subset of X, then the set A* = { (x, y):xCA } is a measurable sub- 
set of Z. If, for every measurable subset E of Z, 


ME) = Jen F Jiul. 


then the measure space Z (with measure X) is called a direct sum of 
the measure spaces Y, with respect to the measure space X. The best 
possible theorem on the decomposability of a measure preserving 
transformation T on a measure space Z would presumably assert that 
Z may be represented as a direct sum in such a way that the class 
of measurable invariant sets coincides, except possibly for sets of 
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measure zero, with the class of all sets of the form A*; this would 
imply that the transformation T on F, is indecomposable for almost 
every x in X. The first theorem of this type (in case Z is a complete 
metric space) was proved by von Neumann [103]; extensions to more 
= spaces were later given by Dieudonné [21] and myself [36, 
44}. 


6. Density and category theorems. How likely is a measure pre- 
serving transformation to be indecomposable? Birkhoff conjectured 
that in some sense the indecomposable case is the general case. One 
possible way of establishing this conjecture was to introduce a suita- 
ble metric or topology into the set T of all measure preserving trans- 
formations (after identifying two transformations which differ only 
on a set of measure zero) and then to show that the subset D of de- 
composable transformations is of the first category. This was first 
done by Oxtoby and Ulam for measure preserving homeomorphisms 
of certain subsets of Euclidean spaces and later by me for arbitrary 
measure preserving transformations [40, 107]. These topological in- 
vestigations had some interesting byproducts of which at least one is 
worth mentioning. A class of particularly simple measure preserving 
transformations of the interval is obtained by dividing the interval 
into a finite number of subintervals of equal length and sending each 
such interval into another such interval by translation. The assertion 
concerning the class P of transformations so obtained is that it is 
everywhere dense in T—in other words every measure preserving 
transformation is the limit of a sequence of permutations of intervals. 


7. Strong mixing. It is possible to define the concept of indecom- 
posability of a transformation T in terms of the asymptotic behavior 
of the sequence of powers of T. It is in fact an easy consequence of the 
ergodic theorem that if T is indecomposable, then 


1 mal 
(*) lim — I, (ENTF) = u(E)u(F) 
y0 
` for every pair of measurable sets E and F and that, conversely, the 
validity of this relation for every pair of measurable sets implies that 
T is indecomposable. Since the condition (EQF) =p(E)u(F) is the 
usual requirement in the definition of independence in the sense of 
the theory of probability, the equation (*) may be viewed as asserting 
that asymptotically, in the sense of Cesaro convergence, any two 
measurable sets, of which one is held fixed and the other is allowed to 
move under the influence of the transformation T, tend to become 
independent of each other. 
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The equation (*) has another natural physical interpretation. Sup- 
pose that the transformation T is visualized as a particular way of 
stirring a container (of total volume 1) full of an incompressible fluid 
which may be thought of as 99.44 per cent water and .56 per cent red 
ink. If F is the region occupied by the red ink, then, for any part E 
of the container, the relative amount of red ink in #, after n repeti- 
tions of the act of stirring, is given by u(ENT*F)/u(E). The inde- 
composability of the transformation T implies therefore that on the 
average this relative amount of redness is exactly equal to .56. In 
general, in physical situations like this one, one expects to be justified 
in making a much stronger statement, namely that, after the liquid 
has been stirred sufficiently often, every part E of the container 
will contain approximately .56 per cent red ink. In mathematical 
language this pious hope amounts to replacing Cesaro convergence 
by ordinary convergence, that is, replacing (*) by 


(**) lim h(E) T*F) = p(E)u(F). 


Transformations T satisfying (**) for every pair £ and F of measur- 
able sets are called strongly mixing. 

It may be worth while to give an example of a strongly mixing 
transformation on the interval X. The definition of such a trans- 
formation is surprisingly simple. For each x in X, let x= J pu; a;/2¢ 
be the binary expansion of x, and let p be a cyclic permutation of the 
set of all positive integers; for instance p may be defined by 


pi) = 2, p(2n) = 2n + 2, and p(2n + 1) = 2n — 1, 
n=ai,2,-++. 


If S is defined by Sx= $ Kı Gpm/2', then, except for some easily 
rectifiable trouble caused by the non uniqueness of the binary expan- 
sion, it follows that S is one-to-one from X onto X and measure 
preserving. Strongly mixing transformations similar to this one occur 
frequently in probability theory. 


8. Weak mixing. Between indecomposable transformations and 
strongly mixing transformations there is room for another concept— 
the concept of a weakly mixing transformation. This apparently arti- 
ficial concept is of great technical significance. A measure preserving 
transformation T is, by definition, weakly mixing if 


1 ml 
om) lim ~= 2 MEN TF) — Mur) = 0 


for every pair E and F of measurable sets. In mathematical language, 
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the definition of weak mixing substitutes strong Cesaro convergence 
for the Cesaro convergence occurring in the definition of indecom- 
posability and for the ordinary convergence occurring in the defini- 
tion of strong mixing. It is an analytic exercise to show that (***) is 
satisfied if and only if there exists a set N of positive integers such that 
N has density zero and such that 


lim p(E MY TF) = u(E)u(F). 
neEN 


If indecomposability is expressed by saying that on the average E is 
.56 per cent red, and if strong mixing is expressed by saying that after 
a while E will be .56 per cent red, then weak mixing can be expressed 
by saying that after a while E will be .56 per cent red, with the 
exception of a few rare instants during which it may be either too 
scarlet or else too pale a pink. 

For any two measure preserving transformations S and T, the 
direct product SXT is defined as that transformation on the Car- 
tesian product of the space X with itself which sends each point (x, y) 
into (Sx, Ty). The first indication that weak mixing is more than an 
analytic artificiality is in the assertion that T is weakly mixing if and 
only if its direct product with itself is indecomposable [65, 83, 84]. 

The physical intuition which motivated the conjecture that in 
general a measure preserving transformation is indecomposable 
seems also to indicate that in general a measure preserving trans- 
formation is weakly and even strongly mixing. With the usual (cate- 
gory) interpretation of the phrase “in general,” I proved that this 
conjecture is right for weak mixing [41]. In a recent paper Rokhlin 
[115] showed, by a very simple and elegant argument, that for 
strong mixing on the other hand the conjecture is just as wrong as it 
can be, and that, in fact the set S of strongly mixing transformations 
is a set of the first category in the set T of all measure preserving 
transformations. 


9. Automorphisms and unitary operators. A measure preserving 
transformation T on a measure space X induces in an obvious way 
an automorphism of the measure algebra of measurable sets modulo 
sets of measure zero, or, in other words, a set transformation which 
assigns to each class of sets, any two members of which differ only 
on a set of measure zero, another such class. The question of whether 
or not the converse is true has received some attention [38, 102]. 
The answer is yes except in pathological measure spaces. Since this 
pathology is not of very much interest from the point of view of this 
paper, I shall from now on require that the space X be non patho- 
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logical in this sense. It has been proved that all the well known 
measure spaces satisfy this requirement, that is, that for them every 
automorphism of the measure algebra of measurable sets modulo 
sets of measure zero is indeed induced by a one-to-one measure 
preserving transformation of the space onto itself. 

Another, very similar, problem is suggested by the consideration 
of the complex Hilbert space Ls. If, for each f in Zs, an element Uf 
in Ls is defined by (Uf)(x) =f(Tx), then the fact that T is measure 
preserving implies by an easy and familiar argument (proceeding 
through finite linear combinations of characteristic functions of 
measurable sets) that 


writ = f | sera) Panay = fra) Bau) = [lb 


Since the transformation U is a one-to-one linear transformation of 
Ls onto itself, the last written relation means that U is unitary |93, 
133]. In other words, to each measure preserving transformation T 
on X there corresponds a unitary operator U on Ls; the first problem 
that has to be settled is the characterization of the unitary operators 
that can arise in this way. A more or less satisfactory answer is known: 
a unitary operator is induced by a measure preserving transformation 
T in the way just now outlined if and only if it sends each bounded 
measurable function into a bounded measurable function and is such 
that, for any two bounded measurable functions f and g, U(fg) 
= Uf- Ug, where the indicated multiplications denote the pointwise 
product of the factors [103]. 

It is natural to hope that at least some of the measure theoretic 
properties of T can be described in the language of Hilbert space and 
that, conversely, the ideas suggested by the Hilbert space point of 
view may have measure theoretic significance. There is a fact quite 
near the surface which seems at least partially to fulfill this hope: a 
necessary and sufficient condition that T be indecomposable is that 
the complex number 1 be a simple proper value of U [103]. (A proper 
function of proper value 1 is of course simply an invariant function. 
Each function in the one-dimensional family of constant functions 
is invariant; the theorem just stated characterizes indecomposability 
by the absence of any other invariant functions.) A considerably 
deeper fact, known as the mixing theorem, is that T is weakly mixing 
if and only if 1 is a simple proper value of U and moreover U has no 
other proper values [62, 63, 65, 94]. 


10. Isomorphism and pure point spectrum. A fundamental prob- 


? 
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lem of the theory of measurable transformations is the problem of 
isomorphism. Two measure preserving transformations Tı and T; are 
called isomorphic if there exists a measure preserving transformation 
T which carries Tı into 73, that is, for which 77,7—1 = T}. An obvious 
solution of the isomorphism problem is suggested by the first result 
mentioned in the preceding section—two measure preserving trans- 
formations are isomorphic if and only if the automorphisms they 
induce are conjugate elements in the group T of all automorphisms. 

One might make the more promising and less trivial conjecture 
that all the measure theoretic properties of a transformation T are 
reflected by the operatorial properties of its unitary operator U, 
that is, that T; and T} are isomorphic if and only if the corresponding 
unitary operators U, and Ua are spectrally equivalent, or, in other 
words, if and only if there exists a unitary operator U for which 
U U. ıU* = U 2- 

There is an interesting class of measure preserving transformations 
for which the conjecture expressed in the preceding paragraph is true. 
In order to motivate the introduction of this class, let the measure 
space X be a compact abelian group (with Haar measure) and let 
a be any fixed element of X. If T is defined, for every x in X, by 
Tx=x-+o, then T is a measure preserving transformation of X onto 
itself. If ġ is any character of the group X, then the equation ġ(x +a) 
=(a)¢(x) shows that ¢ is a proper function of the unitary operator 
U corresponding to T, with proper value ¢({a). Since the set of all 
characters is a complete orthonormal set in La, the transformation T 
is said to have pure point spectrum—the general definition of a meas- 
ure preserving transformation with pure point spectrum is that the 
set of proper functions of its induced unitary operator is large 
enough to contain a complete orthonormal set. The conjecture con- 
cerning the relation of isomorphism and spectral equivalence is true 
in this sense: two indecomposable measure preserving transforma- 
tions with pure point spectrum are isomorphic if and only if their 
induced unitary operators are spectrally equivalent—this was proved 
by von Neumann [103]. In this connection it should also be men- 
tioned that every indecomposable measure preserving transforma- 
tion with pure point spectrum is known to be of the type described in 
the example above—that is, each such transformation is necessarily 
a translation by a suitable element in a suitable compact abelian 


group [38]. 
11. Isomorphism and mixed spectrum. The result of the preceding 


section is not true for arbitrary measure preserving transformations— 
it is possible, in other words, to construct an example of two measure 
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preserving transformations T; and T}; such that T, and T; are not 
isomorphic but such that the corresponding unitary operators are 
spectrally equivalent. This construction has not been published so 
far—it is the result of joint work by von Neumann and myself. I 
proceed to sketch the details of the theory behind the construction. 

With each measure preserving transformation T it is possible to 
associate a sequence { G,} of classes of bounded measurable functions 
as follows. The initial class Go contains only the function which is 
identically equal to 1; for »21, the class G, consists of those func- 
tions f which satisfy almost everywhere an equation of the form 
f(Tx) =g(x)f(x), with g@ Ga. The class G is then the class of in- 
variant functions; if T is indecomposable, so that Gi is the class of 
constant functions, then Gs is the class of proper functions; for posi- 
tive values of n the functions of G, may be viewed as generalized 
proper functions belonging to proper values which instead of being 
necessarily constants are elements of G,_1. It may happen that, for 
a suitable positive integer n, Ga = Gwy (and hence &= Gyr, for 
every positive integer p); the least positive integer for which this 
happens is then denoted by n(7). If for instance T is weakly mixing, 
then (since T is a fortiori indecomposable) G is the class of constant 
functions and therefore, by the mixing theorem, 2(7) =1. 

An example which shows that isomorphism is not the same as 
spectral equivalence is now easy to construct. Let the measure space 
be the torus represented as all pairs (x, y) of real numbers modulo 1. 
If Ti(x, y)=(xt+a, y+x) [mod 1], and if Tix, y)=(x+a, Sy) 
[mod 1], where @ is an irrational number and S is the transforma- 
tion described in §8 as an example of a strongly mixing transforma- 
tion, then a reasonably straightforward calculation shows that the 
induced unitary operators are spectrally equivalent. The proof that, 
nevertheless, 7; and Tz are not isomorphic leans on the concepts 
introduced in the preceding paragraph; it can in fact be shown that 
n(Tı)=3 and n(Tı) =2. 


12. Invariant measures. With the exception of the ergodic theorem, 
most of the considerations in the preceding sections deal with meas- 
ure preserving transformations. How restrictive is the requirement 
that a transformation preserve some measure? One of the best precise 
and nontrivial formulations of this question is the following one. 
Suppose that T is a one-to-one transformation of a measure space X 
onto itself such that for every measurable subset E of X both TE 
and TE are measurable and such that if u(Z)=0, then p(TE) 
=u( TE) =0; does there then exist a measure X on the class of all 
measurable subsets of X such that \(Z) vanishes if and only if (E) 
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vanishes, such that X is the union of countably many measurable 
sets on each of which X is finite, and such that A(T-E) = X(E) for every 
measurable set E? 

An interesting necessary and sufficient condition for the existence 
of a finite \ was given by Hopf [64]. In order to describe this condi- 
tion it is necessary to introduce some new concepts. Two measurable 
sets E and F are primitively equivalent with respect to a transforma- 
tion T if there exists an integer n such that T*E = F. Two measurable 
sets E and F are equivalent with respect to a transformation T if 
(after possibly omitting a set of measure zero from both of them) 
both E and F may be written as unions of disjoint sequences of 
measurable sets so that each term in the sequence representing E is 
primitively equivalent to the corresponding term in the sequence 
representing F. In imitation of Dedekind’s definition of finiteness, it 
is customary to say that a measurable set E is bounded (or finite) 
with respect to T if whenever # is equivalent to a subset F of itself, 
then u(E-F)=0. Hopf’s condition for the existence of a finite in- 
variant measure is that X be bounded. 

The concept of boundedness, while it gives quite a bit of insight 
into the structure of measurable transformations, is not very easy 
to apply. Until recently, for example, it was not known whether or 
not the condition was vacuously satisfied, that is, whether or not 
there existed any transformations at all which did not satisfy it. 
In 1947 I succeeded in showing that such a transformation does exist 
and hence that the search for invariant measures must be conducted 
among measures which are allowed to take infinite values [43]. The 
proof is based on the fact that it is sufficient to exhibit an indecom- 
posable measure preserving transformation on a non atomic measure 
space of infinite measure; the first transformation with these proper- 
ties was constructed by Oxtoby. The condition of Hopf has a natural 
extension to the infinite case, but is then even harder to apply [43, 
85]. While it seems plausible to conjecture that an invariant measure 
need not always exist, the question is still open. Either an example or, 
if the conjecture is wrong, a general existence theorem would be of 
considerable interest. In the meantime the theory of measurable but 
not necessarily measure preserving transformations deserves a little 
investigation. The first steps of such’ an investigation were carried 
out by Rademacher in 1916 [110] and a few fragmentary results 
have been obtained since then [43, 46]. 


13. Flows. Virtually all the problems discussed above for a single 
transformation T and its iterates 7*, n=0, +1, +2,-:+, make 
sense for a one-parameter family of transformation {T}, — œ <t 
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<-++o, which have the group property Tı,=TıT, for all t and s. 
Such a family of measure preserving transformations is called a flow; 
a flow is called measurable if Tx is a measurable function of (x, 2). 
If sums are replaced by integrals and the problems of measurability 
receive a modicum of attention, then the ergodic theorem, the mixing 
theorem, the decomposition into indecomposable parts, and many 
other essential results can be extended from transformations to flows 
without any new conceptual difficulties. 

There is, however, at least one notion which is suggested by the 
study of flows and not by the automatic process of generalization. 
This is the concept of a flow built under a function. Suppose that f 
is any positive measurable function on a measure space X and that T 
is any one-to-one measure preserving transformation of X onto it- 
self. Let X be the ordinate set of f, that is, X is a subset of the product 
space of X with the real line and is defined by 


X = {(z,):0 St < f(x). 


For convenience of language conceive X as a horizontal interval, and 
the parameter / as time; it will then make sense to speak of points 
of X going “up” with a certain “velocity.” Let each point (x, t) of X 
move up, in this sense, with a uniform unit velocity, until it hits the 
“ceiling” f(x); let it then be put back at the place (Tx, 0) and con- 
tinue on up from there. This procedure defines a flow in X; the flow 
so defined is called the flow built on T under f. The study of such a 
flow may obviously be reduced to the study of the transformation T 
and the function f; it is consequently a very useful thing to know 
that every measurable indecomposable flow is isomorphic to a flow 
built under a function. This result was proved by Ambrose [2] and 
BL extended to all non pathological flows by Ambrose and Kakutani 
3|. 

It is interesting to observe that the concept of a flow built under 
a function has a discrete analogue which promises to be of interest 
even in the study of a single transformation. Let f be a measurable 
function from a measure space X to the set of non-negative integers, 
and write E, = x: fan}, n=(0,1,2,---+. The set X of all pairs 
(x, n), where n=0, 1, 2,---and xC&,, is an analogue of what in 
the continuous case was called the ordinate set of f. If T is a trans- 
formation on X, then a transformation T may be defined on X by 
setting T(x, n)=(x, n+1) whenever xEE,.ı and T(x, n) =(Tx, 0) 
otherwise. The example (mentioned in the preceding section) of a 
transformation which does not preserve any suitable finite measure 
was constructed with the aid of such methods; a systematic study of 


1028 P. R. HALMOS [November 


the relation between T and T was recently begun by Kakutani [82]. 


14. Unsolved problems. In connection with the discussion above I 
have already had occasion to mention two or three unsolved prob- 
lems. The most important one among these is the problem of the 
existence of invariant measures. In this section I shall mention a few 
more directions in which further progress would be desirable. 

Quite a few of the results discussed above, but by no means all, 
can be extended to measure spaces of not necessarily finite measure; 
a systematic investigation of measure preserving transformations on 
infinite measure spaces is still lacking. Another obvious problem is to 
extend the ergodic theorem (known for the additive group of the 
integers and the additive group of the real numbers) to more general 
groups of transformations; some results in this direction are known 
for finite dimensional vector groups [109, 127, 128]. 

In order to state the next problem, it is convenient to introduce 
one more concept. If, for each of a countable set of indices 1, X, is a 
measure space with measure a, such that u,(X;) =1, then it is pos- 
sible to make the Cartesian product X of all the X; into a measure 
space in a way which is a natural extension of the concept of Car- 
tesian product for a finite number of spaces. Such product spaces 
are well known in probability theory. Suppose in particular that the 
spaces X, are all equal to a fixed space X, and that the domain of 
the index £ is the set of all integers. A point x of X is in this case a 
sequence, x=( + , Xas, X-i Xo, Xr Xy), x: Xo. If a trans- 
formation T; is defined on X by Tox = (+ + + , Yat, 9-1 Yo Vir Yr te) 
Ya = Xa+], then this coordinate shift To is a one-to-one measure pre- 
serving transformation of X onto itself. If X, is the real line (with a 
suitable measure po satisfying uo( Xo) =1) and if the function fy on X 
is defined by fo(x) =o, then results much more precise than the 
ergodic theorem are known about the asymptotic behavior of the 
sequence {fo(T9x)}. It would be of interest to obtain analogues of 
these results (for example, the law of the iterated logarithm and the 
central limit theorem) for a wider class of transformations and func- 
tions than the ones here described. 

An attempt in this direction has been made by Izumi [75]. Mo- 
tivated by the fact that (under a mild restriction on the measure po) 
not only do the averages (1/2) > Td fo(Tox) converge to zero almost 
everywhere but even the series I... (1/m)fo(Tox) is convergent 
almost everywhere, Izumi formulated a set of conditions on the meas- 
ure preserving transformation T (and on the function f) sufficient to 
ensure the convergence almost everywhere of D>, (1/n)f(T*x). 
Unfortunately Izumi’s requirements turned out to be so stringent 
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that the only transformation which can satisfy them is the identity 
transformation on a measure space consisting of exactly one point 
[45 |. 

In conclusion I emphasize again that the isomorphism problem 
is almost completely untouched in most nontrivial cases. It is, of 
course, hard to formulate precisely what is meant by the injunction: 
“find necessary and sufficient conditions for the isomorphism of two 
measure preserving transformations.” There are, however, many 
concrete examples of measure preserving transformations concerning 
which it is not known whether or not any two are isomorphic—the 
vague task of finding a complete set of invariants can at least at the 
beginning be replaced by the specific task of finding sufficiently many 
invariants to sort out into isomorphism classes these known examples 
[39]. If, for instance, the coordinate shift on the Cartesian product 
of countably many &-point spaces (in which each point has measure 
(1/k)) is denoted by Tx, then is Tz isomorphic to T; or is it not? 
Nobody knows. 
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A. H. Taub, Eugene Taylor, H. P. Thielman, J. M. Thomas, F. B. Thompson, R. M. 
Thrall, V. H. Tingey, Leonard Tornheim, H. M. Trent, A. W. Tucker, J. W. Tukey, 
A. R. Turquette, S. M. Ulam, J. L. Ullman, Gilbert Ulmer, W. R. Utz, H. S. Van- 
diver, A. H. Van Tuyl, V. J. Varineau, G. L. Walker, R. J. Walker, J. L. Walsh, S. E. 
Warschawski, M. A. Weber, Alexander Weinstein, P. A. White, G. W. Whitehead, 
A. L. Whiteman, W. F. Whitmore, Hassler Whitney, L. R. Wilcox, F. B. Wiley, 5. 5. 
Wilks, R. L. Wilson, G. M. Wing, R. M. Winger, Clement Winston, H. E. Wolfe, 
J. H. Wolfe, C. R. Wylie, J. L. Yarnell, L. C. Young, P. M. Young. 


The Colloquium Lectures, on Topological dynamics, were presented 
by Professor G. A. Hedlund of Yale University on Tuesday afternoon 
and Wednesday, Thursday, and Friday mornings. Presiding were, in 
order, President J. L. Walsh, Vice President Hassler Whitney, Dean 
W. L. Ayers, and Professor W. H. Gottschalk. 

On Wednesday morning an invited address, Some recent tnvesitga- 
tions in almost periodic functions, was delivered by Professor Børge 
Jessen of the University of Copenhagen and the Institute for Ad- 
vanced Study. Professor E. F. Beckenbach presided. A second in- 
vited address, Aposyndetic and non-aposyndetic continua, was de- 
livered Thursday afternoon by Professor F. B. Jones of the University 
of Texas. Professor S. B. Myers presided at this meeting. 

President Walsh presided at the business meeting on Wednesday 


1949] THE SUMMER MEETING IN BOULDER 1037 


morning. It was announced that Dean R. G. D. Richardson had died 
during the summer, and those present stand a moment in respect for 
his memory. Those presiding at the sectional sessions were as follows: 
Professors S. E. Warschawski, A. H. Taub, N. H. McCoy, P. R. 
Rider (Joint session with I.M.S.), H. F. Bohnenblust, J. L. Kelley, 
J. M. Thomas, Reinhold Baer, R. M. Winger, J. W. Calkin, B. W. 
Jones, and A. H. Diamond. 

Headquarters for the meeting were in the Third Dormitory. The 
extensive facilities of this and adjacent dormitories were open to those 
attending the meetings. 

On Tuesday afternoon there was a tea at the home of President 
Stearns. Wednesday afternoon was devoted to an excursion to Rocky 
Mountain National Park. On Thursday evening a steak fry was held 
on Flagstaff Mountain. On this occasion a resolution was presented 
by Dr. C. V. Newsom on behalf of the four participating societies, 
thanking the University of Colorado, the members of the Department 
of Mathematics, and all those who had contributed to the arrange- 
ments and extended their hospitality. 

The Council met at 8:00 P.M. on August 30 and at 10:00 a.m. on 
September 1, 

The Secretary announced the election of the following fifty-one 
persons to ordinary membership in the Society: 


Dr. Harry Igor Ansoff, Rand Corporation, 1500 4th St., Santa Monica, Calif.; 

Professor Margaret Malone Baskerville, Shorter College, Rome, Ga.; 

Mr. Martin Roy Bates, Cornell University, Ithaca, N. Y.; 

Professor Raymond Frank Bell, Eastern Washington College of Education, Cheney, 
Wash.; 

Mr. Harold Dean Brown, Department of Physics and Astronomy, University of 
Kansas, Lawrence, Kan.; 

Mr. Charles Carpenter Buck, University of Michigan, Ann Arbor, Mich.; 

Professor Pedro Gerardo Cabezas, University of Cuyo, Cuyo, Argentina; 

Mr. Sanford Colbert, 500 West 140th Street, New York, N. Y.: 

Miss Helen Frances Cullen, University of Michigan, Ann Arbor, Mich.; 

Mr. Thomas Scott Dean, 5930 Palo Pinto, Dallas, Tex.; 

Mr. George William Evans, II, New York University, New York, N, Y.; 

Mr, William Buell Evans, University of Illinois, Urbana, IIL; 

Mr. William Forman, Brooklyn College, Brooklyn 10, N. Y.; 

Mr. Christopher Paul Gadsden, Tulane University of Louisiana, New Orleans, La.; 

Mr. Robert Doran Glauz, University of Michigan, Ann Arbor, Mich.; 

Mr. James Francis Hannan, University of North Carolina, Chapel Hill, N. C.: 

Mr. Julius Honig, 6801 Bay Parkway, Brooklyn 4, N. Y.; 

Mr. David Warren Hullinghorst, 2525 Peniston St., New Orleans 15, La.; 

Mr. William Robert Hydeman, U, S. Navy, 3810 39th St., N.W., Washington 16, 
Ds ; 

Professor Samuel Jacob Jasper, Kent State University, Kent, Ohio; 

Mr. Paul Constantine Karpov, 634 West 135th Street, New York, N. Y.; 
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Mr. Harold William Kuhn, Princeton University, Princeton, N. J.; 

Mr. Edward David Lawler, 268 Bowman Ave., Merion Station, Pa.; 

Mr. Ernest John MacKenzie, Whitney Institute School, Bermuda; 

Dr. Wilhelm Magnus, California Institute of Technology, Pasadena 4, Calif.; 

Professor Esteban Francisco R. Manfredi, University of LaPlata, La Plata, B. A., 
Argentina; 

Mr. Raymond William Moller, Catholic University of America, Washington, D. C.; 

Mr. Frederick Joseph Morton, 1421 North Broad Street, Philadelphia 22, Pa.; 

Professor Maria Laura Moura Mousinho, University of Brazil, Rio de Janeiro, Brazil; 

Sister Maria Socorro Piccirillo, Immaculata College, Immaculata, Pa.; 

Mr. Henry Polowy, Ferris Hall, North Brothers Island, New York, N. Y.; 

Mr. Lyle Eugene Pursell, Purdue University, Lafayette, Ind.; 

Mr. Edgar Reich, Rand Corporation, Santa Monica, Calıf.; 

Dr. Murray Rosenblatt, Cornell University, Ithaca, N. Y.; 

Miss Shirley Anne Rubenstein, University of Virginia, Charlottesville, Va.; 

Mr. William Trumbo Sandlin, Box 1606, Huntington, W. Va.; 

Mr. Joseph Arthur Schatz, Brown University, Providence 12, R. I.; 

Dr. Francis James Scheid, Boston University, Boston 16, Mass.; 

Mr. David Harry Shaftman, 11564 E. 61st St., Chicago 37, Ill.; 

Mr. Stanley Musgrave Shartle, Office of Surveyor of Hendricks County, Danville, 
Ind.; 

Mr. Daniel Shanks, Naval Ordnance Laboratory, White Oak, Silver Spring, Md.; 

Mr. Frank R. Simpson, Franklin Institute, Philadelphia, Pa.; 

Mr. Irving Sklansky, City College, New York 31, N. Y.; 

Mr. Thomas Joseph Smith, College of the Holy Cross, Worcester, Mass.; 

Major Mariano del Rosario Talag, Philippine Military Academy, Baguio, Philippines; 

Mr. Nathaniel Thompson, Seton Hall College, South Orange, N. J.; 

Mr. Robert Wasserman, University of Michigan, Ann Arbor, Mich.; 

Mr. William Swoll Winn, Millsaps College, Jackson, Miss.; 

Mr. Otto Wolf, 2 Hinckley PI., Brooklyn 18, N. Y.; 

Mr. David Monaghan Young, Harvard University, Cambridge 38, Mass.; 

Mr. Neal Zierler, 2318 Eutaw Place, Baltimore, Md. 


It was reported that the following person had been elected to 
membership on nomination of the University of Toronto: Mr. 
Gerald Berman, teaching fellow. 

The Secretary announced that the following had been admitted to 
the Society in accordance with reciprocity agreements with other 
mathematical organizations: London Mathematical Society: Mr. 
Abram Samoilovitch Besicovitch, Trinity College, Cambridge Uni- 
versity; Mr. Arthur ap Gywnn, University College of Wales; Dr. 
Kurt Angustus Hirsch, King’s College, University of Durham; Swiss 
Mathematical Society: Professor Felix Fiala, University of Neuchatel. 

The following appointments by President J. L. Walsh of repre- 
sentatives of the Society were reported: Professor Eric Reissner on 
the U. S. Committee on Theoretical and Applied Mechanics for a 
term ending December 31, 1952; Professor Hassler Whitney at Cere- 
monial Session of Semi-Centennial Meeting of American Physical 
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Society on June 16, 1949; Professor F. A. Lewis at the inauguration 
of Ralph Brown Draughon as President of Alabama Polytechnic 
Institute on May 12, 1949; Professor B. W. Jones at the Seventy- 
fifth Anniversay of the Colorado School of Mines on September 30- 
October 1, 1949; Professor C. B. Morrey, Jr., at the inauguration of 
Dr. J. E. Wallace Sterling as President of Stanford University on 
October 7, 1949. 

The following additional appointments by the President were re- 
ported: Professor R. V. Churchill as a member of the Editorial Com- 
mittee for Applied Mathematics Symposium Proceedings for three 
years beginning July 1, 1949 (Professor Churchill appointed by 
committee to serve as Chairman for one year beginning July 1, 1949); 
Professors A. W. Tucker (Chairman), G. T. Whyburn, and J. W. T. 
Youngs as a committee to consider the non-editorial problems in con- 
nection with the Memoirs; Professors Saunders MacLane (Chair- 
man), J. L. Doob, Dean A. E. Meder, Jr., Professors G. B. Price and 
A. W. Tucker as a committee to consider institutional membership 
rates, terms of individual membership, and.the relation of the Society 
to institutional members which publish mathematical journals. 

It was reported that the Society had signed a contract with the 
Office of Air Research whereby a subsidy of $21,500 will be available 
for the support of Mathematical Reviews for a period of one year. 

It was reported that an arrangement had been made with the Mc- 
Graw-Hill Book Company for the publication of the Proceedings of 
the Third Symposium in Applied Mathematics. 

The Council voted to recommend to the Board of Trustees its 
approval of an arrangement between the Society and the McGraw- 
Hill Book Company for providing a limited supply of reprints to 
authors of articles in the Proceedings of the Third Symposium in 
Applied Mathematics. 

A reciprocity agreement has been established between the Society 
and the Polish Mathematical Society, the terms being similar to those 
of other reciprocity agreements. 

The following resolution on the death of Dean R. G. D. Richardson 
was adopted by the Council: 


A long record of most distinguished service to the Society came to its close with 
the death, on July 17, 1949, of Roland George Dwight Richardson. Although for some 
years his health had been uncertain, the end came suddenly, on a trip to his native 
province of Nova Scotia. 

The first twelve years of Dean Richardson's career, after he received his doctor’s 
degree at Yale in 1906, showed a very considerable ability in original investigation. 
His impetus was largely given by James Pierpont. He spent the year 1908-1909 at 
Göttingen where he was greatly influenced by Hilbert. Later he owed much to his 
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association with G. D. Birkhoff. His papers, concerned mostly with integral equations, 
calculus of variations, and boundary value problems, appeared in various American 
and foreign publications. Meantime, in 1907, he had begun his lifelong service as Pro- 
fessor, and later as Dean, at Brown University. 

In 1915 he became Chairman of the Department of Mathematics at Brown, and 
turned his energies toward the upbuilding of that department to its present high posi- 
tion. If this had been his only service to American mathematics, it would have been a 
notable one. In his later years he had a leading part in making Brown a center of 
advanced instruction in applied mathematics. He also served for over twenty years 
as Dean of the Graduate School of Brown University. On his retirement in 1948 he 
was awarded the honorary degree of LL.D. by Brown University. Previously he had 
received honorary degrees from Acadia University and Lehigh University. For a year 
and a half before his death, he was Vice President of the American Academy of Arts 
and Sciences. i 

This burden of administrative work for his own university makes all the more 
impressive his devotion to the affairs of the Society. In 1920 reorganization of the 
offices of the Society became urgent with the retirement of Professor F. N. Cole who, 
with failing health, had insisted on personally attending to all clerical details. Dean 
Richardson was a Vice President at that time and was familiar with the business of 
the Society. When asked to become Secretary, he consented, though fearing that this 
would definitely end his career asa producing mathematician. He believed, however, 
that if his plans for the Society could be realized, the sacrifice would be more than 
worthwhile. 

His unequalled services to the Society were fittingly described in a resolution 
adopted by the Council at the time of his retirement from the office of Secretary in 
1940, as published in the Bulletin of March, 1941. This should be supplemented, 
however, by at least a mention of his membership on the Board of Trustees continu- 
ously since 1923. 

His administration was never static. He always had a plan, well worked out, for 
new situations, yet never was over-insistent on his own views, and would listen 
courteously to others who were advancing perhaps less well-thought ideas. His sense 
of order and efficiency contributed to make the offices of the Society a model to 
other scientific organizations. 

But with all due regard to what he did for this Society and his university, the high- 
est tribute is expressed in this sentence of the 1940 resolution: “Richardson's real 
memoria] lies, however, in the affection and admiration for him which are widespread 
among the present members of the Society, and universal among those who have 
known him personally and worked with him.” 


The following dates of meetings in 1950 were approved: February 
25 in New York City; February 24-25 in East Lansing, Michigan; 
April 21-22 in Oak Ridge, Tennessee; April 28-29 in Washington, 
D.C., April 28-29 in Chicago, Illinois; April 29 in Berkeley, Calı- 
fornia; June 16-17 in Seattle, Washington. 

Certain invitations to deliver hour addresses were announced: 
Professor R. H. Fox for the October, 1949, meeting in New York 
City; Professor Richard Bellman for the November, 1949, meeting in 
Pasadena; Professor R. H. Bruck for the November, 1949, meeting in 
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Chicago; Professors L. V. Ahlfors and S. Chowla for the 1949 Annual 
Meeting. 

Professor G. A. Hedlund was elected (subject to confirmation by 
the Board of Trustees) as a member of the Bulletin Editorial Com- 
mittee, to serve for the unexpired term of Professor Deane Mont- 
gomery, resigned (that is, until December 31, 1951). 

Professors H. F. Bohnenblust and L. R. Ford were elected repre- 
sentatives of the Society on the Council of the American Association 
for the Advancement of Science for the years 1950 and 1951. 

Professors G. C. Evans and Einar Hille were nominated as repre- 
sentatives of the Society in the Division of Mathematical and 
Physical Sciences of the National Research Council for a three-year 
period beginning July 1, 1950. 

Professor C. B. Allendoerfer and Dr. R. P. Boas were elected 
representatives of the Society on the Editorial Board of the Duke 
Mathematical Journal for a period of three years beginning January 
1, 1950. 

The Council accepted the recommendation of the Committee to 
Nominate an Executive Director that Dr. H. M. MacNeille, now with 
the Atomic Energy Commission, be appointed to this position, subject 
to the approval of the Board of Trustees. 

The Council accepted, with certain amendments, a report of the 
Committee on the Role of the Society in Mathematical Publication 
dealing with the problem of what constitutes publication. 

Recommendations in connection with institutional membership 
dues were accepted by the Council as follows: that the page rate for 
institutional dues be raised to $5.00 per page (present rate is $2.75 
per page); that dues be based on averages computed triennially over 
three-year periods, with certain provisions for the transition period; 
that the page counts for institutional dues cover the American 
Journal, Annals, Bulletin, Transactions, Proceedings (when estab- 
lished) and the Canadian Journal; that the privileges for institu- 
tional members be revised according to a table determined by the 
Council and approved by the Trustees; that the new scale for institu- 
tional members go into effect beginning January 1, 1951. 

It was reported that the Memoirs would be inaugurated in the near 
future, as soon as arrangements could be made for the preparation of 
manuscripts already accepted. 

The Council voted to invite Professor G. E. Uhlenbeck of the Uni- 
versity of Michigan to deliver the Josiah Willard Gibbs Lecture in 
1950. 

The Committee on Revisions of By-Laws recommended certain 
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changes in connection with (1) the time of the annual meeting of the 
Board of Trustees; (2) the method of arranging for temporary re- 
placements on Editorial Committees; (3) the inauguration of the 
Proceedings and Memoirs. These changes will be acted upon at the 
October meeting of the Society in New York and will be effective 
January 1, 1950. 

The Council voted to abolish the Committee on Publicity; this 
action was taken at the request of the committee and it was the sense 
of the meeting that the activities of this committee would now be 
carried on by the Executive Director. 

The Council voted to adopt the following resolution in connection 
with the loyalty oath section of the National Science Foundation Bill 
being considered by the House of Representatives: 

The Council of the American Mathematical Society expresses its hearty approval 
of the National Science Foundation Bill (S247) as passed by the United States Senate, 
and confidently expects that an early passage of a similar bill by the House of Repre- 
sentatives will be a potent factor in the development of science in this country. 

With respect to the amendments introduced into the Bill by the House committee, 


the Council deplores the amendment inserting a new section, Section 10(b), which 
introduces non-scientific objectives. 


Abstracts of papers presented at the meeting follow below. Papers 
whose titles are followed by “?” were read by title. Some of the 
abstracts of papers read by title were published in September. Mr. 
Conrad and Mr. Goss were introduced by Professor D. L. Holl, 
Professor Buchi and Professor Magnus by Professor Saunders Mac- 
Lane, Professor Spencer by Professor R. B. Lindsay, Professor Dres- 
den and Mr. Brown by Professor G. B. Price, Mr. Calderon by 
Professor Zygmund, Mr. Lieblein, Dr. Castellani, and Professor 
Chang by Professor J. W. Green. Paper 515 was presented by Pro- 
fessor Herzog, paper 536 by Mr. Riggs, paper 568 in the absence of 
the author by Dr. H. M. Trent, paper 470 by Professor Perlis, paper 
577 by Mrs. Szmielew, paper 586 by Dr. Sherman, paper 581 by 
Professor Dolph, paper 517 by Professor Hewitt, paper 523 by Dr. 
Farnell, paper 472 by Professor Tucker, paper 464 by Professor Bar- 
nett, paper 473 by Professor Givens, paper 531 by Professor Piranian, 
paper 462 by Professor Abbott, and paper 563 by Dr. Van Tuyl. 


ALGEBRA AND THEORY OF NUMBERS 
462. J. C. Abbott and T. J. Benac: Right congruences on groupotds. 


A right congruence 6 on a right quasi-group G is any equivalence preserved by the 
group Ñ generated by the right multiplications Ry of G. If G contains a left unit, then 
every coset has the same power. If either the order or index of @ is finite, then any 
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equivalence preserved by the R, alone is a right congruence (cf. Albert, Trans. Amer. 
Math. Soc. vol. 54 (1943) Theorem 6, and Bates and Kiokemeister, Bull. Amer. 
Math. Soc. vol. 54 (1948) Theorem 4). The set of right congruences forms a complete 
lattice which is not modular since it does satisfy Dubreil’s condition (Dubreil, Algèbre, 
1946). If the kernel of the right congruence is called right normal, then a sub-right 
quasi-group will be right normal if and only if HY, = H where 3, is the right inner map- 
ping group of G (Bruck, Trans. Amer. Math. Soc. vol. 60 (1946)). 3 contains no 
subgroup normal in §, and the set of R,’s forms a complete set of representatives of 
G mod 9, so that (R/9;; R,) isa Baer canonical representation of G. Finally, every 
right congruence of G can be extended to a congruence on R. (Received July 22, 
1949.) 


463. R. V. Andree: The sequence development of g-adic rings. 


The usual definition of valuation is modified by replacing the equality in ¢(xy) 
=(x)¢(y) by <. The g-adic numbers (g prime or composite) are then obtained as 
sequences of rational numbers which converge with respect to this generalized valua- 
tion. Itis proved that for every g containing at least two prime factors, and for every 
integer », there exists an equation of degree n having no solution in Qy. It is established 
that every g-adic ring is isomorphic to a direct sum of those p-adic fields for which p 
divides g. Through this isomorphism a finite process is obtained for determining the 
exact number of distinct solutions a given g-adic equation will have, and a non-tenta- 
tive method for producing every solution is developed. In conclusion it is proved that 
every g-adic ring is perfect (complete) with respect to the generalized valuation. 
(Received June 21, 1949.) 


464. I. A. Barnett and C. W. Mendel: Fermat's last theorem in 
matrices with integral elements. 


The equations X*-+ Y*+ Z*=0 are considered where X, Y, Zare square matrices of 
the same order with integral or zero elements. If X and Yare commutative, the most 
general solution in rationals of the equation is found when »=2. Solutions for any 
# in integral matrices of order » are exhibited. For #™=2, the general solution for 2X2 
integral matrices is given. Finally, with the Fermat conjecture assumed to be true, 
we let X be a two-rowed matrix with first row x, xs and second row xs, x, and so on, 
and D0, where D is the three-rowed determinant with first row x1—%*4, Yı Yu 
21 —%, second row %s, Ya, 82, and third row #3, Ys, 33. Then the only solution of the equa- 
tion in 22 integral matrices for # odd are those for which the traces of two of the 
matrices are numerically equal with the corresponding determinants equal, while the 
trace and the determinant of the third matrix are both zero. (Received July 14, 
1949.) 


465. P. T. Bateman: On the distribution of kth-power-free integers. 


Known prime number theory implies that the number of kth-power-free integers 
not exceeding x is x/f(k)-+O(x!* exp | —A(log x)"}), where A is a positive constant 
and æ is a constant between 1/2 and 1, in fact, the same constant that appears in the 
error term for the number of prime numbers not exceeding x. It is pointed out here 
that the Riemann hypothesis implies only that the above error term can be improved 
to O(x¥Gtth+*), These error terms give upper estimates for the differences between 
consecutive &th-power-free integers, On the other side it is shown that the difference 
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between a kth-power-free integer g and the next kth-power-free integer is greater than 
(log g)/k(log log g) infinitely often. (Received July 18, 1949.) 


466. J. H. Bell: The solution of a unilateral direct product matrix 
equation. - 

The author's Bull. Amer, Math. Soc. Abstract 54-11-417 gives necessary and 
sufficient conditions for the solution of the matrix equation I, An‘ 3X" =0 over 
a field F. In this paper the equation is generalized to I, Am‘ (Km X") 0. It is 
shown that the solution of this generalized equation may be reduced to the solution 
of r simultaneous unilateral equations X e fim Km" m0, where Au (au ,,) and r is 
the number of linearly independent matrices in the set As, Asi, *'*, Ao. If the 
dimensions of Ag, Ka, and X are such that Am -2(KyX™) is a square matrix, 
an alternative method of solution, patterned after Ingraham’s algorithm for the 
solution of the unilateral matrix equation, is given, In the development of this method 


a remainder theorem and a divisor theorem, involving direct products, are obtained. 
(Received June 10, 1949.) 


467. A. W. Boldyreff: Reduction of homogeneous dtophantine equa- 
tions to systems of lanear homogeneous equations. 


This paper considers the possibility of reduction of homogeneous diophantine 
equations to systems of linear homogeneous equations, directly or with the aid of 
algebraic identities, and develops methods of deducing the solutions of the former 
from those of the latter. The methods are illustrated by applications to a number of 
well known classical problems, and it is shown how they can be modified to apply 
to the solution of non-homogeneous equations. (Received August 13, 1949.) 


468. J. R. Buchi: Boolean orderings and pairings. 


The paper has its origin in the idea of an axiomatic treatment of the inclusion 
relation of set theory. By taking inclusion as primitive rather than the relation “is 
element of,” it becomes unnecessary to assume that there are atoms (as the elements 
in ordinary set theory). The best way to carry out such an axiomatic approach is to 
take the disjunction relation as a second primitive. Four simple axioms complete 
the axiomatic system. It is shown that inclusion in the above context is a special 
type of partial ordering called Boolean ordering. The importance of this Boolean 
ordering in the theory of Boolean algebras is illustrated. For example, every Boolean 
ordered set can uniquely be embedded-in a smallest complete Boolean algebra (anal- 
ogy to the embedding of a general partially ordered set in a complete lattice). In the 
second part of the paper a concept called pairing is introduced. In terms of this con- 
cept the ordinary notion of mappings of sets is generalized to mappings of Boolean 
orderings. In other words, a definition of the notion “mapping” is given in the case 
where the structors which are to be mapped are not sets and therefore do not have 
atoms. (Received July 18, 1949.) 


469%. Leonard Carlitz: Some properties of Bernoulli numbers of higher 
order. 
Among the results of this paper, the following may be cited. 1. Let k <p —1, m0, 


1,---, k—1 (mod p—1), then BẸ /m® is integral (mod p), m®=m(m—1) +--+ 
(m-&+1). Also I (UVC Taug-y=0 (mod 2), where Tae BO/m™. (The 
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B® notation is that of Nörlund.) 2. BY =p2/2 (mod $), BP,” =0 (mod #) (p>3). 
The special case Br. m0 (mod $?) is due to S. Wachs, Bulletin des Sciences Mathé- 
matiques (2) vol. 71 A (1947) pp. 219-232. (Received July 14, 1949.) 


470. Roy Dubisch and Sam Perlis: On total nilpotent algebras. 


A total nilpotent algebra F™ of degree n over a field F is defined to be the totality 
of n-rowed square matrices over F with 0’s on and above the main diagonal, or any 
isomorphic copy thereof. The importance of F® lies in the fact that every nilpotent 
associative algebra of order n—1 is isomorphic to a subalgebra of F™, which itself 
is nilpotent. The authors determine all ideals of F®, the group G of all automorphisms 
over Fof F, some of the structural properties of G, all characteristic ideals C (ideals 
C such that CY =C for every Tin G). Certain characteristic ideals D give rise to all 
others by the processes of intersection and join. The internal structural properties of 
these ideals D are investigated. (Received July 18, 1949.) 


471. J. S. Frame: A simple recursion formula for inverting a matrix. 


A simple recursion formula is obtained for computing the inverse of a matrix, and 
as a biproduct the characteristic equation, the A-adjoint, and the characteristic vec- 
tors of the matrix. Let the sn matrix A have the characteristic equation (1) 
IMT —A| = FA) rar Diart=0, let the adjoint of A/—A be denoted by (2) 
CO) =A AHAA ++ + Ana so that (3) QAI—A)CA)=FOD, and define 
A„=0. It is proved that we may, compute successively C 41, Cn Au", Cat, 
Asn-ı, Cx, An=0 by means of the two formulas (4) cy=(1/k) trace (AAs), (5) Aa 
= AA, 4—¢,I. In particular the determinant and inverse are obtained as |A| 
(1), Am! Ay 1/Ca, if CxO. Formula (4) is derived from (6) F'(A) =trace 
C(A), and (7) trace ACOA) =AF' (A) —n F(A). The computation is finally checked if As 
comes out 0, but a method is given for correcting small errors without repeating the 
calculation. The relation AA, = 4,4 provides a further check at each stage. The non- 
vanishing columns of C(A,) are characteristic vectors if As is a simple root of F(A) =0. 
The characteristic vectors for multiple roots are found explicitly from the derivatives 
of C(A), and the results are applied to the solution of simultaneous linear differential 
equations with constant coefficients. (Received June 4, 1949.) 


472. David Gale, Harold W. Kuhn, and A. W. Tucker: Reductions 
of game matrices. 


Let a game matrix A of m rows and n calumns be reduced to an m~+1 by 
#--g+1 matrix A* by combining linearly the first p rows of A into a single leading row 
and the first g columns into a single leading column, using as coefficients the com- 
ponents of a pair of optimal strategies for the game determined by the p by g sub- 
matrix common to the rows and g columns. Two special cases of this reduction are 
noteworthy: (1) when the first p rows of A have the same last n —q elements, and the 
first g columns have the same last m-— elements; (2) when the coefficients are all 
positive, and the new leading element is a saddlepoint for A*. In both cases A* has 
the same game-value as A. In the first case a pair of optimal strategies for A* unites 
with the two sets of coefficients to give a pair of optimal strategies for A. In the second 
case the two sets of (positive) coefficients themselves constitute a pair of optimal 
strategies for A. Results of Bohnenblust-Karlin-Shapley, Gale, and Sherman show 
that this reduction to a saddlepoint matrix is always possible, the maximal sets of p 
rows and g columns being unique. (Received July 18, 1949.) 
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473. Wallace Givens and W. A. Rutledge: Symmiric and skew 
Hadamard matrices. Preliminary report. 


A square matrix H of order » is Hadamard if each of its elements is +1 and 
H'HenI,;n must be 2 or a multiple of 4 with existence for every such value being in 
doubt. If H is symmetric, it is shown that the signature is zero if s is not a square 
and is an even integer between —#™1 and +n"? if n is a square. For various forms 
of n, symmetric H are constructed and for #2% all permissible signatures are ob- 
tained. When H=J,+S where S is skew symmetric, the invariant factors of S (over 
the ring of rational integers) are half+1 and half Gs—1) if (#—1) is square free. If 
(r—1) has a square factor they are restricted otherwise. The tensor set associated 
under the spinor representation of the orthogonal group with an Hadamard matrix of 
either of the above types has especially simple features. (Received July 18, 1949.) 


474. L. Aileen Hostinsky: Endomorphisms of lattices. 


The object of this paper is to develop a theory of homomorphisms for lattices by 
generalizing the concept of homomorphism as used in group theory. In addition to a 
derivation of the basic isomorphism theorems, a generalization of Fitting’s lemma 
and of the theory of splitting endomorphisms is given. The main results are established 
by the introduction of the concept of an y-automorphic element. It is shown that a 
necessary condition for uniform splitting is that the sum of 7-automorphic elements 
be n-automorphic and that under the assumption of uniform splitting the complement 
is uniquely determined as the sum of -automorphic elements. Reduction theorems 
and certain necessary and sufficient conditions for uniform splitting are included. 
(Received July 5, 1949.) l 


475t. L. K. Hua: A theorem on matrices over a sfield and tts applica- 
HONS. 


Let & be a sfield (or a division ring). Suppose 1 <n sm. Two matrices are called 
coherent if the rank of their difference is one. Any one-to-one mapping which carries 
nXm matrices into nXm matrices and leaves the coherence invariant is of the form 
Zu=PZ’O+R, where P(=P®) and Q(=0%) are non-singular, and R is an nXm 
matrix and ¢ is an automorphism of the sfield 6. When m=n, in addition to the 
previous one, we have also Z,=PZ’’O-+R, where Z’ is a transpose of Z and g is an 
anti-automorphism of the sfield. There are quite a number of applications of the 
theorem. This paper contains three of them: (i) Grassmann geometry, (ii) Jordan 
ring, and (iii) Lie ring. For example, for the Jordan ring the author proves that any 
Jordan automorphism of a semi-simple ring with descending chain conditions for the 
left ideals is either an automorphism or an anti-automorphism. (Received July 12, 
1949.) 


476t. L. K. Hua: On exponential sums over an algebraic number field. 


Let K bean algebraic field of degree n over the rational field, and d be the different 
of the field. Let f(x) =a} + +++ --asx+ao be a polynomial of the kth degree with 
coefficients in the field K, and let a be the fractional ideal generated by a, * + + , %. 
Let ad rq, where r and q are two relatively prime integral ideals. Then the following 
result is proved: Let S(f(x),g) = Det” t UO), where x runs over a complete residue sys- 
tem, mod g. Then, for any given e>0, we have S(f(x), a) =O(N(g)?-¥*"9), where the 
constant implied by the symbol O depends only on k, n, and e (Received July 12, 
1949.) 
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477i. L. K. Hua: On semi-automorphisms of a sfield. 


Let K bea sfield. A one-to-one mapping x—x” of K onto itself is called a semi-auto- 
morphism if (a+b) =a%+6% and (aba)? =a°b%a". It is proved in the paper that any 
semi-automorphism is either an automorphism or an anti-automorphism. This settles 
a problem of Ancochea. As a consequence we solve the fundamental theorem of the 
projective geometry over a sfield. (Received July 12, 1949.) 


478. L. K. Hua: On the automorphisms of classical groups. 


In this paper the author solves several problems which were left open by Dieu- 
donné (C. R. Acad. Sci. Paris vol. 225 (1947) pp. 914-915) about the automorphisms 
of the classical groups. The groups under consideration are Gia(K), PGla(K), SLK), 
and PSL,(K) for K any sfield, and OF (K) and PO; (K) for K any field. The situation 
concerning GLa(K) and its related groups is unexpectedly successful, since there is 
no obscure notion like semi-automorphism in the final result. Concerning Of (K) we 
found some new automorphisms which were not known before. (Received July 12, 
1949.) ` 


479. L. K. Hua: Some properties of a sfield. 


The results of the paper are initiated from an almost trivial identity: if ab>‘ba, 
then a>(b'—(a¢—1)—10-1(a ~1)) (aba — (a —1) 15" (a —1))—!. Among the results, 
there are two interesting ones which are the perfect form of two theorems due to 
H. Cartan and J. Dieudonné respectively. (i) Every sfield is generated by a non-cen- 
tral element and its conjugate. (ii) The projective special linear group over the sfield 
K is simple except when n =2 and K has 2 or 3 elements. It is easily proved that both 
the upper central series and the lower central series of the multiplicative group of a 
sfield do not exist. The author proved also that the multiplicative group of a sfield is 
either abelian or non-metabelian. (Received July 12, 1949.) 


480i. Nathan Jacobson and C. E. Rickart: Jordan homomorphisms 
of rings. 


A mapping a—>a” of an arbitrary ring A into a second ring B is called a Jordan 
homomorphism provided (a+5b)’=a’7-+b7, (42) =(a/)2, (aba)! =a’b/a’. If B is an 
integral domain, then a—a7 is either a ring homomorphism or an anti-homomorphism. 
The proof of this is elementary and is an extension of a proof given by L. K. Hua 
(unpublished) for the case of a Jordan automorphism of a division ring. If A and B 
are primitive rings with minimal ideals and a—aY is one-to-one onto B, then a—a is 
either a ring isomorphism or an anti-isomorphism. If A contains a system of matrix 
units e(t, 7=1, +--+, n; #22) and a subring C whose elements commute with the 
e, and such that every element of A is of the form > «1,6, C, ÆC, then there exists a 
direct sum decomposition Hy=H’+E” of the enveloping ring Ey of A7 such that 
a! =a +07”, where aa” is a ring homormophism onto E’ and ae!” isa ring anti- 
homomorphism onto E’’. The proof here is suggested in part by methods used previ- 
ously by F. D. Jacobson and N. Jacobson [Trans. Amer. Math. Soc. vol. 65 (1949) 
pp. 141-169]. (Received July 18, 1949.) 


481. D. H. Lehmer: On the distribution of totttives. 


This paper is concerned with the distribution of the numbers not exceeding n 
and prime to #, whose number is Euler’s function ¢(#). Following Sylvester, these 
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numbers are called the totitives of n. The function $(&, g, n) is defined (for integer 
q, k, n, such that 0 Sg <k) as the number of totitives of x lying between ng/k exclu- 
sive, and #(q-+1)/z inclusive. To measure the departure from uniformity in the dis- 
tribution of the totitives we define the function E(k, q, n) =#(n) —kö(k, g, n). Prop- 
erties of E(k, q, n) are studied. This function can be evaluated explicitly for k =1, 2, 
3, 4, and 6 in terms of the Liouville function A(#) and the Euler function 6(1) =2¢, 
where } is the number of distinct primes dividing n. Special results hold for other 
values of k. E(k, q, n) is uniformly small in q. Its mean value for n Sx is, in absolute 
value, less than & log x for every q<k, Applications are given to certain problems in 
cyclotomy. (Received July 18, 1949.) 


482i. Benjamin Lepson: Some examples related to the a+-B hypothests 
an the theory of Schnirelmann density. 


The a-+8 hypothesis, first proved by Mann (Ann. of Math. vol. 43 (1942) pp. 523- 
527), states that the density y of the sum of two sets, each containing zero, and of 
densities æ and £ respectively, is at least min (1, a+). It is shown in the present 
paper that, for any two non-negative real numbers a and £ with a+83S1, the g.l.b. 
of the numbers y, each of which is the density of a set which is the sum of a set of 
density a containing zero and a set of density ß containing zero, is a+ 8. If æ and 8 
are both rational, there is a set as above whose density is equal to a-+8. This proves 
that the a+ hypothesis is best possible in the strong sense that the function a+, 
cannot be replaced by another function f(a, 8) with f(a, 8) >a+8 for some pair (a, 8). 
For the rational case, the construction involves congruence classes of integers. The 
general case depends upon the lemma that any set A of density a contains a subset 
B of density «’ where « and a’ are any real numbers satisfying the inequality 0 Sa’ 
<aS1. (Received July 18, 1949.) 


483. Wilhelm Magnus: On the Baker-Hausdorff formula. 


If exp x exp y=exp 2 where x, y, are noncommutative variables, then z is a sum of 
alternantes or Lie-elements of x, y with rational coefficients. The terms whose coeffi- 
cients have denominators which are divisible by p (a fixed prime number) are shown 
to lie (possibly with a finite number of exceptions) in an ideal which can be derived 
from a single element by means of algebraic substitutions and Baker-Hausdorff dif- 
ferentiation. From this a method can be derived to construct groups for which the 
pth power of every element equals the unit element and which are of a class greater 
than 2. (Received July 18, 1949.) 


484. D. A. Norton: Hamiltonian loops. 


A loop G is Hamiltonian if every subloop is normal. It is power-associative if {x} 
is a group for every x&G. If G is the direct product of Hamiltonian loops M, N, it is 
Hamiltonian if and only if for each pair H, K of subloops of M, N respectively which 
contain subloops R’, K’ such that H/H’2K/K’', then H/E” and K/K’ are in the 
centers of M/H’ and N/K’ respectively. Given any series of integers excluding 4, 
there exists a loop which contains only one series of composition, with these as factors 
of composition, and which contains no other proper subloops. A finite Hamiltonian 
power-associative loop is the direct product of prime-power order loops. A finite 
Hamiltonian Moufang loop is a direct product of an Abelian group of odd order, an 
Abelian group of order 2", type [2, 2, : ++, 2], and a loop of order 2* of which the 
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center is the two-group, each two independent elements generate a quaternian group, 
and each three generate a Cayley loop (the multiplicative loop of the basis elements 
of the Cayley-Dickson algebra). (Received July 14, 1949.) 


485i. K. G. Ramanathan: The theory of unis of quadratic and 
hermitian forms. 


Let X bea totally real algebraic number field of finite degree f >1 over the field of 
rationals, Let S be the matrix of a nondegenerate quadratic form with m variables and 
with elements integral in K. Let m, m—n, (r=1, >» - f) be the signatures of the con- 
jugates of S. Let T be the group of units u of Sin which «and —u are identified. The 
following results are proved. (1) T is finite if and only if S is total-definitive. (2) T is 
finitely generated. (3) There is a space H of Dtm.) dimensions in which T has 
a faithful and discontinuous representation as a group G of non-euclidean motions 
leaving H invariant. (4) In H there exists a fundamental domain Fin regard to G 
bounded by a finite number of hyperplanes. (5) In 7 can be defined an invariant vol- 
ume element measured with which F has a finite volume V. (6) V, apart from a con- 
stant factor, is the reciprocal of the order of T if it is finite. Exactly similar results are 
proved for the case when S is an Hermitian matrix with integral elements in K(d¥/*) 
where d is a totally-negative integer of K. (Received July 18, 1949.) 


4864. W. T. Reid: A note on the characteristic polynomials of certain 
matrices. 


This note establishes the following results for matrices with elements in an arbi- 
trary field: If A is an nXm matrix and D is an nXn matrix, then |AT—AB| = [AZ 
—AB-D| for arbitrary mXn matrices B if and only-if D is nilpotent and DA =0. In 
particular, it follows that if C isan mn matrix then the condition ACA «0 is nec- 
essary and sufficient for |A7—AB| —|xT—A(B+C)| for arbitrary mXn matrices B; 
the sufficiency of this condition has been obtained recently by W. V. Parker [Bull. 
Amer. Math. Soc. vol. 55 (1949) pp. 115-116]. (Received July 18, 1949.) 


4871. C. E. Rickart: Isomorphism of groups of linear transformations. 
Il. 


Consider a system (&, D, *: G) in which ¥, ¥* are respectively right and left linear 
vector spaces over the division ring D, which are dual in the sense of Jacobson 
[Ann. of Math. vol. 48 (1947) pp. 8-21] with dimension greater than two, and G 
is a group of linear transformations on ¥ under the operation AOB=A+B-—AB, 
Assume further that every AEG possesses an adjoint (loc. cit., p. 16) and that G 
contains every one-dimensional involution which possesses an adjoint (T is an in- 
volution if TO T=0). Let (9), ©, D*: JC) be a second such system and assume G and 
JC isomorphic as groups under the mapping G—(G). It is proved here that there ex- 
ists a homomorphism G->G" of G into the center of & (under the operation œ O 8 
=a«+ß-—aß) such that g(G) either has the form g(G) = ($#"G$) o IG‘, where xx 
is an isomorphism of the space ¥ onto the space 9), or g(G)* has an analogous form 
involving the inverse of G and an anti-isomorphism x—«¢* of ¥ onto 9)*. This result 
essentially includes a similar result of Dieudonné for the finite-dimensional case [C. R. 
Acad. Sci. Paris vol. 225 (1947) pp. 914-915] and uses a result previously announced 
by the author [Amer. Math. Soc. Abstract 54-11-440]. (Received July 18, 1949.) 
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488. C. E. Rickart: Representation of certain Banach algebras on 
Hilbert space. 


Let A denote a real Banach algebra which contains a minimal ideal R and in 
which there is defined a mapping x—x* satisfying the following three conditions: 
(1) (x) =x, (2) (xy)*=y*x*, (3) xx*=0 implies x=0. Then there exists an idem- 
potent eR such that e* =e, RmeA, and eAe is either the reals, quaternions, or com- 
plexes, Let R have dimension greater than one, greater than four, or infinite accord- 
ing as e4e is the reals, quaternions, or complexes. Then a real inner product (x, y) can 
be introduced into R such that (xa, y) = (x, ya*) for all x, Y&R and a& A. In general, 
additional conditions are needed to ensure that the norm læ] = (x, «)'¥2 be equivalent 
to the given norm in R. The results here include those of Kakutani and Mackey 
[Ann. of Math. vol. 45 (1944) pp. 50-58; Bull. Amer. Math. Soc. vol. 52 (1946) pp. 
727-733] on the characterization of Hilbert space in terms of its ring of bounded 
operators. (Received July 18, 1949.) 


489, R. M. Robinson: Undecidable rings. 


The solution to the decision problem is shown to be negative for the ring of 
algebraic integers ina quadratic field, fora polynomial ring overa field, and for various 
other rings. These results follow from the fact that all problems of the arithmetic of 
natural numbers can be stated in the arithmetical theory of each of the rings men- 
tioned. (Received June 27, 1949.) 


490. J. B. Rosser: Real roots of Dirichlet L-series. 


Let k be a positive integer and take any real character (mod $) and let Z be the 
corresponding Dirichlet L-series (see Landau, Vorlesungen über Zahlentheorte, vol. 1, 
pp. 83-88). In the present paper it is proved that for 2 Sk 367, L has no positive real 
zeros. (Received July 5, 1949.) 


491t. W. E. Roth: On the equations AX — YB =C and AX—XB=C 
in malrices. 


The necessary and sufficient condition that the equation AX — YB =C, where A, 
B, and C are rectangular matrices with elements in any field F, have a solution is 
that the 2-rowed matrix with first row A, Cand second row 0, B and the two-rowed 
matrix with first row A, 0 and second row 0, B be equivalent. In case X = Y and the 
matrices A, B, and C are square, the condition is that these matrices be similar. 
(Received July 14, 1949.) 


4921. W. E. Roth: On the matric equation X?+AX4XB+C=0. 


The equation X3+AX+XB+C=0, where A, B, and C are » Xn matrices with 
elements in F, the field of complex numbers or a subfield thereof, is solved for X 
matrices X with elements in F. The methods are entirely rational under the opera- 
tions of F. Though the equation becomes unilateral if X be replaced by Y—A or by 
Z —B, this fact is not utilized for it was noted by the author only after the results of 
the present paper had been discovered. (Received July 5, 1949.) 


493. Herman Rubin: Postulates for the existence of measurable 
uinhiy and pyschological probability. 


Von Neumann and Morgenstern in Theory of games and economic behavior ehow 
that under certain axioms a rational man will maximize a function, called the sétsisty 
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funchon, of probability distributions of future histories of nature. This function is 
unique except for a monotonic linear transformation. The present paper considers, 
instead of distributions of future states of nature, prospects, that is, functions from 
the present state to them. It is assumed that prospects are partially ordered, that 
given any two prospects, a rational man can select a unique random combination of 
them which he prefers, that if he cannot influence the consequences of a random 
event E, his choice will be independent of E, and that if a prospect is between two 
others, it is equivalent to a random combination of them. These postulates yield a 
utility function. If it is further assumed that every value of a prospect is the value of a 
constant prospect, then we can map the prospects linearly into real-valued functions 
on the states of nature. If these functions form a lattice, and utility of a prospect is 
monotone, then a rational man will act as if he believes in psychological probability. 
(Received July 16, 1949.) 


4945. Peter Scherk: Decomposition of orthogonalities inio sym- 
metres. 


Let 4, G, T denote » Xx matrices over a field of characteristic +2, The fixed ma- 
trix G is assumed to be regular and symmetric. T is called orthogonal if T’GT =G. If 
A is orthogonal and rank (A —D =1, A is called a symmetry [I =unit matrix]. From 
a theorem by Cartan every orthogonality can be decomposed into a product of or 
less than » symmetries [cf. Dieudonné, Sur les groupes classiques, Actualités Scien- 
tifiques et Industrelles, no, 1040, 1948, pp. 20-22]. Let m=rank (7--I). The author 
proves: If G(T —J) is not skew-symmetric, then T can be written as a product of m 
but not less than m symmetries. If G(I'~JZ) is skew-symmetric, then m Sn/2—and, 
of course, m=0 (mod 2)—~and this minimum number is equal to m+2. This excep- 
tional case is studied in detail. (Received July 11, 1949.) 


495. M. F. Smiley: Special alternative rings. 


A study, initiated ina previous paper (Ann. of Math. (2) vol. 49 (1948) pp. 702- 
709), of the possibility of extending Jacobson’s structure theory of associative rings 
(Amer. J. Math. vol. 67 (1945) pp. 300-320) to alternative rings is continued. An alter- 
native ring A is called special if for every a, b, cA, the equation a(bc) — (ab)c =x+ax 
has a solution xCA. It is proved that a special alternative ring has sero Jacobson radical 
sf and only tf st isa subdirect sum of special primitive alternative rings. As a prelininary 
result it is shown that the Jacobson radical of a special alternative ring is the inter- 
section of the family of regular maximal right ideals (cf. I. Kaplanaky, Ann. of Math. 
(2) vol. 49 (1948) p. 692). Special alternative rings include all direct sums whose sum- 
mands are associative rings, alternative division rings, or alternative radical rings. 
However, the Cayley-Dickson algebra, called a vector-matrix algebra by Zorn (Abh. 
Math. Sem. Hamburgischen Univ. vol. 8 (1930) p. nopi is not a special alternative 
ring. (Received July 12, 1949.) 


496. Alfred Tarski: A fixpoint theorem for lattices and its applica- 
tions. Preliminary report. 


Let Z be a complete lattice with inclusion relation S$, and F(L) the family of 
all i increasing functions on L to L. Theorem I. (i) Given fC F(L), the set S of allxEL 
with f(x) =x is nonempty and forms a complete lattice under S. (ii) The conclusion still 
holds if, G being a commutative subfamily of F(L) (fg=gf for all f, eG), S is the set of 
all «ZL with f(x) =x for every fEG. Taking for L a closed interval of real numbers, 
I(i) is improved: Theorem II. If f, g are real functions on [a, b], f increasing, g con- 
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tinuous, f(a)—»g(a), and f(b) Se(b), then the set S of all xE la, b] with f(x) =g(x) és 
nonempty, continuously ordered, and has a minimum and a maximum. Taking for La 
complete Boolean algebra, I(i) leads to: Theorem III. Given a, BEL and f, g=F(L), 
there are c, dL with f(a—c) =d and g(b—d) =c. Several theorems on equality of set 
power (for example, Cantor-Bernstein theorem, mean value theorem) reduce directly 
to ITI. I, HI are applicable to topological functions (closure, derivative, and so forth); 
for example, I gives the familiar theorem: every closed set has a largest perfect subset. 
Theorems I-III were found in 1939; I(i), III improve earlier results of Knaster- 
Tarski (Annales de la Société Polonaise de Mathématique vol. 6, p. 133). (Received 
June 27, 1949.) 


497. R. M. Thrall: On projectivtites in a fintte-dimensional modular 
lattice. Preliminary report. 


It is well known that any non-distributive modular lattice L contains at least one 
sublattice isomorphic to the five-element lattice {r, s, t, 1, w} where r=sf \i=sf \u 
=if\uand vs Jim s\ Ju tly, Any such sublattice is called a projective root in L; 
if, in particular, s covers r, the sublattice is called a prime objective root (p.p.r.). The 
relationship between the set of p.p.r.’s and the set of projective prime quotients in L 
is studied, and a canonical form for projectivities is obtained. A Galois correspondence 
is set up between sublattices L of the lattice N of all subspaces of an n-dimensional 
vector space V and subalgebras A of the algebra T of all linear transformations on V. 
It is shown that the closed elements L under this correspondence possess a property 
called projective closure which is defined in terms of linear transformations induced by 
projectivities in L., (Received July 23, 1949.) 


498. Leonard Tornheim: Lattice packings in the plane without cross- 
ing arcs. 


It is known that the non-overlapping lattice packings of an open set X, or its clo- 
sure K, are in one-to-one correspondence with the admissible lattices of K—K, the 
set of points which are the difference of two points in K. For sets J which are composed 
of a finite number of arcs and open sets (or their closures), conditions on the set 
J-J are found so that a lattice arrangement of J be non-overlapping, have no arcs 
intersect open sets, and have no arcs cross. One of these conditions results from the 
fact that the set c—d, where c and d are two crossing arcs, contains a neighborhood of 
the origin. (Received July 20, 1949.) 


499. L. R. Wilcox: On a certain relational equation. 


Let S bea finite set and, for every binary relation X on SX, let X, be the smallest 
transitive relation containing X. The following results are obtained concerning the 
equation X,;~R, where R is a given transitive relation. If R is a partial ordering, the 
solutions X are exactly those relations for which Ro CX CR, Re being the prime 
subrelation of R (aReb in case aRb and no c exists with aRc, cRb). If R is the universal 
relation SX.S, then every symmetric solution X is of the form Y+ ¥*, where Y is the 
prime subrelation of a suitable partial ordering (Y* being the transpose of Y). All 
nonsymmetric solutions are obtained in the form Y-+Z with Z C Y*. A characteriza- 
tion is given for the relations Y and Z which yield solutions. Finally, if Ris an equiva- 
lence relation, the problem is easily reduced to the preceding case (even if S is infinite). 
(Received July 18, 1949.) 
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ANALYSIS 


500. Joshua Barlaz: A generalisation of the Toeplitz problem of 
summability. 


Let A and B be two linear sequence-to-sequence summability methods applied to 
a series )_a,. With certain conditions on 4 and B, the author proves that if > a. is 
A-summable, then the B transform of } aa is also A-summable. (In the Toeplitz 
problem, A is the identity transform.) The results of St. Mazur (Math. Zeit. vol. 28 
(1928) p. 599), determining conditions for one summability method to be more 
powerful than another, are used. A systematic application of the results is made to 
Norlund means and to some Riesz means. Special theorems where A is a sequence- 
to-function transform are also obtained. (Received July 14, 1949.) 


501. E. F. Beckenbach: A class of mean value functions. 


For a set of positive values (41, dz, * * > , Ga), a mean value function is defined by 
Ni(a)m Dia'/d a, , and its properties are investigated. It is shown in particular 
that Nla) increases continuously from min (a) to max (a) as t increases from — © 
to +, and that 9t,(a) satisfies the triangle inequality for 14S2, and satisfies the 
game inequality with sign reversed for 0 $¢S1. (Received July 14, 1949.) 


502%. Lipman Bers: The expansion theorem for sigma-monogentc 
functions. 


A Z-monogenic function f=u(x, y)-++t0(x, y) is a complex-valued function f 
zu(x, y)-+-su(x, y) such that u and v satisfy the equations (1) o1(x)us=71(y) ty, 
o2(%) ty = —12(y)0, (oyoxrit2 >0). Special Z-monogenic functions, called “formal pow- 
ers,” can be obtained by quadratures (L. Bers and A. Gelbart., Trans. Amer. Math. 
Soc. vol. 56 (1944) pp. 67-93). The expansion theorem states that in the neighborhood 
of a point of regularity any Z-monogenic function can be expanded ina “formal power 
series.” This has been proved previously (loc. cit.) under the hypothesis that o,(x), 
7,(y) are analytic functions. In the present paper the proof is given for the case 
where these functions are twice continuously differentiable. The expansion theorem 
leads to very precise information on the regularity properties of solutions of elliptic 
partial differential equations. Example: if f(E C’, then any solution of Au+f(y)u,=0 
is analytic in x. (Received July 18, 1949.) 


503. H. D. Block: An integral transformation. Preliminary report. 


Consider the family (s=0, 1, 2,- ++) of integral transformations on a suitable 
function g(y), defined by fa(x, &)</",[2—y|*e*=7Ig(y)dy=Lale(y)]. Since 
fasta, k)=Lale(y+a)], Dafa(x, k) =Ln{[Dyg(y)] if eE C, EC in sections. Corre- 
sponding formulas are given if g(y),g’(y) have finite jumps,and so on. Fora fixed value 
of k we have for the successive application Lw(Le) = 2,7 ,Cau((m-+4)!/(2k)=t#*1) 
nat 200m HIIR) La + (misl (nn +1) Degas = Ln(Lm). For 
computation of the iterated kernels this formula may be simplified. Note also that L, 
can be written as a linear combination of the iterates of Lo. This shows that all the 
eigen-functions of Lp are eigen-functions of La (continuous spectrum). From previous 
results on the corresponding integra] equations the converse is not true. These results 
also give the inversion of the transform (k fixed). Allowing & to vary one has the in- 
version formula Lim: (k*t!/2!) Ln [g(y) ] =g(x-+) +g(x—), thus restricting the class 
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of possible transform functions. Further properties of the transformation are being 
studied, (Received July 18, 1949.) 


5044. A. P. Calderón: On a theorem of Marcinkiewics and Zygmund. 


Let F(x, Xa ° °°, £a) be a function harmonic for x.>0 and x, x2, °° +, Xaa 
arbitrary. Suppose that every point of a measurable set E of x, 0 is the vertex of a 
cone, otherwise contained in x, >0, where the function is bounded for x, small. Then, 
for almost every point Q of E, the integral of x_*** grad? F extended over any non- 
tangential neighborhood of Q is finite. This generalizes a result of Marcinkiewicz and 
Zygmund concerning harmonic functions of two variables. (Received August 2, 
1949.) 


5054. A. P. Calderón: On the behaviour of harmonic functions at the 
boundary. 


(1) Let F(x, y, 3) be a harmonic function for 2>0 and x, y arbitrary. Suppose that 
for every point (x, y, 0) belonging toa set E of positive two-dimensional measure there 
is a cone with vertex at that point and otherwise contained in the half-space s>0, 
and such that within the cone and near to the point F is bounded. Then at almost 
every point of E the function F has a non-tangential limit. This is an extension to 
three dimensions of a well known result of Priwaloff. The proof holds for any num- 
ber of dimensions, and is extensible to functions harmonic in groups of variables and in 
particular to regular functions of several complex variables. (2) Let F(2:, #2), where 
2x1 +491, =m, be regular for 4,>0, »>0. Then at almost every point 
(x1, x3) of the plane yı =34=0, either the function has a finite non-tangential limit, or 
the range of the values of F at every non-tangential neighborhood of (xı, xa) is dense 
in the whole complex plane. Again this result is valid for regular functions of » com- 
plex variables. For »=1 it reduces to a well known result of Plessner. (Received 
August 2, 1949.) 


506%. M. M. Day: Means and ergodicity of semigroups. 


A bounded semi-group § of linear operators from a Banach space B to itself is 
called ergodic if there exists a directedsystemc/ of averages A such that lima (AS—A) 
=lims (SA —A)=0 for every Sin S ; we have three strengths of ergodicity of § ac- 
cording as uniform, strong, or weak convergence is used in the operator algebra. It 
is shown that weak ergodicity of every bounded representation of £ is equivalent to 
weak ergodicity of the right and left representations of £ by right and left translations 
on m(Z), and equivalent to 2 amenable (see abstract 507). Uniform ergodicity is 
similarly related to strong amenability of 3. (Received July 5, 1949.) 


507. M. M. Day: Means on semigroups and groups. 


A mean u on a semigroup 2 is a positive linear functional of norm one on the space 
m(Z) of bounded, real-valued functions on FX. E ie called amenable if there exists a 
p-invariant under all right- and left-translations by elements of £. Theorem 1. If Z is 
the union of an expanding directed system of amenable subsemigroups, then 2 is 
amenable. Theorem 2. If G is a group and there is a left-invariant mean, then G is 
amenable. Theorem 3. If G is a group and H a normal subgroup of G, and if Hand 
G/H are amenable, so is G. Results like Theorems 2 and 3 also hold if amenability is 
replaced by strong amenability: G is strongly amenable if there exists a directed system 
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T of finite means y such that limyer || Ty—||,, =0 for every right- or left-translation 
T of h(G). (Received July 5, 1949.) 


508. Aryeh Dvoretzky: Bounds for the coeficient of univalent func- 
hons. 

Let (1) f(s) s+ags?-+ +++ +048°+ + - + be regular and univalent in |z] <1 and 
denote by W the domain in the w-plane onto which |a] <1 is mapped through w=/(s). 
It is well known that, as #n— œ, always ana =0(n) while a, =o(n""?) whenever W is 
bounded. This and similar facts suggest that limitations of a geometrical nature on 
the “extension” of W affect strongly the growth of the coefficients of f(t). However this 
“extension” has little to do with the area of W. In the present paper it is gauged by 
means of the function A(R) =maxıy_z minw ¢-w|w’—w|, that is, the radius of the 
largest circle with center on |w| =R the whole interior of which is contained in W. 
A(R) is continuous for all OS R< œ and satisfies OS A(R) SR+1. A general result 
giving bounds for a, in terms of A(R) is obtained. We quote here two very special 
applications: (1) There exists a finite positive contant K such that lim sup. |aa|/n 
SKI holds for all functions (1) satisfying lim supp, A(R)/RSL. (2) If Wis such that 
it does not fully cover arbitrarily large circles, then 0, =o (log n) as n— ©. The meth- 
ods extend to p-valent or mean -valent functions and the results may be strengthened 
when special classes of univalent functions are considered. (Received July 15, 1959.) 


509. W. F. Eberlein: Banach-Hausdorff limits. I. 


A Banach-Hausdorff (B-H) functional is defined to be a linear functional L(x) on 
the space m of bounded real sequences x which satisfies the four conditions for the 
ordinary Banach limit and, in addition, the fifth condition: L(Hx)=L(x), where H is 
any regular Hausdorff transformation. The existence and structure of B-H func- 
tionals is determined, plus the domain of uniqueness—that is, the class of sequences 
x on which all B-H functionals coincide. (Received August 30, 1949.) 


510. G. C. Evans: An infinitely-valved harmonic function with branch 
curves of order two. Preliminary report. 


Given two closed curves in space, s1, 53, capped respectively by surface filma Dı, Ds 
of negligible surface tension, which are conductors, what positions will those surfaces 
assume if they are held respectively at potentials V; and V3? The space is equivalent 
topologically to one in which the curves are distinct unlinked circles: the curves are of 
zero capacity. Let H bean infinitely leaved space of which the leaves H? are pinned 
together in pairs alternately on sı, $3 as branch curves, H> with Ht! on sı, and with 
HF on ss, — 0 << w; and v{M) be uniform and harmonic on H, bounded on 
{A} for } bounded, with preassigned values at ~, o(24%*)—3+22( Vi ~ Va), (Mt) 
—2V1+2h(Vi-—- Va). Such functions exist with arbitrary values k, on Hf at © provided 
that the series >> |4,|ml‘l, from — œ to +», converges for m a certain constant 
less than 1, and are uniquely determined in a class of functions which do not increase 
too rapidly with |j]. The Dı and Ds are respectively the loci v( M°) =9(M") and 
v( M?) =v( Mt) and are bounded unless V; or Va vanishes. The H degenerates into a 
finite number of leaves, in that case two, if and only if Yı= V}. (Received July 18, 
1949.) 


511%. L. Fejér and Gabor Szegö: On special conformal mappings. 
1. Two proofs are given for the following theorem. Let f(s) =u(r, #)-Hiv(r, 6) be 
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regular for r SR, real for real z, and du(r, 0)/30 <0 for r=R, 0<#<r. Then for the 
game r and 6 we have v(r, 0) >0. 2. Let %_, dur* sin n0 >0 for r=1, 0<0<-x. Then the 
same is true for r<1, 0O<#<r. This assertion is generalized by replacing r” by An 
where the sequence ree is monotonic of order 4. 3. Let SY’(z) be the Cesäro sum of 
order & and degree n of the geometric series Doo". Writing Sa (e7) = tin (0) +-iv,(6), 
one has (t,(6) — ttn(0)) Um (0) — uin (O)un(8) = (n +1)(1 ~cos 0) (Paa (Cos (6/2)))2/2. 

Moreover „writing S, (64) ma tta (0) 132(0) one has tas (u) —uL (vi (8) 
= (1-2) (Po, (cos (8/2)))2/3. Here P™, denotes the ultraspherical polynomials, 
that is, the coefficient of w*l in the non of (1—2 cos (9/2) w-+w?)>. These 
~ results are refinements of certain results of Egerväry (Math. Zeit. vol. 42 (1937)). 
4. A power series f(z) is constructed with totally monotonic coefficients such that the 
mapping w=f(z) of the unit circle is not convex. (Received July 27, 1949,) 


512. D. B. Goodner: Projections in normed linear spaces. 


A normed linear space X has property P,, s21, if and only if for every normed 
linear space Y containing X there is a projection T, ||T||<s, of Y onto X. Theorem 1. 
If a normed linear space X has property P: and an extreme point on its unit sphere 
C, then X is equivalent to the space of real-valued continuous functions on some 
extremally disconnected compact Hausdorff space H. Theorem 2. If an abstract (M)- 
space has property P, then it has a unit element. (Received July 14, 1949.) 


5137. L. M. Graves: On the definition of generalized curves. 


Let [= [0<t31], E be a Euclidean space, and S the unit sphere in Æ, Let H= [all 
F(y, 7) continuous for y€ E, rÆ S]. A representation p consists of a point y(0) in E and 
a real function v(t, F) on IXH, such that: 1) v(t, F) is A.C. on I; 2) v(t, F) is linear 
on H; 3) if F20, v(t, F) is nondecreasing in $; 4) v(0, F} =0; 5) if Fy(r)emr', y*() = y*(0) 
--o(é, Fi), and F(y(t),r) =0 forrE S, h Sih, then v(t, F) is constant oni StSh. Let 
x consist of all 6(¢) which are increasing, quasilinear, and map J into itself, Let Hı con- 
sist of all Fin H which satisfy a Lipschitz condition with constant one and | F(y, r)| 
$1. For two representations p = (yı(0), 1), pa = (92(0), m), letß(n, m, 6) =Lu.b. |u(t, F) 
—v3(0(), F)| for I, FEE), and let the distance öfpı, ps) = n(0) -n(0)]| +g.l.b. 
A(t, m, 0) for alldör. A generalized curve is a class of representations whose mutual 
distances are zero. In the space of generalized curves, the desired compactness theo- 
rem now follows at once from the theorem of Ascoli for mappings between compact 
metric spaces. There is a correspondence between the representations introduced 
here and those used by McShane (Duke Math. J. vol. 6 (1940) pp. 513-536). The 
approach outlined here gives a simpler aspect to the basic part of the theory. (Re- 
ceived July 18, 1949.) 


514. William Gustin: On decompostiton of an interval inio finitely 
many congruent sets. 

Let G be an additive subgroup of the real numbers; and let J be an interval of G. 
It is shown that if J can be decomposed into a finite number (>1) of congruent dis- 
joint subsets, then J can also be decomposed into a finite number (>1) of congruent 
disjoint intervals. As a consequence no open or closed interval of real numbers can be 
decomposed into finitely many disjoint congruent sets, (Received July 14, 1949.) 


515. Fritz Herzog and George Piranian: Sets of convergence of 
Taylor series. 
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Let >. ,¢,8" be a Taylor series of radius of convergence one. The totality of those 
points on the unit circle C at which the Taylor series converges will be called its set 
of convergence. It was shown by Neder that every closed arc on C is the set of conver- 
gence of some Taylor series. Mazurkiewicz extended this result by showing that every 
closed set on C, as well as every open set on C, is the set of convergence of some 
Taylor series. In the present paper the authors obtain the result that every set of 
type F, on C is the set of convergence of some Taylor series. It is known, on the 
other hand, that every set of convergence is necessarily of type F7s. Another result ob- 
tained in the paper states that if M is any closed set on C, there exists a Taylor series 
which converges unsformly on M and diverges on C— M. This is the best result in the 
sense that if a Taylor series converges uniformly on its set of convergence then this 
set of convergence must necessarily be closed. (Received February 23, 1949.) 


516% Edwin Hewitt and H., S. Zuckerman: Certain rings related to 
locally compact groups. Preliminary report. 


Let G be a locally compact topological group. Let €..(G) be the linear space of all 
complex continuous functions on G each of which vanishes outside of some compact 
set. Let U, be an irreducible weakly continuous representation of G by unitary 
operators U, on a Hilbert space $ having an orthonormal basis {¢,}, vET. Let 
A(G) be the set of all linear combinations of functions (Uszy, ds), for all possible 
representations ++ U, of the type described. Let R.u(G) be the set of all complex linear 
functionals on €...(G) which are continuous in the uniform topology for €..(G); let 
S .(G) be the set of all complex linear functionals on A(G) continuous in the uniform 
topology for A(G); and let S.(G) be the set of all complex linear functionals on A(G) 
continuous in the norm ||| I; ,@/,||| = &;_,| |. Each of these sets of functionals be- 
comes a ring under the usual definition of sum and under the definition MN(f) 
= [fax af(xy)du(x)dy(y), where u and » are the measures corresponding to M and N 
respectively. All three rings are extensions of the L,-algebra of G, containing this alge- 
bra as a closed two-sided ideal. All three rings contain isomorphs of G, are commuta- 
tive if and only if G is Abelian, and have identity elements. If all the representations 
x-->U, described above are finite-dimensional, then R,(G) and § «(G) have the prop- 
erty that the intersection of all maximal two-sided ideals is the nil-ideal. R.(G), 
© «(G), and Ss(G) all have nil Jacobson radical. The complete structure of maximal 
ideals is described for certain special cases. (Received September 8, 1949.) 


517. Edwin Hewitt and H. S. Zuckerman: Certain rings related to 
locally compact rings. Preliminary report. 


Let G be a locally compact topological group. Let €..(G) be the linear space of 
all complex continuous functions on G each of which vanishes outside of some compact 
set. Let <>U, be an irreducible weakly continuous representation of G by unitary 
operators U, on a Hilbert space X having an orthonormal basis {$,},cr. Let A(G) 
be the set of all linear combinations of functions (Us¢y,, $7,), for all possible repre- 
sentations x— U; of the kind described. Let R(G) be the set of all complex linear func- 
tionals on &.u(G) which are linear combinations of non-negative functionals; let 
R.(G) be the set of all functions in R(G) continuous in the uniform topology for 
&.u(G); let S „(G) be the set of all complex linear functionals on A(G) which are con- 
tinuous in the uniform topology for A(G); and letS a (G) be the set of all complex linear 
functionals on A(G) continuous in the norm |||} fıll|= I. |&|- Each of these 
sets of functionals becomes a ring under the definitions MN (f) = {fe xaf(xy)du(x)dv(y) 
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where „and » are the measures corresponding to M and N respectively, and (M-+-N)(f) 
= M(f)+N(/). IEG is compact, then R(G) = R.(G) =S,(G), while Sa(G) is in gen- 
eral a super-ring of the others. All four rings are extensions of the L,-algebra Li (G); 
in the uniform topologies for Ru(G), Su(G), and $«(G), L(G) is closed. All four of 
the rings under discussion contain isomorphs of G, are commutative if and only if G 
is Abelian, and have identity elements. R.(G),S «(G), and § «(G) have zero Jacobson 
radical. The complete structure of maximal ideals is described for particular cases. 
(Received July 8, 1949.) 


518t. Einar Hille: On the differentiability of semi-group operators. 


Let T(t) be a semi-group operator such that (i) T(+&) =7(&)T(&), (ii) ITO 
si, (ii) lime» (Ẹ)x "x for all x in the operand space and let A be its infinitesimal 
generator with resolvent R(A; A) existing at least for R(A) <0. T’(t)™AT(E) is 
ordinarily unbounded; this note contains a study of what conditions must hold in 
order that 7’(£) shall exist as a bounded operator for each <0. If T’(£o) is bounded, 
so is T)(£) for ento n=1, 2, 3, +++. Lower limits may be found for the rate of 
growth of g(£) = || T” Ol as &~0 but no upper ones. Knowing g(t) we can estimate the 
distance 8(r) of the spectrum of A from the points of the line RA) =1. In particular, 
if log g(f)EL(O, 1), then R(r) =|| R +r; A|| I+ || EL(- ©, ©). Conversely, 
if Rr)&L(—-», ©) and ö(r) is fairly regular, then 7(£) has bounded derivatives of 
all orders for §<0. (Received August 16, 1949.) 


519. Einar Hille: On the integration problem for Fokker-Planck’s 
equation in the theory of stochastic processes. 


A temporally homogeneous one-parameter stochastic process leads to the partial 
differential equation [b(x) U]es—[a(x) U].=U; where b(x)>0. The integration prob- 
lem consists in finding for what functions a(x) and h(x) the equation has a unique 
solution U(x, #), t>0, in L(— ©, œ) which converges in the mean of order one toa 
preassigned function g(x) in L(— œ, ©) when #0. K. Yosida has recently shown that 
this problem is equivalent to finding when the differential operator A[f] = [d(x) 
F(x) |” — [a(x)f(x) |’ generates a semi-group of translation operators in L(— œ, ©). 
The present paper gives a simplified discussion of the problem and leads to less re- 
strictive conditions than those of Yosida. A[f] generates contraction operators if 
merely b’’(x)—a’(x) is bounded above. If in addition, for instance, |5’(x) —a(x)| 
SK(|x| -+-1) and the integral of ¢/b(#) diverges over the ranges (— ©, 0) and (0, œ), 
then the equation defines a stochastic process. (Received August 16, 1949.) 


520%. Shizuo Kakutani: Concrete representation of Brownian mo- 
“ions. 


Let (Q, B, a) be a probability space (that is, a measure space with y(Q) =1), and 
(S, M, m) a measure space with m(S)S œ. Let Mo= { M| MEM, 0<m(M) < œ}. A 
real-valued function x(M, w)(ME Mo, „EN) is a generalized Brownian motion if (i) 
for any fixed MEM, zulo) =x(M, w) is a Gauss function (that is, measurable in w 
and has a Gaussian distribution with mean 0) with variance m(M), (ii) if M: 
kewi,+*+, a, are disjoint, then x(M»m œ), R=1,--+, n, are independent and 
(Ut Ma, ©) =D, (Mb, w) a.e. on Q. If (S, M, m) is the ordinary Lebesgue meas- 
ure space on the infinite real line S= {s| — © <s<  }, and if we consider only finite 
intervals J = {sla<sqb} as MC Mo, then x(M, w) isa Brownian motion in the sense 
of N. Weiner. It is shown that every generalized Brownian motion determines a linear 
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and isometric embedding f(s)—x;(w) of Z°(S) into L*(Q) as a Gauss subspace (that is, 
a closed linear subspace of L*(Q) consisting only of Gauss functions) such that fu(s) 
—x(M, w), where fw(s) is the characteristic function of M. Conversely, every such 
embedding of £*(S) into Z2(Q) determines a generalized Brownian motion. Properties 
of Brownian motions are discussed by using this concrete representation. (Received 
July 14, 1949.) 


521%. Shizuo Kakutani: Determination of the spectral type of the 
flow of Brownian motion. 


Let x(M, w) be a generalized Brownian motion as defined in the preceding ab- 
stract. Assume that the ring generated by {a(w)| MC Do} is dense in Z0). Then, 
for any flow (= one-parameter group of measure preserving transformations) {Y.(s) } 
on (S, Dt, m), there corresponds a flow EXOR on (2, H, #) such that s(a, w) 
=x(M, dılw)) a.e. on O for any MEP and for any t. If (S, Dt, m) is the ordinary Le- 
besgue measure space on the infinite real line $= {s| —o<cs< wo } and if yıls)=s-Hi, 
then the corresponding flow {¢:} is the flow of Brownian motion discussed by N. 
Wiener. The main purpose of this paper is to determine the spectral type of the one- 
parameter group of unitary transformations { U t} defined on L4(Q) by Uix(w) 
= ¢(¢:(w)). It is shown that L(A) is decomposed intoa direct sum of a countable num- 
ber of closed linear subspaces M,, called the homogeneous chaos of order n, each Ma 
invariant under U;, in such a way that {Ue} on Dl, is spectrally isomorphic with 
{Vi} on (S), where (S) is the L*-space of all real-valued measurable func- 


tions f(s1,°°*, Sa) defined on SM = SX +++ XS (n times) and symmetric in its n 
variables, such that [/sx---xs|f(su * su) ]?dsı- © + dsn < oo, and{V™ }on (S) 
is defined by Vi"f(s1,-- +, Sa) =f(¥s(s1), «++, WelSn)). This determines completely 


the spectrum of {U;}. The construction of the homogeneous chaos Wt, is obtained 
by using the Hermite polynomials Halu, o) = (nl) (1), (rer ) ds (6 #4") /du* and 
an essential use is made of the following functional relation: H,(u-+-v, o-+1) 
m), (tt, ©) Hy-s(0, 7). (Received July 14, 1949.) 


522. R. E. Lane: Foundations of the theory of continued fractions. 1. 


The author lays the foundations for a general theory of the continued fraction 
with bounded sequence {fa}, of approximants by establishing the existence of a nest 
Rays of finite circular regions such that (i) for each positive integer, #, Ra is the small- 
est circular region containing f,.1 and Rayı and (ii) the region R common to all of the 
R, is the smallest circular region which contains all sequential limit points of {f,}>. 
This fundamental result implies, for example, that every convergent continued frac- 
tion is positive definite or can be transformed, by a contraction and an equivalence 
transformation, into a positive definite continued fraction. The theorem provides a 
sequence of inequalities, each involving a partial numerator and two partial denomi- 
nators of the continued fraction, necessary and sufficient for the sequence {fa}, to be 
bounded. In addition, it provides a relatively simple algebraic condition which is 
necessary and sufficient for convergence. (Received July 18, 1949.) 


523. C. E. Langenhop and A. B. Farnell: The extstence of forced 
pertodtc solutions of second order differential equations near certain 
equilibrium points of the unforced equation. 

The equation x-+ai+x+2x*=% cos of, a>0, &>0, is discussed in detail. This 
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equation is replaced by a system (t=, J=f(x, y, &)) the solutions of which define a 
mapping T of the (x, y) plane into itself. This mapping is obtained by replacing t by 
i+2r/w in every solution of the system. For $ sufficiently small a closed convex re- 
gion Q can be constructed from the solutions of certain associated linear systems so 
that Q is mapped into itself under T. Brouwer’s fixed point theorem is then utilized 
to assert the existence of at least one periodic solution of the system in Q. Another 
region surrounding Q is obtained and its boundary is shown to have the index zero 
with respect to the vector field [PoPı | *(Pı=TPo), which implies the existence of 
another periodic solution in #— Q. The method of obtaining Q above is then extended 
to prove that for & sufficiently small there are periodic solutions of the equation 
x -+f(x)t-+-g(x) = ke(t) in the neighborhood of points (v=ox, ¢=0) such that g(x) =0, 
g (xo) >0, f(xo) 0, if f(x), g(x), e(t) are analytic and e(t) is periodic. (Received June 
27, 1949.) 


524t. Joseph Lehner: Note on power series with integral coeficients. 


H. Graetzer has proved (J. London Math. Soc. (1947) pp. 90-92) that any 
complex number xo with [x | <1 is a root of a power series with rational integral 
coefficients and radius of convergence unity. The author proves the following general- 
ization: Let E be a definite or countable set of complex numbers all lying in the in- 
terior of the unit circle; E is the set of complex conjugates. E shall have no limit points 
interior to the unit circle. Then there is a power series, with rational integral coeffi- 
cients and radius of convergence unity, which vanishes on E and E, and nowhere else 
inside the unit circle. (Received July 11, 1949,) 


525}. Walter Leighton: On the detection of the oscillation of solutions 
of a second order linear differential equation. 


The principal result of this paper is the following: Let (1) (r(x)9’)'+p(x)y=0 bea 
differential equation in which r, r’, and $ are continuous and r>0 on 0<x< œ. 
If p(%)>0 near x= +% and if fPr-Mx=/T pdx= + ©, every solution of (1) has an 
infinity of zeros on the interval 1<x< œ. Similarly, if p>O near «0+ and if 
fr dx= [ip dx= + æ, every solution of (1) has an infinity of zeros on the interval 
0<x<1. The paper will be published in the Duke Mathematical Journal. (Received 
July 15, 1949.) 


526. C. B. Morrey: Quasi-convexity and the lower semicontunuity of 
double integrals. 


Assume f(u, v, x, p, q) =x, °* +, 2”) continuous, Da domain, I(x, D) the double 
integral of f. $(p,g) is called guast-convex if linear functions minimize its integral. The 
following are proved: (1) A necessary and sufficient condition that I(x, D) Slim inf 
I(x,, D) whenever x, x with Ixus and | xno uniformly bounded is that f be quasi- 
convex in (p, q). (2) A necessary condition that f be quasi-convex in (p, q) is that 
flo, 90, Xo, PoP AE, q+uE) be convex in Eand in (A, «); if f is of class C, this is the 
Weierstrass condition. (3) A sufficient condition that ¢(p, q) be quasi-convex in 
(p, q) is that, for each (po, qo), there are constants Ay, B, and C,(C,,= —C,,) such 
that (pot, gotn) 2¢(po, go) +Aat*+Ban"+Capt*n’. (4) If f is quasi-convex, of 
class C’, and homogeneous of degree 2 in (p, q) with m(p?+q") Sf SM(p"+q") (m>0) 
then I(x, D) is lower-semi-continuous with respect to weak convergence in P2. (5) 
With the hypotheses in (4), there is a continuous minimizing vector with given bound- 
ary values. (1) and (2) generalize to -tuple integrals, (Received July 18, 1949.) 
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527%. Helen K. Nickerson: On overconvergence of Dirichlet series. 


Let f(s), where s=r+s#, denote the function defined by the Dirichlet series 
2 ün exp(—Ans) (assumed to have finite abscissa of ordinary convergence) and 
its analytic extension. For each integer r>1 an absolutely convergent integral for- 
mula is derived, representing the partial sums (remainders) of the series in the half- 
plane e S nile >n), where f(s) is regular and oclıl® i in e >n» and r >k. Abscissae np 
surely exist for kz 1. These formulae are used to prove the following theorem: If 
J=lim supp.o(1/An,) log [1/ Ant day) [<+ œ, then the partial sums corresponding 
to the indices {np} converge to f(s) in the half- alane o>ns+kl, for each value of &, 
uniformly on any closed bounded subset. Thus, if /=0 for a suitable subsequence of 
indices, f(s) can be represented by a sequence of partial sums in the entire half-plane 
in which it is regular and of finite order; overconvergence due to Ostrowski gaps in the 
sequence of exponents {ra} extends to this half-plane (and not merely to a suitable 
neighborhood of each point of the line of convergence in which the limit function is 
regular). (Received July 18, 1949.) 


528. Helen K. Nickerson: On overconvergence of general series. 


The method of harmonic majorants, used by Bourion in the study of overcon- 
vergence for Taylor’s series and by Walsh for general sequences with the same order 
of convergence as geometric series, is extended to more general series for which the 
convergence is weaker, as indicated by Bourion for Dirichlet series. In the general case 
the following results hold: overconvergence, when it occurs, is not local but extends 
to all points of the boundary of the region of convergence in which the limit function 
is regular (with exceptions possible in the case that the domain of convergence con- 
sists of two or more regions); the Ostrowski “gap” hypothesis, or a suitable analogue, 
implies overconvergence at all regular points of the boundary of the region of con- 
vergence (analogue of Hadamard gap theorem as corollary); non-gap overconvergence 
must, if the subsequence is not too sparse, occur at all points of the boundary of the 
region of convergence. The hypotheses used can be verified not only for Dirichlet 
series and factorial series, but also for Hermitian series, series of Laguerre poly- 
nomials, generalized factorial series and Newton series, a class of series studied by 
Carmichael, and the “generalized” Dirichlet series studied by Greenwood. (Received 
July 18, 1949.) 


529. Ruth E. O'Donnell: A note on the location of the zeros of poly- 
nomials. 


Let p(z) =), ax and form the ratios —a,/aa,. (k=0,*--, n—1). If no 
coefficient of p(z) vanishes, then every half-plane containing the origin and at least 
one of the ratios also contains at least one zero of p(z). If one or more of the coeffi- 
cients vanish,then there is at least one zero of p(z) in every half-plane containing the 
origin. If all the ratios lie in @—x/h Sarg s S6-+2/hk (hon), then all the zeros of (zs) 
lie in 0~x[(2~1)/n+1/h] Sarg s S0+r[(n—1)/n+1/h] and all the &-fold zeros of 
p(3) lie in 6 -#|[(n—k)/(n+k+1) +1/h] Sarg sS6+#[(n—k)/(a—-k+1)-+1/h]. (Re- 
ceived August 7, 1949.) 


530. A. M. Ostrowski: On Theodorsen and Garrick’s method of con- 
formal mapping. 


A discussion of convergence features of the method for conformal mapping de- 
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veloped by Theodorsen and Garrick is given. The estimates given by Warschawski in 
the case of a specific initial approximation are further improved and developed under 
general assumptions about the initial approximation and the given contour. The corre- 
sponding convergence and existence theorems are given for a more general integral 
equation. (Received June 29, 1949.) 


531. George Piranian and Barbara Piranian: Analytic theory of 
Nörlund transformations. Preliminary report. 


The convergence field of the Nörlund transformation (N, p) is studied in terms 
of the function represented by the Taylor series (1) > bn 3,. For the cases where (1) 
converges absolutely on the unit circle, a more or less explicit description of the con- 
vergence field is obtained. In particular, this description supplies a negative answer 
to the following question by G. M. Wing: If (N, $) is a regular Nörlund transforma- 
tion stronger than convergence, does there necessarily exist another regular Nörlund 
transformation which is stronger than convergence but weaker than (N, p)? (Re- 
ceived July 16, 1949.) 


532. Tibor Rado and P. V. Reichelderfer: On generalized Ja- 
cobtans, 


Let T be a continuous mapping from a simply connected Jordan region R into 
Euclidean three-space HK, which represents a surface having finite Lebesgue area. 
If Fis a Cartesian frame of reference in Ea, then T gives rise to a series of rectangle 
functions, each of which possesses a derivative almost everywhere in the interior 
Ry of R [T. Radó, Length and area, Amer. Math. Soc. Colloquium Publications, vol. 
30, New York, 1948]. It is known that these derivatives satisfy certain relations at all 
points in RP except those belonging to a set e(T, F) of measure zero and depending 
upon both T and F. The main purpose of this paper is to show that in a number of 
important cases, the set e(T, F) may be replaced by a set e(T} of measure zero and 
independent of F. These results are used to strengthen various theorems in the theory 
of surface area. (Received May 5, 1949.) 


5334. L. L. Rauch: Osctllation of a third order nonlinear autonomous 
system, 


In-the-large properties of the solutions of the system = Ki[f(x) ~(1+Kax—s], 
ym —Ki| f(x) ~x—2], = —Ka(y+s) are considered. Ki, Ka, Ks, and Ky are inde- 
pendent positive constants and the nonlinearity is introduced by the function f(x) 
which is assumed to be continuous and bounded above and below. In addition it is 
assumed that xf(x)20 and that f’(0) exists. When written as a single third-order 
equation in x the system becomes it + [ke-tbsg(x) |x +-Rag’ (x) 22+-2(x)t-+x=0 which 
is a generalization to the third order of Liénard's equation <+g(x)£+x=0. By an 
application of Brouwer’s fixed point theorem in the phase space (coordinates x, y, 
and g) it is proved that a sufficient condition for the existence of at least one period 
solution is f’'(0)>1-+Ke+(1/2Ki) [Ka-+Ks—((Ka—-Ks)? ++4E2K MR] and Ky>5.0Ki 
+9.7K2+2.4KıKı+4.6 SUD- sus. f(x)/x. It is also shown under this condition that 
after a long enough time every solution, with the exception of two singular cases, be- 
comes a nondecaying oscillation which is not too far from the periodic solution or 
solutions in the phase space. It is established that the existence proof still holds when 
the system is generalized to Ai<+[bs+-kag(x) |2-+ hag’ (x)a?+2(x)t-+A(x) =0. (Re- 
ceived July 14, 1949.) 
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534. Francis Regan and Charles Rust: On natural boundartes of a 
generalized Lambert series. 


In this paper the authors are interested in determining conditions of the coefficients 
of the series F(z) = I, (Gndas*)/ (1—an2*) introduced in 1932 by Feld, so that the 
function represented by the series will have a natural boundary. Special cases of this 
series have natural boundaries. If 0, =a”, and if b),w1 or fO<b.SB<», the series 
represents a function which has the circle |s| ~1/|a| as a natural boundary. If aa =a 
and |a| $1 and if bam 1, the series has the unit circle as a natural boundary. If a, is 
such that |. S1 and LUB[|c,|%*]=1, this series and the Lambert series L(z) 
=). (cas) /(1—s*) represent the same function within the unit circle, provided 
[cn] C< œ, where anba=)_ajn5(#/d)> alaca, [S(d) is a generalized Moebius func- 
tion; Doyle, Ann. of Math. vol. 40, p. 357 |. With these conditions a theorem for the 
Feld series analogous to Knopp’s extension of the Franel theorem for the Lambert 
series is established; and we can show that if the sequences Gs and 0, are real and 
0<enC< ©, the unit circle is a natural boundary for the function represented by 
the Feld series. (Received July 15, 1949.) 


535. W. T. Reid: Self-adjoint boundary value problems. 


This paper presents an analysis of self-adjoint boundary value problems consisting 
of a system of first-order linear ordinary differential equations and two-point bound- 
ary conditions, and which are definite, according to either the definition of Bliss 
[Trans. Amer. Math. Soc. vol. 44 (1938) pp. 413-428] or that of the author [Trans. 
Amer. Math. Soc. vol. 52 (1942) pp. 381-425]. In particular, there is given a canonical 
form for such boundary problems. (Received July 18, 1949.) 


536. L. G. Riggs and W. T. Scott: Partially bounded J-fractions. 


Let Y, be a constant such that F,(x) mB nt, — 2207 eter — Yo, for 
all values of xa, where os, Bn, Xa are real. The J-forms F,(x) are called partially 
bounded if lim g.l.b. Ya = Y exists. A sufficient condition for partial boundedness of 
the F(x) is |ep| SA, 8p2B. Application to the J-fraction —K[(—~a)_,/(e+,)) of 
the method of Wall (Bull. Amer. Math. Soc. vol. 52 (1946) pp. 686-693) establishes 
the existence of a uniquely determined convex region corresponding to the J-fraction. 
The J-fraction converges uniformly in any closed region at a positive distance from 
the convex set. (Received July 18, 1949.) 


537. E. K. Ritter: Second differentials of functions in exterior bal- 
listtcs. 


The equations of motion of the mass-center of a projectile ordinarily are integrated 
under simplifying “standard” assumptions, yielding “normal” trajectories as solu- 
tions. Calculation of actual effects of “disturbances” (departures from standard con- 
ditions) is tedious and costly; linear approximations thereto (called “differential 
effects” and based on a theory developed by G. A. Bliss during World War I) are 
more easily computed. In an attempt to meet a need for improved estimates, the 
present paper develops a mathematical theory of second differential effects of dis- 
turbances. It includes: (1) a proof of the existence of a second differential of the 
mapping defined by the equations of motion; (2) a demonstration that this second 
differential is expressible in terms of the second variations of the mass-center co- 
ordinates; and (3) a derivation of the differential system satisfied by these second 
variations. (Received July 22, 1949.) 
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5381. W. W. Rogosinski and Gabor Szegö: Extremum problems on 
non-negative trigonometric polynomials. 


Let Drby sin $0 be a sine-polynomial of degree n which is not identically zero and 
non-negative in 0S$Sr. Let bh=1. Exact bounds are obtained for the coefficients 
ba, bui, da, ba. General methods based on the theory of orthogonal polynomials are 
discussed in order to obtain such bounds in the case of any by, and these methods are 
illustrated by the cases b4 and bs. (Received July 27, 1949.) 


539%. Herman Rubin: An axtomatic approach to integration. 


Let € bea linear space of real-valued functions on a set X, E a positive linear 
functional (called elementary integral) on €. Two cases are considered, according to 
whether for a sequence of positive functions whose sum is greater than some function, 
the sum of their integrals is necessarily greater than the integral of that function, or 
not. ), denotes a countable sum if the first case (countably additive) is assumed, a 
finite sum (finitely additive) otherwise. An JE € is called an eapproximant of gif there 
exist positive Aı such that |f—g| S$) and IE(h1) <e, A function g is termed in- 
tegrable if for every positive e, g has an eapproximant. Let &* be the space of in- 
tegrable functions. Then €* is a lattice if for every fC E, | {| hasa positive «approxi- 
mant for all e. If (X, ©, E) and (F, 7, F) are two such systems, then (YX Y, EXT, 
EX F) is also, and countable additivity and the lattice property are preserved. This 
leads to an elementary proof of Fubini's Theorem in both cases. (Received July 16, 
1949.) 


540. Herman Rubin: Measures and axiomatically defined integrals. 


Let (X, ©, E) bea set, a linear space of functions on X, and an elementary integral 
on Ê. Let E* bea lattice. Then a function 7 is measurable if for any positive gin E*, 
mid (—g, 7, g) isin E*, If 1 is measurable, a measure u can be defined such that the 
integral (in the finitely additive case, of bounded functions vanishing outside a set of 
finite measure) corresponds to p. A somewhat analogous situation prevails if there is 
an everywhere positive measurable function. The measurable sets correspond to the 
open and closed sets of a space (in the sense of A. D. Alexandroff). An unsolved ques- 
tion is whether or not there always exists an everywhere positive measurable function. 


(Received July 16, 1949.) 
541f. Walter Rudin: Integral representation of continuous functions. 


Let P denote a point in the finite plane domain D. Put AF{P) =limy,.o 4(m(F; P, r) 
—F(P))/r?, where m(F; P, r) is the mean of F on the circle of radius r about P. 
A*F, As F are defined likewise, with lim sup, lim inf in place of lim. Let Z be a compact 
set of capacity zero. Theorem I. Let F(P) be continuous in D. Suppose (i) A*F(P) 
>— œ, Ax F(P) <+ œ on D—D-Z; (ii) there is a function y(P), yCL on every closed 
subset of D, such that y(P) SA*F(P) in D. Then AFCL on every closed subset of D, 
and, for almost all P in D, F(P)=—(1/2n)ffeAF(Q) g(P, Q) dQ+H(P), where Risa 
bounded domain whose closure lies in D, and which contains P, g{P, Q) is Green's 
function for R, and H is harmonic in R and assumes the boundary values of F. Asa 
consequence, we obtain: Theorem II. Let u(P) be continuous and subharmonic in 
D. Suppose Asu(P)<+ 0 in D—D-Z, Then, at all points P of D, u(P) 
= — (1/22) ffeAu(Q)g(P, Q)4Q+H(P), where H is the least harmonic majorant of 2 
in R. In comparison with Riesz’s theorem (Acta Math. vol. 54 (1930) p. 350), the 
significance of Theorem I] lies in the appearance of a Lebesgue integral in place of 
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a Stieltjes integral. Analogous results hold in spaces of higher dimension. (Received 
July 18, 1949.) 


542. A. C. Schaeffer: Fourter transforms of approximating functions. 
Preliminary report. 


Let golt) =c, di(t), Bald), - - > denote a set of functions with continuous first order 
derivatives in a finite interval 0 St So such that every continuous function is the limit 
in the mean in this interval of finite sums > a,¢,(t). If p(t) belongs to Ls in 0StSa 
and its Fourier cosine transformation has exclusively real zeros, then there are finite 
sums > _a,¢,(f) which converge in mean to p(t) and whose Fourier cosine transforma- 
tions have only real zeros. The smoothness conditions on the given sequence can 
be relaxed. The result is first proved in the special case in which the set do, ppr, * °° 
is the set of functions cos (yxi/a), » = 0, 1, 2, +--+ , and then in the general case using 
well known properties of entire functions of exponential type. (Received September 
3, 1949.) 


5435. H. M. Schaerf: Determination of non-alomic measures. 


The family of all sets on which a measure m assumes a fixed value is called a Zevel 
Jamily of m. A class L of level families of m is termed bounded if there is a level family 
of m whose sets contain every set belonging to any family in L. A countably additive 
o-finite measure m is called non-atomtc if every set A of positive m-measure contains a 
measurable set B with m(B)+m(A—B)>0, Theorem: A non-atomic measure ts uniquely 
determined (to within a multiplicative constant) by every infinite and bounded class of sts 
level famslies. The proof of this theorem relies on the Uniqueness Theorem in the ab- 
stract 544, General theorems on the uniqueness and structure of invariant measures. 
(Received July 14, 1949.) 


5444. H. M. Schaerf: General theorems on the uniqueness and siruc- 
ture of tnvartani measures. 


A measure m is called invariant under a relation R between some ordered pairs of 
measurable sets if ARB implies m(A) =m(B). It is said to have the intersection prop- 
erty if, for every twosets A, B of positive measure, there are alike sets 4’C_A, B'C B 
with A’RB’. R is called regular if it is an equivalence relation preserving countable 
disjoint partitions. Uniqueness Theorem: In order that a o-finite measure invariant 
under R be unique (lo within a multiplicative constant) i is suficient, and if R ts regular 
also necessary, that every such measure have the intersection property. Structure Theorem: 
If a o-finite measure m invariant under a regular relation Rts unique, then qny two sets 
of equal m-measure are almost congruent by countable partition. Moreover, then the values 
of m either are multiples of a positive number or fill a closed interval with left end point 0. 
(Received July 14, 1949.) 


545%. H. M. Schaerf: Generalization of a theorem of Kakutani and 
Kodaira. 


This paper contains the proof of the following theorem: Let G be an arbitrary 
locally compact topological group. Let S be the smallest u-field of subsets of G which con- 
tains all closed compact Gy-sets. Then the o-field obtained by completing S with respect to 
any left-invartant measure defined in S and finite on some open set contains all closed 
compact subsets of G. This theorem generalizes a result of S. Kakutani and K. Kodaira 
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(Über das Haarsche Mass in der lokal bikompakten Gruppe, Proc. Imp. Acad. Tokyo 
vol. 20 (1944) pp. 444-450). (Received July 14, 1949.) 


546%. H. M. Schaerf: On the uniqueness of Haar’s measure. 


This paper removes all restrictions under which the uniqueness of Haar’s measure 
is proved in the literature (like separability of the space or restriction to Radon meas- 
ures). More generally, it contains the proof of the following theorem: Let G be an 
arbstrary locally compact topological group. Let T be the smallest o-field of subsets of G 
which contains all closed compact subsets of G. Let S be an arbitrary o-field contained in 
T and contatning a complete system of open neighborhoods of every point in G. Then a 
o-finsie left-invariant measure defined in S and finite on some open set is unique (to 
within a multiplicative constant). (Received July 14, 1949.) 


5471. H. M. Schaerf: Uniqueness of an invariant measure in an 
abstract group. 


This paper contains a short and simple proof of the uniqueness of an invariant 
measure in an abstract group under more general assumptions than the ones made in 
A. Weil, L'intégratton dans les groupes topologiques, pp. 148-149. The proof is based 
on the Uniqueness Theorem of Abstract 544. (Received July 14, 1949.) 


5481. Robert Schatten: The space of completely continuous operators 
on a Hilbert space. 


In a Banach space whose elements are (some, not necessarily all) linear bounded 
operators on a Hilbert space, the norm of an element is in general different from its 
bound. In this connection a direct proof of the following theorem is given: Let € 
denote the Banach space of all completely continuous (linear bounded) operators on 
a Hilbert space Q, where the norm of an operator is given by its bound. Then, its first 
adjoint space &* may be interpreted as the trace-class. The trace-class is the Banach 
space of all linear bounded operators A on §, for which > ),((A*A)¥%q,, h) << + 
for a complete orthonormal set (¢,), the last sum which is independent on the chosen 
complete orthonormal set represents the norm of A in €*. Moreover, the second 
adjoint space &** of © may be interpreted as the Banach space of all linear bounded 
operators on § where again the bound of an operator represents its norm. (Received 
June 30, 1949.) 


549%. Annette Sinclair: Generalization of Runge’s theorem to approxi- 
mation by analytic functions. 


Runge’s Theorem on approximation of a function analytic on a closed set by a 
rational function is generalized to approximation on a set S whose components are 
closed and whose sequential limit points are in the complement of S. (A sequential 
limit—e.l.—point is a limit point of some set consisting of one point of each com- 
ponent of S.) The approximating function is analytic except possibly on a preassigned 
set C consisting of (1) the s.l. points and (2) one point of each component of the 
complement of S which contains no s.l. point. If the restriction is placed on the 
function to be approximated that it be nonvanishing on Sand that its logarithm be 
single-valued on S, the approximating function can be required to have not only its 
singularities but also its zeros in C. The approximation obtained is not only uniform 
on S but is such that the closeness of approximation can be preassigned independently 
for each component. (Received July 5, 1949.) 
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550. H. L. Smith: Relative contingent and n-hedra to paths. 


If Po is a limit point of a set E in a Euclidean space and M is a class of vectors 
in that space, then a vector fp is a semi-tangent to Hat Po relative to M if there isin E 
a sequence of points {Pa} which converges to Po and is such that sig w(Pna—Po, M) 
converges to fo, where w(P,—Po, M) denotes the component of the vector Pa—Po 
which is orthogonal to M, and sig w(P,—Po, M) is w(P.—P oe, M) divided by its length 
if w(P.—Po, M) <0 and is 0 otherwise. The contingent to Eat Po relative to M is the 
set of all its semi-tangents at Po relative to M. This concept is used to give an intrinsic 
definition of n-hedron toa path. Conditions necessary and conditions sufficient for the 
existence of such an #-hedron are derived. (Received July 20, 1949.) 


551. E. J. Specht: Estimaies on the mapping function and tts deriva- 
tives in conformal mapping of nearly circular regions. 


Let C denote a simple, closed curve with polar equation p= (¢), OS¢@S27, where 
p($) is positive, continuous, and periodic of period 27. Let the function w f(s) map 
the circle |s| <1 conformally onto the interior of C in such a manner that f(0) =0 
and f’(0) >0. If, for some positive e, 1Sp($#) S1-+eand if there isa positive number M 
such that Ir($+3) —p(¢)| S Meb where 3 is any real number, then there exists a 
constant K which depends only on M such that | f(z) —3| sKe In fact Ksi 
+M(2 log 2+1) if eS1. (This result was stated by A. R. Marchenko in 1935 without 
proof and without a numerical estimate of K.) By imposing further restrictions on the 
curve C (one of which involves essentially the tangent angle or the curvature), anal- 
ogous numerical estimates of | (4/4) arg f(e”)—1|, |) —1|, | (83/40) arg fre) |, 
and | F (a) | are obtained and the existence of bounds for | (dr /der) arg fe and 
| fe) (n 23) is established. The principal tools used in the proofs are the Poisson 
integral representation of a harmonic function in the unit circle and the well known 
formula for the conjugate (9) of an integrable function g(@). (Received July 18, 
1949.) 


552. Otto Szasz: On the Gibbs’ phenomenon for Euler means. 


The classical Gibbs’ phenomenon for the partial sums of certain Fourier series at a 
point of discontinuity is here generalized to Euler means. It is shown that the sequence 
of Euler’s means presents essentially the same Gibbs’ phenomenon. Similar results 
hold for certain Hausdorff means and for Borel’s summability method. (Received 
July 12, 1949.) 


553. H. P. Thielman: On functional equations and means. 


Some of the results of this paper are generalizations of the results of Aczél (Com- 
ment. Math. Helv. vol. 21, pp. 247-252). The method for deriving the results consists 
in reducing the problems to the solution of the well known Cauchy functional equa- 
tions. Functional equations of the form F(ax-+-by+c} =aG(x)+8H(y¥)+y are solved 
and the results are used to derive results for generalized means. Solutions to sets of 
simultaneous functional equations are also found. These functional equations are 
broad generalizations of such functional equations as g(xy) = Pg(x)-+xPg(y), which ap- 
peared recently in the mathematical literature (Amer. Math. Monthly vol. 56 (1949) 
p. 414). (Received July 15, 1949.) 


554. J. L. Ullman: A problem of Tchebychef. Preliminary report. 
Tchebychef proposed, as a method of approximating an integral Sfdt, the 
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formula (1/n) DoS (tat), where, for each n, n=1, 2, - - » , the n numbers ta, * ++, fas 
satisfy the condition that f} ot a(t) dt = (1/7) 27 Palin), Where Pa(t) represents an arbi- 
trary polynomial of degree n. S. Bernstein showed that for sufficiently large n, the 
numbers fa, would not be real, so that this method would not be applicable if f(t) 
were defined for real values only. This suggests the following problem. Let «{f) be a 
positive, continuous function on the open interval (—1<é<1) satisfying f° edt wi, 
As an approximation formula for the integral /* J (@)a(t)dt, consider the expression 
(1/1) Df (i), where for each 2, the numbers fws - + + , iwa Satisfy the condition that 
i wo altja(i)dt = (1/n) Datta); where P, (#) is an arbitrary polynomial of degree n. For 
which functions a(?) will the limit points of the set fwi (@=1,+-++,njn#=1,2,+++) 
all lie on the interval (—-1S$#S1)? For those a(t) for which this is true, the integral can 
be approximated by the sum for any f(t) analytic in a domain containing the interval 
(—1 S381). It is a well known result, that if a(¢) is given by (1/x)(1—#)7, then the 
tar will be the roots of the Tchebychef polynomials of the interval (—1#S1) and 
will all lie in this interval. The more general result obtained, using theorems on the 
derived set of zeros of Faber polynomials, is that if e(t) =(1/x) (1—P)-Y3 Res F’(s) /F(s), 
z=}4-(#—1)V2, where F(z) is the normalized exterior mapping function of a simple 
analytic curve, symmetric to the real axis, and contained in the circle || $1, then 
the limit points of the 4; will all lie on the interval (—1s#S1). (Received July 18, 
1949.) 


5554. Antoni Zygmund: A remark on functions of several complex 
variables. 


Let f(zı, 32,° °°, za) be a function of complex variables s, +--+, g, regular for 
Iz|2+--- +|z|?<1, and such that the integral fe, logt |f| do, is bounded for r <1- 
where o, denotes the sphere n+ ... +3, =r2 and do, the element of the ((22—1), 
dimensional) volume of the sphere. Then f has a finite non-tangential limit at almost 
every point of the sphere |s:|2+ - - - +|3,|?=1. Asa corollary of this and of a recent 
result of Rauch, one obtains that if /,,|f|?do, is bounded for some #>0, then 
S.\feı er, fer, ++, ray) |Pdar0 as r—1. (Received August 2, 1949.) 


APPLIED MATHEMATICS 


556. Nathaniel Coburn: “Characteristic directions” in three-dimen- 
stonal supersonic flows. 


It has been shown (Supersonic flow and shock waves, R. Courant and K, O. 
Friedrichs, Interscience, New York, 1948, pp. 71-75; Nonlinear hyperbolic dif- 
ferentsal equations for functions of two independent variables, K. O. Friedrichs, Amer. 
J. Math. vol. 70 (1948) pp. 555-589) that a system of #-totally hyperbolic quasi- 
linear first order partial differential equations can be replaced by another system 
(consisting of linear combinations of the original equations) with the property that 
each of the latter equations involves differentiation in only one direction. Such direc- 
tions are called “characteristic directions.” In the present paper, it is shown that no 
such “characteristic directions” exist for non-isentropic or isentropic, irrotational, 
steady, three-dimensional flows. If “characteristic pairs of directions” are defined by 
the condition that the linear combinations of the original equations involve differ- 
entiations with respect to two directions, then such directions always exist for isen- 
tropic, irrotational flows. In fact, any two directions lying in the planes which 
envelope the bicharacteristic cone are permissible. (Received February 11, 1949.) 
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557. K. L. Conrad: Siress distribution due to hydrostatic pressure 
on a parabolic boundary. 


The boundary condition for the stress distribution due to hydrostatic pressure on 
a parabolic boundary has been expressed in parabolic coordinates as a single integral 
by means of the Fourier integral theorem. A biharmonic solution, X, can be expressed 
in the terms of two complex functions #(z) and f(z) by means of the expression 
X =i6(s) -+24(8) +-f(z) +7). The two relationships of the stresses in parabolic co- 
ordinates, Jet Jys and Je 42 +25J, are determined by the complex functions 
&(z) and f(z). A finite form has been obtained for those complex functions from which 
the stresses and displacements have been determined. (Received July 16, 1949.) 


558. M. Dresden: The Birkhoff “billiard ball problem” in quantum 
mechanics. 


Many of the problems of dynamics can be formulated in a natural fashion in 
quantum mechanics. In particular those problems dealing with the existence and ex- 
plicit evaluation of time averages would appear to find a more appropriate formula- 
tion in terms of quantum theory. This reformulation has been performed for the 
Birkhoff “billiard ball problem.” In some cases one can obtain explicit solutions to the 
quantum mechanical problem. Then one can utilize the connection between the clas- 
sical time averages and the approximate (WKB) quantum averages to evaluate 
explicitly some classical averages. This general connection suggests two types of 
problems. The first group of problems concerns the relationship between the results in 
classical mechanics of Poincaré and Birkhoff and similar ones in quantum mechanics, 
The second group of problems refers to the fashion in which these classical results 
are contained in the quantum mechanical formalism. These general problems will be 
discussed using the “billiard ball problem” as an example. (Received July 15, 1949.) 


559. R. N. Goss: Center of flexure of beams of irtangular section. 


The center of flexure is that point of loading in a section of a beam for which the 
local twist vanishes at the centroid of the section. For a beam of right-triangular 
section with vertices at (0, 0), (0, c), (—c/m, 0) in the plane z=, when the load acts 
parallel to the hypotenuse, the center of flexure is found to lie on the line y— mx 
= [c(3+40)/5(1 +0) ]— [40D m(m?+1)/u08(1+c) ] in this plane, where ø is Poisson’s 
ratio, # is the modulus of rigidity, and D is the torsional rigidity. In the case of the 
general triangular section with sides y =d, ymıx, y =x and any direction of load, 
the coordinates of the center of flexure have been found for o=1/2. The results agree 
with those obtained previously for the isosceles-triangular section (Bull. Amer. Math. 
Soc. Abstract 55-7-412). (Received July 14, 1949.) 


560. Eberhard Hopf: Integration of Burgers’ simplest space-time 
model for free turbulence. 


As a simplified model for turbulent fluid flow not activated by external forces 
(free turbulence), J. M. Burgers considered the partial differential equation u:+uus 
=rtz, (see his article in Advances in Applied Mechanics, edited by v. Mises and v. 
Kármán, New York, 1948, pp. 171-196, in particular pp. 182-192). The present author 
supplements Burgers' approximative study of his equation by a rigorous and explicit 
solution of the problem. (Received July 14, 1949.) 
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561t. Robert Kahal: The realization of the transfer function of a 
Jour-terminal network. 


The transfer function, #(2), of a four-terminal network is defined as the ratio of 
the output voltage to the input voltage. The following theorems are proved. (I) The 
necessary and sufficient conditions that a function 6,() shall be the transfer function 
of an L network are: (1) 0,() has no poles or zeros in Re (p) >0. Poles on the boundary 
are simple. (2) 61() is real when $ is real, and 0<6,(p) <1 when is real and positive. 
(3) larg 61(p) | Sr when larg p| =x/2. (II) The necessary and sufficient conditions 
that 6(p) shall be, to within a constant factor, the transfer function of a ladder net- 
-work are: (1) 6(f) has no poles or zeros in Re(~)>0. Poles on the boundary are 
simple. (2) 6(p) is real when p is real, and 0<6(p) <1 when > is real and positive. 
(III) The necessary and sufficient conditions that a function ¥(p) shall be the prod- 
uct of two positive real functions are: (1) ¥(p) has no poles or zeros in Re(p)>0. 
(2) larg yip) | Sr when larg p| =r/2. (3) y(p) is real when pis real. A method for the 
synthesis of the L and ladder networks is given. (Received July 16, 1949.) 


562. M. H. Martin: Steady, plane, rotational Prandil-Mevyer flows of 
a polyiropic gas. 


The theory of Prandtl-Meyer flows, first discovered among the irrotational flows of 
a polytropic gas, is extended to rotational flows of a polytropic gas. If the streamlines 
(y =const.) and the isobars (p=const.) are taken as curvalinear coordinates, the gen- 
eral problem of determining steady plane flows can be reduced to finding two func- 
tions, g=q(p, $), 0=0(p, Y) (that is, the speed and direction of flow) so that they 
satisfy the equation g((qps— 46,) /Oy) p+ (930), = 0. If g=9(p, Y) is preassigned, the prob- 
lem of determining Prandtl-Meyer flows reduces to the determination of solutions of 
this equation having the form @=6(g), in which case the equation reduces to an 
ordinary differential equation of Bernoulli type. The properties of rotational Prandtl- 
Meyer flows are investigated with the aid of the solutions of this ordinary differential 
equation. (Received July 8, 1949.) 


563. P. F. Nemenyi and A. H. Van Tuyl: Two-dimenstonal plastic 
stress systems with tsometrtc principal stress trajectortes. 


Carathéodory and Schmidt, in their paper on the maximum shear trajectories in 
plane plastic stress with the yield condition r=(eı—-os)/2 =constant, discussed the 
possibility of these trajectories forming an isometric net. They found that the only 
such isometric nets are characterized by the complex function Z(s) satisfying the 
equation s-+a,+#a,=f exp [a 2?+(bı +5) Z +cı Ha |dZ, where a, a1, as, bt, bs, cu, and 
care real constants. The same nets are also possible principal stress trajectories. The 
authors generalize the inquiry of Carathéodory and Schmidt to an arbitrary yield 
function r=f(o) (20™01-+0.). When the principal stress trajectories form an iso- 
metric net corresponding to the function Z=$++#/, the Lamé equations of equi- 
librium give the relations 2 log |dZ/ds| = log f(e) + F(¢)—G(y) and [do/f(e) = F(¢) 
G(%). A complete discussion of these equations shows that only for four distinct 
families of yield conditions, depending on from two to five parameters, do there exist 
isometric nets satisfying the conditions of the problem beyond the trivial nets con- 
sisting of concentric circles and concurrent straight lines. The functions Z belonging 
to each family are given either explicitly or in the form of quadratures. It is found that 
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any linear yield function is consistent with the same family of isometric nets as the 
yield function = =constant. (Received September 12, 1949.) 


564. L. E. Payne: Torsion and flexure of compostie sections. I. 
Torsion. 


The Saint Venant torsion problem for composite cylinders of various types of cross 
sections has been considered. The sections investigated fall into two general groups. 
In the first group are sections made up of two different isotropic materials. The cor- 
responding solutions are obtained for the cases of eccentric circles, confocal and con- 
centric ellipses, as well as rectangular sections. In the second group the sections are 
partly isotropic and partly orthotropic. Here, solutions are obtained for the concentric 
circular and confocal elliptic sections and the rectangular section. It is shown that in 
the first group the rigidity of the composite section may be obtained by adding to- 
gether the rigidities of the two different isotropic parts only if the linea dividing them 
are lines of shearing stress. The rigidities in the various cases are compared with 
those corresponding to the completely isotropic and completely orthotropic sections, 
The flexure problem is currently being investigated. (Received July 12, 1949.) 


565. B. R. Seth: Finite elasto-plastic torsion. 


In the customary treatment of elasto-plastic torsion the displacements and the 
strains are both assumed to be small. In a number of plastic problems both these 
assumptions need not hold good. We propose to discuss the torsion of a circular 
cylinder by taking finite components of displacements and strains. The problem is 
examined from the point of view of both the rival theories of plasticity—the theory 
of plastic flow and the theory of plastic deformation. For a first approximation in 
which axial stresses are neglected both the theories give the same results. A second 
approximation has been carried out and the corresponding torsional couple and 
stresses have been calculated. (Received July 11, 1949.) 


566. Domina E. Spencer: Separability conditions for some equations 
of maihemalisal physics. 


Though considerable research has been done on separability conditions for the 
equations of mathematical physics, no comprehensive treatment of the subject is 
available. In this paper, the method of Robertson (Math. Ann. vol. 98 (1927) p. 749), 
which was originally applied to simple separability of the Schrödinger equation, is 
extended to obtain necessary and sufficient conditions for both simple separability, 
f= Ul (a) Ur) U), and R-separability, = ul) Vu) U> (u) /R(u!, ur, w), of 
the Laplace, Helmholtz, diffusion, wave, and Schrodinger equations. The conditions 
are expressed in terms of Stickel matrices. (Received July 11, 1946.) 


567t. John Todd: The condition of certain matrices. 


Two measures (the N-condition number and the M-condition number) for the 
condition of a matrix A have been suggested by A. M. Turing (Quarterly Journal of 
Mechanics and Applied Mathematics vol. 1 (1948) pp. 287-308). A third measure is 
suggested by the results of John von Neumann and H. H. Goldstine (Bull. Amer. 
Math. Soc. vol. 53 (1947) pp. 1021-1099); we call |a| /|a] the P-condition number of 
A if lAl, || are the greatest and least of the absolute values of its characteristic 
roots. These measures (or reasonable appraisals of them) have been calculated for the 
matrices which arise in the approximate solution of ordinary and partial differen- 
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tial equations. Elementary methods, Rayleigh’s Principle, and results of D. E. 
Rutherford (Proc. Royal Soc. Edinburgh vol. A52 (1947) pp. 229-236), among others, 
are employed. The results obtained show that these measures are in substantial agree- 
ment among themselves and with the experience of the practical computer (L. Fox, 
Proc. Cambridge Philos. Soc. vol. 45 (1949) pp. 50-68). Among the results is con- 
firmation of the observed fact that the matrices occurring in the approximate solu- 
tion of a partial differential equation, for example, Zsa +-Zyy =z, are in better condition 
than those arising from the corresponding ordinary differential equation, for example, 


y''=ky. (Received July 14, 1949.) 


568. C. A. Truesdell: On finite strain of an elastic body. 


There have been numerous recent investigations of the general theory of elasticity. 
For the case when the work of deformation is completely stored as strain energy, how- 
ever, the general theory has been complete for a long time. Both Eulerian and La- 
grangian strain measures were defined by Cauchy (1823, 1827, 1841). Green (1839) 
introduced the strain energy in full generality, and Kirchhoff (1852) in deriving a 
second order theory gave formal apparatus and methods from which the fully general 
theory follows easily, although it was not actually worked out until later by Kelvin 
(1863) and Boussinesq (1872). Finger (1894) discovered that for isotropic bodies the 
strain energy may be regarded as a function of Eulerian strain measures only, and 
worked out the resulting simplified form of the stress-strain relations. Apparently one 
reason for so many recent re-discoveries of classical results is the wilderness of long 
and awkward notations still in vogue. Rivlin (1948) pointed out that for incom- 
pressible materials the stresses are determined by the energy equation only up to an 
arbitrary Eulerian hydrostatic pressure, and proposed a simple one modulus nonlinear 
theory. In the present note Rivlin’s approximate theory is compared with that of 
Kirchhoff. It is shown that Rivlin’s theory results from discarding all terms retained 
by Kirchhoff but retaining the first order term, representing an initial Lagrangian 
pressure, which Kirchhoff put equal to zero. Since it is the arbitrary Eulerian pressure 
resulting from the condition of incompressibility which makes the resulting theory 
nontrivial, a corresponding approximation for compressible materials could not lead 
to useful results. The Rivlin theory can thus be put in a symmetrical form: the stress 
is always the sum of a Lagrangian pressure and an Eulerian pressure. (Received July 
16, 1949.) 


GEOMETRY 


569. N. A. Court: On the polar circles of the faces of a tetrahedron. 


Let H, be the orthocenter of the face BCD of a tetrahedron (T) =ABCD, (Ha) the 
sphere having for great circle the polar circle of the triangle BCD, and (Pa) the 
orthoptic sphere of (Ha). Analogous elements are attached to the other faces of (T). 
Let (@’’) denote the tetrahedron having for vertices the orthocenters Ha, Hb, * * : 
a. The sum of the squares of the distances of the circumcenter of (T) to the ortho- 
centers of its faces is equal to twice the sum of the squares of the radii of the polar 
circles of the faces of (T) increased by the square of the circumdiameter of (7). b. 
The orthogonal sphere of the four spheres (He), (Hy), * + - is coaxal with the circum- 
spheres of the tetrahedrons (T) and (7°). c. The circumsphere of (T) is orthogonal 
to the six spheres of similitude of the four spheres (He), (He),  * » taken in pairs. 
d. The orthogonal sphere of the four spheres (Pa), (Ps), °° + coincides with the cir- 
cumsphere of the tetrahedron (T). (Received July 15, 1949.) 
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570. V. G. Grove: A note on tsothermal neis. 


This paper gives a new characterization of isothermally conjugate nets using a 
notion we have called the planar property of a family of congruences associated with a 
curve of the net. The net is isothermally conjugate if and only if any one of these 
congruences has the planar property. An extension is made to isothermally orthogonal 
non-conjugate nets. A by-product of the paper is a method of generating all classical 
canonical lines. (Received June 15, 1949.) 


571. W. R. Hutcherson: A cyclic involution of order eleven. 


In two previous papers (Bull. Amer. Math. Soc. vol. 37 (1931) pp. 759-765; and vol. 
40 (1934) pp. 143-151) cyclic involutions of orders three, five, and seven were discussed. 
This paper considers the transformation T, xi sæi tay ixi = a1 exs: 6%! ex where 
e’’=1. C is defined as any curve on the quartic surface, Fy, am; tHbxixs tomar 
+da mO, passing through P;(0010), a point of coincidence (invariant point). The 
image of C under T is another curve on F, passing through P;. This point P3 is called 
“a perfect point of coincidence” if Cand every image of C touches the same line at Ps 
for every tangent to F4 at P;. However, P, is found to be a non-perfect point. Three 
other non-perfect points are P,(1000), P.(0100), and P,(0001). It was known that, 
for an involution of order three, points in the first order neighborhood of P; along the 
two invariant directions are perfect. For J, (involution of order five) one may have 
second order neighborhood perfect points as well as first order; for Iy, third order as 
well as second order. This paper found that Ps, which is simple on F4, has a perfect 
point in the third order neighborhood along the xı =x1=0 direction while along the 
other invariant direction %=x,=0, one must go out to the point of the fourth order 
neighborhood. The involution contained on Fy was mapped upon a ¢ surface of order 
44 in a space of thirty-two dimensions, (Received July 14, 1949.) 


5724. B. E. Mitchell: The complex complete quadrangle and quadri- 
lateral. 


This paper is presented in the interest of constructions in the complex plane. 
The complete quadrangle, tetrastigm (Lachlan), is a configuration consisting of seven 
points and nine lines. The complete quadrilateral, tetragram, is made up of seven 
lines and nine points. The two configurations are dual. Interest centers in the distribu- 
tion of the real and the imaginary among the sixteen elements of each configuration 
as step by step the base elements, four points in the one case and four lines in the 
other, become imaginary. The case in which all the base points (lines) become 
imaginary and conjugate in pairs receives special attention. In this case half the 
elements are real and half are imaginary—ideal complexity. All imaginary elements, 
both points and lines, are given real representation. (Received July 10, 1949.) 


5731. T. S. Motzkin: The lines and planes connecting the points of 
a fintie set. 


The author’s conjecture (Dissertation, Basel, Jerusalem 1936, p. 31) that, in 
d-dimensional projective space over an arbitrary codrdinate field, » points that are 
not on one hyerplane determine at least » hyperplanes is proved by use of a combina- 
torial lemma and an idea of de Bruijn and Erdés, Indagationes Mathematicae vol. 10 
(1948) p. 422, who proved the case d=2. For the real plane the theorem follows also 
from Sylvester’s conjecture, proved by Gallai, that if » points are not on one straight 
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line there exists an ordinary line, that is, a straight line containing only two of the 
points. The question of de Bruijn and Erdös whether the number of ordinary lines 
tends to infinity with # is answered in the affirmative. It is further shown that # points 
in real 3-space that are not on one plane determine at least four ordinary planes, that 
is, planes on which all of the given points but one are collinear. For general coördinate 
fields and n=7 or #>8 no ordinary line need exist. (Received July 22, 1949.) 


LOGIC AND FOUNDATIONS 


5745, A. R. Schweitzer: An examination of Bergson’s “Creative 
evolution.” 


Bergson’s Creative evolutton is examined with regard to: J. doctrine of opposites: 
II. main working hypothesis, III. theory of relations, IV. references to orientation: 
The author interprets Bergson’s treatise as a theory of knowledge, primarily of bio- 
logical reference, elaborating a discrimination between “intuition” and “intellect.” 
For intuition is associated by Bergson with instinct, life, the vital order, creation, 
invention, non-mathematical time, duration; and intellect is associated with intelli- 
gence, matter, the geometrical order, logic, space. The preceding two opposed sets of 
terms permit transition to one of Bergson’s central themes, namely, his working hy- 
pothesis of divergent lines of evolution mutually complementary (inverse) and 
motivated by a common impulse (impetus). An analogy is found between Bergson’s 
working hypothesis and the author’s “principle of furcation” reported in Bull. Amer, 
Math. Soc. vol. 21 (1915) pp. 376-377, abstract 5; vol, 22 (1916) p. 294, abstract 
25; see also ibid. vol. 20 (1914) p. 454, abstract 8. Relations are associated by Bergson 
with intelligence whose function it is to establish them; relation is essentially compari- 
son. Bergson’s references to orientation include ascent, descent, motion (movement) 
organization, order, inversion, complementariness, oppositeness. (Received July 18, 
1949.) 


575t. A. R. Schweitzer: On a relation of mathemaitcs to biology. 


This paper aims to effect a gradual transition from mathematics to biology based 
on the author’s foundations of geometry in terms of “right” and “left” (sameness and 
difference of orientation) in Amer. J. Math., 1909, 1913 with the monograph of 
W. Ludwig, Das Rechts-Links-Problem im Tierreich und beim Menschen (Berlin, 1932) 
and Kant’s philosophy as connecting bonds, The author cites Ludwig, loc. cit., p. 442, 
paragraphs 2, 3. Ludwig asserts “right” and “left” to have been the source of Kant’s 
philosophy and, more generally, to have been associated of old with pairs of opposites 
(for example, the author notes, by the Pythagorean school of philosophy). The 
author remarks that “right” and “left” do not seem to occur explicitly in Kant’s 
Critique of pure reason; however, the latter treatise abounds in pairs of opposites. 
Reference is made to the statement of Sir James Jeans (Physics and philosophy, 
Cambridge and New York, 1946, p. 38) that Kant was one of the earliest of biological 
evolutionists. (Received July 18, 1949.) 


576. D. M. Studley: Identity, equivalence, and dtstinction. 


The three elements of conception, identity, equivalence, and distinction, are con- 
sidered with attention centered upon relations among them. In order to obtain full 
grasp on the relations, the system of method of the author's Lawrence paper (The 
mathematics of language) is used. Individual point or element identity is separated 
in thought from identity of form or class. Equivalence which is contained in identity 
is shown to be intersection of form. Further, equivalence is defined as the space 
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between identity and distinction. The third element, distinction, is seen as the sum of 
two identities modulo two. Corporeal distinction is separated in thought from dis- 
tinction of form. The author's concept of abstract isomorphism (Mathematics Maga- 
zine vol. 22 (1949) pp. 191-193) is classed as equivalence. A clarification of orientation 
results from this study. (Received June 2, 1949.) 


577. Wanda Szmielew and Alfred Tarski: Theorems common to all 
complete and axtomalisable theories. Preliminary report. 


All the theories considered are formalized within lower predicate calculus; they 
are supposed, for simplicity, to contain one non-logical constant—operation symbol 
+. Consistent, complete, axiomatizable (that is, with a finite system of non-logical 
axioms) theories of this kind will be called CA-theortes. Many different examples of 
CA-theories are known; for example, the theories of (i) groups of a given prime 
order, (ii) atomless Boolean algebras, (iii) simply and densely ordered lattices with 
zero and unit. Nevertheless, there are non-tautologtcal statements derivable from axtoms 
of every CA-theory; they will be called CA-statements. For example, the negated con- 
junction of all non-logical axioms of any axiomatizable, essentially undecidable theory 
(see Journal of Symbolic Logic vol. 14, p. 75) is a CA-statement. Results in Bull. 
Amer. Math. Soc. Abstract 55-1-79 lead to another class of CA-statements. It consists 
of the statements which sometimes fail when applied to group operations in infinite 
commutative groups, but hold for any other operation +; for example: If, for all x, Y, 3, 
z+(y+3)=(x+3)+y, and x=y+(u-+u) for some u, then, for no x, (x-+x)-+x=x 
yéx--x (in other words, if + is a commutative group operation with all elements 
divisible by 2, then no element is of order 2). Finally notice: there are consistent, com- 
plete, non-axiomatizable theories in which all the CA-statements hold. (Received 
June 27, 1949.) 


STATISTICS AND PROBABILITY 


578. Maria Castellani: Theorems on convergence of compound dis- 
iributtons with symmetric components. 


The theorems deal with operations of convolution in R, concerning specific fam- 
ilies of distributions. Thus, Kq(x)=F(x)*Ga(x) is obtained by combining any d.f. 
F(x) with any d.f. Ga(x) which depends on a parameter under the restriction of sym- 
metry when Ga(x-+h)+Ga(x~h) = 1 for any 4>0. A generalization of Cantelli’s in- 
equalities will enable us to prove that a given d.f. F(x) in R, can by association with a 
convenient symmetric d.f. G(x) of continuous type give a continuous d.f. Kala), 
which for a+ converges asymptotically almost everywhere to the given F(x). 
Therefore at any continuity bordered interval for a given F(x) there exist con- 
venient, uniformly convergent series of continuous functions which asymptotically 
approach the given d.f. F(x). (Received July 14, 1949.) 


579. Herman Chernoff: Remarks on a rational selection of a deci- 
ston function. 


Problems in the theory of statistics seem to reduce to the selection of a strategy 
(decision function) from several available strategies. The problem of the selection of 
such a strategy is analogous to that in the two person zero sum game where nature is 
the statistician’s opponent. A major difference between these two problems lies in the 
fact that it does not seem proper to regard the unknown state of nature as a strategy 
of an opponent. Several criteria previously mentioned for determining a strategy are 
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discussed and seem to have inadequacies. An axiom system is constructed for a cri- 
terion to be considered “rational.” When applied to the set of problems where there 
are only two states of nature, the results are that the only criterion satisfying the 
axiom system is equivalent to assuming an a priori probability of 1/2 for each state of 
nature. (Received July 14, 1949.) 


580%. K. L. Chung and Paul Erdös: Probability limit theorems as- 
suming only the first moment. Preliminary report. 


We consider independent random variables Xi, X3,+ ++, having the same dis- 
tribution F(x); Sa= pe Xz. The novelty consists in that about this distribution 
we assume only f xd F(x) =0 or both fj 2dF(x) and f° xd F(x) diverge. Analytical 
and combinatorial methods are developed for treating this case, the latter being more 
successful at present. For simplicity we state results for the case where each X as- 
sumes only integral values and such that if a is any integer, P(S,=a)>0 for suff- 
ciently large n. Estimates of P(S,a) are obtained; in particular we prove that 
lim P(S,=a)/P(S,=5) «1. Further let N,(a) and N,(6) denote the number of a's 
and b's respectively among the sequence Sı, -- + , Ss, then P (lim Na(a)/Na(d) =1) 1, 
Extensions to continuous distributions will be considered. (Received July 18, 1949.) 


581. C. L. Dolph and M. A. Woodbury: Optimal linear prediction 
of stochastic processes whose covariances are Green's functions. 


A method of unbiased, minimal variance, linear prediction is developed for prob- 
lems similar to those of prediction and filtering treated by Wiener. It differs from 
these in that the unbiased condition is imposed, only a finite part of the past is 
employed, and no stationary assumption is used. It is shown that the special sta- 
tionary case discussed by Cunningham and Hund, Random processes tn problems of 
air warfare (Supplement to the Journal of the Royal Statistical Society, 1946) suc- 
ceeds because the correlation function el}, well known to that of the process de- 
fined by the Langevian equation, is the Green’s function of the homogeneous differen- 
tial equation formed by letting the adjoint differential operator of the Langevian 
equation operate on the operator of this equation. This relationship is shown to per- 
sist for any physically stable linear differential equation driven by “white noise.” The 
well known equivalence between integral and differential equations is then extended 
by use of Stieltjes integrals and used to effect the solutions of the integral equations 
of the first kind which yield the “optimum” linear prediction. The nonstationary 
example consisting of purely random motion about a mean linear path in the presence 
of radar type errors is treated in detail. (Received June 27, 1949.) 


582. H. H. Germond: The integral of the Gausstan distribution over 
the area bounded by an ellipse. 


This paper describes the preparation of tables from which to obtain the integral 
of a bivariate Gaussian distribution over the area of an ellipse. The center of the ellipse 
need not coincide with the mean of the Gaussian distribution, nor need the axes of 
the ellipse have any special orientation with respect to the Gaussian distribution. 
(Received July 15, 1949.) 


583. P. G. Hoel; On the problem of optimum classtfication. 


Let fa #=1, 2,---, k, be the probability density function of population + and 
let p, be the probability that population # will be sampled. Assume certain differenti- 
ability conditions and moment properties. Then, for known parameters, the prob- 
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ability of a correct classification will be maximized by choosing the region M;, which 
corresponds to classifying into population $, as that part of variable space where 
pets, eh 2,-++,&% If the parameters are unknown, an asymptotically 
optimum set of estimates will be given by the set that minimizes a certain form in the 
covariances. Among uncorrelated estimates, maximum likelihood estimates are seen 
to be asymptotically optimum. If weight functions, W,,, are introduced and the ex- 
pected value of the loss is minimized, the same methods of proof show that the region 
M; becomes that part of variable space where I, prf (Wu ~ Wei) 20, 7=1,2, +++, 8, 
and that the criterion for an asymptotically optimum set of estimates is of the same 
form as the preceding criterion. (Received July 11, 1949.) 


584. Leo Katz: On the relative efficienctes of BAN estimates. 


J. Neyman, in the Proceedings of the Berkeley Symposium on Mathematical Statis- 
tics and Probability, 1949, proved that x? minimum estimates with either of two alter- 
native definitions of x! are efficient, as also are the maximum likelihood estimates. He 
also raised the question whether some of these estimates were better than others. This 
paper bears on that question. In making x? minimum estimates, it is often necessary 
to avoid small frequencies by grouping together at least one tail of the distribution. 
Itis with respect to the parameters of these modified distributions that the x? estimates 
are efficient. Define relative effictency in these circumstances as the ratio of the vari- 
ance of an efficient estimator in the unmodified case to that of one in the modified 
case. It is shown that, except for a rectangular probability law, the relative efficiency 
<1 and, further, it decreases as the tail grouping is made wider. Formulae are given 
for the relative efficiencies of x? minimum estimators for binomial and Poisson prob- 
ability laws and some representative values computed to exhibit these effects. (Re- 
ceived July 18, 1949.) 


5854. Julius Lieblein: Partial sums of the negative binomial in 
terms of the incomplete beta-function. 


In acceptance sampling a certain size sample is taken atrandom froma lot of items 
and the lot is accepted if the number of defective items do not exceed a predetermined 
number characteristic of the sampling plan. The Statistical Engineering Laboratory 
has been studying the probabilities that a decision to accept or reject can be made 
before the sample is completely inspected. Such probabilities are found to involve 
certain sums apparently not previously treated. In this note the author proves a 
simple identity connecting these sums which greatly facilitates their computation 
and shows how they may be written in terms of the well known incomplete beta- 
function of Karl Pearson, for which extensive tables are available. (Received July 14, 
1949.) 


586. Jack Sherman and Winifred J. Morrison: Adjustment of an 
inverse matrix corresponding to changes in the elements of a given 
column or a given row of the original matrix. 


A simple computational procedure is derived for obtaining the elements b, of an 
nth order matrix (B’) which is the inverse of (A’), directly from the elements b, of a 
matrix (B) which is the inverse of (4), when (4^) differs from (A) only in the ele- 
ments of one column, say the Sth column. The equations which form the basis of the 
computation are: bg, “bal 2, bsra_s, j=1, 2, nb, buba, 2. birt, t=], 
2,°°°, 5—1, S+1,+++, n; 71,2, +--+, n. Analogous equations are derived for the 
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case that A and A’ differ in the elements of a given row rather than a column. (Re- 
ceived July 5, 1949.) 


587. D. M. Studley: Structure of statistical elements. 


Research in logical semantics and in practical elementation has set forth the 
proposition that all words and ideas have set form. As a consequence of this universal 
proposition all notions and conceptions in statistics should be accessible to set- 
theoretic analysis and interpretation. This paper explains the results of a preliminary 
analysis performed on statistical notions and conceptions with a view to a proper 
organization of definitions and conceptions which will, it is hoped, make possible a 
better and simpler construction of statistics from a system of basic notions. (Re- 
ceived July 14, 1949.) i 


588. J. E. Walsh: Large sample tests and confidence intervals for 
mortality rates. 


In computing mortality rates from insurance data, the unit of measurement used 
is frequently based on number of policies or amount of insurance rather than on lives. 
Then the death of one person may result in several units of “death” with respect to 
the investigation; moreover, the number of units per individual may vary noticeably. 
Thus the usual large sample methods of obtaining significance tests and confidence 
intervals for the true value of the mortality rate are not applicable to these situations, 
If the number of units associated with each person in the investigation were known, 
accurate large sample results could be obtained; however, determination of the 
number of units associated with each individual would require an extremely large 
amount of work. This article presents some valid large sample tests and confidence 
intervals for the mortality rate which do not require much work and are reasonably 
efficient. The procedure followed consists in first dividing the risks into twenty-six 
subgroups on the basis of the firat letter of the last name of the person insured. Some 
of the groups are then combined until 10 to 15 subgroups yielding approximately the 
same number of units are obtained. The fraction consisting of the total number of 
units paid divided by the total number of units exposed is computed for each subgroup. 
Asymptotically the resulting observations represent independent observations from 
continuous symmetrical populations with common median equal to the true value of 
the rate of mortality. Tests and confidence intervals for the rate of mortality are ob- 
tained by applying the results of the paper Some significance tests for the median which 
are valid under very general conditions (Annals of Mathematical Statistics vol. 20 
(1949) pp. 64-81) to these observations. (Received July 2, 1949.) 


TOPOLOGY 
589. R. D. Anderson: A nonhomeomorphic monotone interior map- 
ping of the plane onto ttself. 


The author shows that there exists a monotone interior transformation of the 
plane onto itself which is not a homeomorphism by construction of a continuous col- 
lection G of mutually exclusive compact nondegenerate continua filling up the plane 
‘such that with respect to its elements as points G is topologically equivalent to the 
plane. (Received July 18, 1949.) 


590. R. H. Bing: A normal space which is not collechonwise normal. 


A space is collectionwise normal if for each collection K of mutually exclusive 
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closed sets such that each subcollection of K has a closed sum there is a collection W 
of mutually exclusive open sets such that each element of K is covered by an element 
of Wand no element of W covers two elements of K. An example is given of a normal 
Hausdorff space which is not collectionwise normal. (Received July 18, 1949.) 


591. R. P. Dilworth: The completion of the latitce of continuous 
functions. 


Let S be a topological space and let C(.S) denote the set of all bounded, real, con- 
tinuous functions on S. In previous papers (Bull. Amer. Math. Soc. Abstracts 54-11- 
535 and 55-3-207) it has been shown that the normal completion of C(S), as a lattice, 
is isomorphic to the lattice of all bounded continuous functions on a suitable compact 
Hausdorff space Tg. It is proved here that if S is completely regular, then Tg is the 
Boolean space associated with the complete Boolean algebra of regular open sets of S. 
(Received July 11, 1949.) 


592. A. M. Gleason: On the extstence of arcs tn locally compact 
connected groups. 


Theorem. Every locally compact connected group with more than one element 
contains an arc. The proof rests on the following lemma. Let G be a locally compact 
connected group with more than one element which has no compact connected 
subgroups except e. Then G contains an increasing family F, of compact sets with 
non-negative real indices such that (i) Fiste for #>0, Gi) Fo=fli>ofi=[e}, and 
(iii) FiF«= Fie. Since a compact connected group with more than one element 
contains not only an arc but even a one-parameter subgroup, the theorem is clearly 
true for groups with a nontrivial compact connected subgroup. On the other hand it 
is easy to construct an arc having given the family F, described in the lemma. The 
lemma is proved by considering the family of all compact subsets of G as a semi- 
group. A locally compact topology compatible with the semigroup operation can be 
introduced and with its aid the construction of the one-parameter subsemigroup Fe 
can be effected. (Received July 14, 1949.) 


5931. W. H. Gottschalk: Asymptotic relations in topological groups. 


Let G be an additive, abelian, locally compact group, let u be Haar measure in G, 
let E be a totally bounded measurable subset of G such that some translate of int E 
contains 0 and generates G, and let x&G. That lim... u((nE)(\(nE+x))/u(nE) 
= lima. u((#-+1)E)/u(nE)=1 is proved. (Received July 14, 1949.) 


594%. Meyer Jerison: The space of bounded maps into a Banach 
space. ' 


Let BT be the Banach space of continuous maps from a compact space X into a 
real Banach space B. It is not true, in general, that (*) if BY is equivalent to BY, 
then X is homeomorphic to Y. By generalizing Eilenberg’s proof for real-valued func- 
tions (Ann. of Math. vol. 43 (1942) pp. 568-579), (*) is proved for a space B with 
the property that if two maximal convex subsets of the surface of the unit sphere 
intersect, there is a third one that meets neither of them. A characterization of BX 
with strictly convex B is given, using methods of Myers (Ann. of Math. vol. 49 
(1948)) and of Arens and Kelley (Trans. Amer. Math. Soc. vol. 62 (1947)). If B is 
strictly convex and T is an equivalence of BY onto BX, then (TB) (x) = a(x) [8(4(x)) ] 


1080 AMERICAN MATHEMATICAL SOCIETY [November 


for all BC BY, «X, where k is a homeomorphic mapping of X onto Y and w isa 
continuous mapping of X into the space of equivalences of B onto itself. (Received 
July 15, 1949.) 


5951. W. S. Massey: Homotopy groups of triads. II. Preliminary 
report, 


Let X*= XU Es be a space obtained by adjoining an a-cell Er to a topological 
space X, and let E*=X/ \E* denote the boundary of the cell Er, In a recent paper 
(The homotopy groups of a iriad, Proc. Nat. Acad. Sci. U.S.A. vol. 35 (1949) pp. 322- 
328) the following theorem was stated: If the pair (X, É”) is m-connected, then the 
triad (X*; X, E*) is (m+n —1)-connected. In this paper the problem of determining 
the first non-vanishing homotopy group of the triad (X*; X, Er) is solved under fairly 
general conditions as follows. Assume that: (1) X* is a topological space which can 
be subdivided into a finite simplicial complex in such a way that X and E* are sub- 
complexes. (2) The boundary Er of the cell Er is an (#~—1)-sphere. (3) The pair 
(X, E*) is m-connected (m>0). Then the first non-vanishing homotopy group of the 
triad (X*; Er, X), that is, rm4n(X*; E", X), is isomorphic to the group ra4i(X, E*). 
The functional cup product, recently introduced by Steenrod, is used in setting up 
the isomorphism. This theorem includes as a special case the Freudenthal *Einhän- 
gung” theorems in the critical dimensions. (Received July 14, 1949.) 


596. S. B. Myers: Functional uniformities. 


Let @ be a family of sets of real continuous functions on a completely regular 
space X, such that each g&G is equicontinuous and G separates X (in the sense that 
for each PEX and open set N(P) there is a g&G and 8>0 such that if IO —f(P)| 
<à for all fg, then Q@N(P)). Such a family G determines a uniform structure 
(“functional uniformity”) V compatible with the topology of X as follows: for each 
gEG and 5>0 let Vam{P, OCX||f(0Q)—f(P)| <8 for all fEg}. A functional uni- 
formity is bounded if all members of every g G are bounded, weak if every g is a finite 
set. Then it is shown that every uniform structure on X is isomorphic to a bounded 
functional uniformity; every precompact uniform structure is isomorphic to a weak 
bounded functional uniformity, and conversely every weak bounded functional uni- 
formity is precompact. Weak functional uniformities are investigated, as well as the 
case that each #€-G is countable. (Received July 18, 1949.) 


597. O. M. Nikodým: On linear functionals. 


Relationships between pseudotopologies and integral representations of linear 
functionals are studied. (Received July 12, 1949.) 


598. O. M. Nikodým: On “pseudotopology” and integration related 
to tt. 

A modification, termed “pseudotopology,” of the ordinary open-set topology for 
abstract sets is axiomatized and properties of corresponding pseudo-continuous func- 
tions examined. Relationships between pseudotopologies and more general families 
of functions are considered. A general notion of integral and summability related toa 
pseudotopology is defined and examined. (Received July 12, 1949.) 


599. L. T. Ratner: Semi-continuous multi-valued transformations. 
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This paper considers upper and lower semi-continuous multi-valued transforma- 
tions of one weakly separable Hausdorff space into another such space. Basic prop- 
erties of semi-continuous multi-valued transformations are explored and extended. 
Sufficient conditions for preserving connectedness and compactness are given. Results 
are éstablished giving information as to the character of limits of various types of 
sequencies of multi-valued transformations. Finally, consideration of semi-con- 
tinuity in metric spaces leads to analogues of a number of the standard theorems of 
real variables and of topology. (Received July 18, 1949.) 


600. C. N. Reynolds: An analysts of recent progress on the problem 
of coloring maps in four colors. 


This is a brief analysis, particularly of the work of S. M. de Backer, implying that 
those maps which are irreducible with respect to the four-color problem have at least 
84 regions. (Received August 31, 1949.) 


601%. W. R. Utz: Unstable homeomorphisms. 


If X is a metric (d) space, the homeomorphism f(X) =X is called unstable pro- 
vided there exists a number é(f, X)>0 such that corresponding to each pair of 
distinct points vı, xs of X, there is an integer n(x, xa) for which d(f*(x), f*(%2)) > 3; 
the orbits of the points v, «CX are called positively (negatively) asymptotic if for 
each e>0 there exists an integer N such that +> N(#<.N) implies d(f*(x1), f*(x2)) <e. 
It is shown that if X is compact, dense-in-itself, and metric, and f(X) =X is unstable, 
then some pair of distinct points of X have orbits asymptotic in at least one sense. 
Some properties of unstable homeomorphisms are established and examples are cited. 
(Received July 18, 1949.) 


602. P. A. White: On the union of two generalized manifolds. 


A closed subset M of the compact Hausdorff space S whose boundary relative to 
Sis Fis a generalized »-manifold with boundary relative to S if (a) dim Men, (b) 
M is #-colocally-connected (0SiSn—1), (c) M is ¢-locally connected (0S#Sn), (d) 
for each point of M the local »-betti number relative to F is 1, (e) for each point in F 
the local s-betti number is 0. (The local n-betti number of p& AC Srelative to BC_A 
is the smallest positive integer & such that to any open set P of S containing p, there 
corresponds an open set Q with p&QCP such that any (k-H1) n-dimensional 
cycles on A mod (S—P)\/B are linearly independent on A mod (S-O)UB.) An 
n-manifold M is closed if F=0, and is orientable if the n-betti number of M mod F 
is 1 irreducibly. It is shown that if Mi and M: are generalized »-manifolds with a 
common boundary My relative to S such that MO Mi= Mais, and if Mis is a general- 
ized (n—1)-manifold with boundary relative to (S~M)\/Mu, then M = M\J M; is 
a generalized n-manifold with boundary relative to S. Furthermore if Mi, M, and 
Mi: are orientable, so is M; if Ma is a closed manifold, so is M. (Received May 20, 
1949.) 


J. W. GREEN, 
Associate Secretary 


TWO STATEMENTS CONCERNING THE 
ARTICLE ON G. H. HARDY! 


The undersigned consider that some points in the lively and in- 
teresting article of Professor Norbert Wiener on G. H. Hardy need 
correction. They offer no comment on what is matter of opinion, but 
wish to mention the following facts. 

(1) Hardy was not a conscientious objector. In the First World 
War, he volunteered for military service under the Derby scheme. 

(2) Bohr and Landau cannot correctly be described as students of 
Hardy. The work of all three overlapped. 

(3) To say that “Hardy chose as his field the analytic theory of 
numbers” is to leave out of account his important work on Tauberian 
Theorems, on Diophantine approximation, and on Fourier series. 

J. E. LITTLEWOOD, G. PóLYA, L. J. MORDELL, 
E. C. TITCHMARSH, H. DAVENPORT 


The first thing I ought to say is that I had been definitely mis- 
informed concerning Hardy’s attitude in the first World War. I regret 
this as well as any harm that may have been done. 

While Bohr and Landau cannot be described as students of Hardy, 
they are certainly mathematicians who have received a maximum in- 
fluence from his work so that I consider that my statement although 
false in detail is correct in implications. 

Finally, I may be quite wrong, but I feel that Hardy’s very great 
work on Tauberian theorems, Diophantine approximation, and 
Fourier series is very largely an outgrowth of his interest in analytical 
number theory and even tools for its development. This is in no way 
to minimize the importance of these pieces of work for themselves, 
but it is to give them the orientation which I think proper in describ- 
ing Hardy’s career. 

NORBERT WIENER 


1 Norbert Wiener, Godfrey Harold Hardy, 1877-1947, Bull. Amer. Math. Soc. vol. 
55 (1949) pp. 72-77. 
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BOOK REVIEWS 


Analytic theory of continued fractions. By H. S. Wall. New York, 
Van Nostrand, 1948. 13+433 pp. $6.50. 


This is the first volume to appear in “The University Series in 
Higher Mathematics” which is planned to be a collection of “ad- 
vanced text and reference books in pure and applied mathematics.” 

In order to make the book suitable as a text book the author gives 
detailed proofs and includes material which might be unfamiliar to “a 
student of rather modest preparation.” Into this category fall such 
topics as: the Stieltjes-Vitali theorem, Schwarz’ inequalities, matrix 
calculus, elementary properties of the Stieltjes integral, and basic 
concepts and formulae of the theory of continued fractions. To in- 
crease its usefulness as a text the book is provided with 131 exercises, 
grouped together at the end of each chapter. The material covered in 
this book is of such a nature that it or parts of it would make very 
attractive subject matter for graduate seminars. It is to be hoped 
that the book will thus contribute to spreading knowledge of and 
interest in the analytic theory of continued fractions among a larger 
group of people. 

Numerous and important additions have been made to the an- 
alytic theory of continued fractions since the appearance of Perron’s 
Die Lehre von den Keitenbrüchen in 1913. Only a few of these results 
were incorporated into the second edition of Perron’s book in 1929. 
It is thus clear that the publication of the present book which brings 
so much, though unfortunately not all, of this material together in a 
single volume was welcomed by workers in this and in related fields. 

The book consists of twenty chapters. Chapters I-VIII form the 
first part entitled “Convergence theory.” The second part is called 
“Function theory.” Classical as well as more modern results are 
treated in this book. That Wall himself has been during the last 
twenty years the foremost contributor to the advancement of the 
theory is apparent throughout this book. Not only are there many 
new theorems due to him and his collaborators but there are also 
numerous new proofs of previously known results. 

Wall’s most significant original additions to the theory are to be 
found in the first part. The outstanding result is probably the para- 
bola theorem (§14) due to Scott and Wall. This in turn led Paydon 
and Wall and independently Leighton and the reviewer (a fact which 
ig not mentioned in this book) to the discovery of a family of para- 
bolic convergence regions (§32). 
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In the second part of the book Wall’s original contributions consist 
largely of generalizations and extensions of previously known results 
and methods. This is not the case in Chap. X in which a new ap- 
proach due to Wall and Frank to the problem of locating the roots 
of polynomial equations is presented. With every polynomial a “test 
fraction” is associated. The desired information is then obtained 
from the expansion of the test fraction into a J-fraction. A J-fraction 
(the term is due to Wall who has investigated J-fractions extensively) 
is a continued fraction of the form K(—c/(b,+s)). The arrangement 
in tabular form of the computation for the expansions of functions 
into J-fractions, a device which is used a number of times in the 
book, seems to be due to Frank. This is not acknowledged. One also 
misses a reference to Frank’s paper The location of the zeros of poly- 
nomials wih complex coeficients (Bull. Amer. Math. Soc. vol. 52 
(1946) pp. 890-898) in $49 as well as in the bibliography. Chap. XV 
is devoted to a characterization of continued fraction expansions of 
holomorphic functions with certain prescribed domains of definition 
and of values. It contains among others results of Schur on functions 
bounded in the unit circle. Chapters XVIII and XIX contain a 
large collection of expansions of functions into continued fractions. 
The book ends with a bibliography of 150 entries which lists all 
papers cited in the text as well as a number of other recent papers 
dealing with continued fractions. 

It is the reviewer's opinion that an author who writes a book 
which has the appearance of being a reference book for a certain field 
has the obligation to include all significant results clearly belonging 
to this field. If complete coverage is not intended then that fact should 
be explicitly stated in the title of the book. The title of this book, 
together with the fact that it appears in a series which proclaims to 
be devoted to reference books, would lead a reader unfamiliar with 
the subject to the erroneous conclusion that this is indeed such a 
reference book. However, a comparison with the second part of 
Perron’s book shows that this is not the case. In view of the fact that 
Perron’s book is at present unavailable these omissions are regret- 
table. Not only classical material has been omitted however. In addi- 
tion to the approaches to the convergence problem discussed in this 
book there is another one due to Leighton and the reviewer which 
led to a number of interesting results (see 7a, 56, 101a, 102, 103, 
103a; the numbers refer to the bibliography at the end of Wall’s 
book). 

The author points out that a continued fraction can be considered 
as a sequence of linear fractional transformations and demonstrates 
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in many places the usefulness and importance of this approach. In 
view of this it is surprising that he is reluctant to introduce and use 
iterated fractions (that is, sequences of general linear fractional trans- 
formations). It is true that in most cases iterated fractions can be 
transformed into continued fractions. However, even when this is 
possible, the resulting continued fraction may be considerably more 
involved than the iterated fraction from which it was derived. This is 
the case, for example, in Schur’s expansion of functions bounded in 
the unit circle into iterated fractions. Wall uses continued fractions 
instead. Another instance where use of iterated fractions would have 
led not only to a somewhat more general result but also to a more ele- 
gant proof is in the discussion of the convergence of periodic con- 
tinued fractions (§8). This could have been accomplished by the use 
of Schwerdtfeger’s [84a] proof instead of Lane’s. Finally, use of 
iterated fractions would have made inclusion of a discussion of the 
Pick-Nevanlinna interpolation problem extremely natural. 
W. J. THRON 


Substitutional analysts. By D. E. Rutherford. (Edinburgh University 
Publications, Science and Mathematics, No. 1.) Edinburgh, Uni- 
versity Press, 1948. 11+103 pp. 25 s. 


The subject matter of this book, except for the last chapter, is 
Young’s representation theory of the symmetric group. As Young 
developed the methods described here, he was always thinking of the 
elements of the symmetric group as substitutional operators ap- 
plicable, in particular, to the theory of invariants. This fact explains 
the title. 

In the introduction the author gives a brief account of Young's 
life as a country clergyman whose avocation remained the develop- 
ment of the mathematical ideas which interested him as a student 
at Cambridge. Those who knew him were always impressed by his 
sincerity and his modesty but above all by the originality and power 
with which he manipulated his own complicated machinery. The 
present book gives a connected account of Young’s methods which 
has long been needed. The material was scattered throughout a long 
series of papers and, as is not surprising, the original presentation 
was sometimes involved. D. E. Rutherford has simplified it materially 
in places, and the reader can see the significance of the various steps 
taken. j 

As indicated above the theory here described was almost inci- 
dental in Young’s work; it appeared as part of a larger plan, and in 
this light he always considered it. Young’s originality was to some 
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extent a handicap, for it prevented him from incorporating the work 
of others into his scheme of things; Schur’s elegant demonstration of 
the connection between the full linear group and the symmetric 
group is a case in point. This leads to perhaps the chief criticism 
which can be levelled against the volume under review. No attempt is 
made to orient Young’s work either as regards its original background 
of invariant theory, and this is understandable, or as regards the 
theory of groups generally. From this latter point of view the repre- 
sentation theory of the symmetric group plays a unique role in that 
it is explicit to a degree which cannot be approached by the general 
theory. Having such powerful tools available, one might hope that 
this theory of Young’s should be able to throw some light on the 
general theory, and this stage seems to be approaching (Nakayama, 
Jap. J. Math. (1940); Brauer and Robinson, Transactions of the 
Royal Society of Canada (1947)). 

The treatment includes chapters on the calculus of permutations, 
the calculus of tableaux, the semi-normal representation, the orthog- 
onal and natural representations, group characters, substitutional 
equations. Chapter I gives an elementary introduction to the theory 
of the Symmetric group S,. In Chapter II, Young’s tableau or dta- 
gram [a|= fay, as ++, a] with 2a; and atat +++ +a,=n 
is introduced and a clear account of the properties of P* and N® is 
given. Writing Ep = 0n PSN., where o,, is a substitution which trans- 
forms [a], into [a], the author obtains “Young’s formula” EZES 
=§*H* and the remaining relations between the E’s in an elegant 
manner. 

In Chapter III the fundamental notion of a standard diagram in 
which the symbols follow an agreed order in both row and column is 
introduced and this leads directly to the semi-normal representation, 
following the method of Thrall (Duke Math. J. (1941)). The passage 
to the orthogonal representation is clearly explained in Chapter IV. 
In Young’s original work the natural representation came first, and 
the orthogonal representation came as an impressive conclusion to a 
difficult piece of reading. Here some of the difficulties have been 
smoothed away, but the natural representation appears as an anti- 
climax. Though reference to it had to be included, this reviewer 
would have preferred that it be in an appendix. The material of 
8828-31 has historical and actual value, but it serves to obscure the 
magnitude of Young’s real achievement, the orthogonal representa- 
tion. 

One can sympathize with the author in the writing of $$32-36 of 
Chapter V. How much of the general theory of group characters 
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should be assumed? He has chosen to assume nothing and deduces 
the necessary theory for the symmetric group. The sections are well 
written, but the uninformed reader may not realize the generality of 
the methods used. To the remaining paragraphs of the chapter this 
reviewer feels obliged to take exception. They have to do with the 
calculation of the characters via what has been called the Murnaghan- 
Nakayama recursion formula. As originally obtained by Murnaghan 
(Amer. J. Math. (1937)) there was little reference to Young diagrams; 
the irreducible components appeared with multiplicites 0, +1, and 
it remained for Nakayama (loc. cit.) to show the connection by in- 
troducing the notion of a hook. After the removal of the symbols 
1,2,- -, m from a standard right diagram [æ], what is left can be 
designated by the symbol [a]— [8] and this is called a distorted or 
skew diagram. Just as an irreducible representation is associated with 
a right diagram, so a reducible representation is associated with a 
skew diagram. By restricting attention to the subgroup SmX Sum: 
the representation [a] of Sa breaks up into the direct sum of a number 
of Kronecker products of irreducible representations [8] of S, and 
reducible representation [a] — [8] of S,_„. Thought of from this point 
of view the multiplicites 0, +1 are characters of cycles of length 
n—m in the skew representation [a|—[8] (Robinson, Amer. J. 
Math. (1947) and (1948)). In the last chapter the “substitutional” 
aspect of the theory is illustrated. Some words of explanation here 
would have helped the reader to see the usefulness of the results ob- 
tained. 

To sum up: the book provides a long overdue account of Young’s 
representation theory of the symmetric group. Many of Young’s 
complicated proofs have been simplified through a free use of mathe- 
matical induction. The printing is excellent, and no errors have been 
detected. The Edinburgh University Press is to be congratulated on 
such a handsome first volume. 

G. DE B. ROBINSON 


NOTES 


Applications before February 15, 1950, are invited for the Harry 
Bateman Research Fellowships at the California Institute of Tech- 
nology. These are post-doctorate fellowships carrying a stipend of 
$3600 for the academic year. 

The School of Mathematics of the Tndetate for Advanced Study 
will allocate a small number of stipends to gifted young mathemati- 
cians and mathematical physicists to enable them to study and to do 
research work at Princeton during the academic year 1950-1951. 
Candidates must have given evidence of ability in research compa- 
rable at least with that expected for the degree of Doctor of Phi- 
losophy. Blanks for application may be obtained from the School of 
Mathematics, Institute for Advanced Study, Princeton, N. J., and 
are returnable by February 1, 1950. 

The University of Maryland and the Naval Ordnance Laboratory 
have established an Institute of Fluid Dynamics and Applied Mathe- 
matics, to be located at the University of Maryland and to be 
directed by Professors Joseph Kampé de Fériet of the University of 
Lille and Alexander Weinstein of the University of Maryland and 
Naval Ordnance Laboratory. 

Professor Emil Artin of Princeton University has been appointed 
to a visiting professorship at the Institute for Mathematics and 
Mechanics, New York University. 

Assistant Professor R. C. Buck of Brown University has been 
appointed to an associate professorship at the University of Wiscon- 
sin. 

Assistant Professor F. L. Celauro of Newark College of Engineering 
has been appointed to an associate professorship at the Western State 
College of Colorado. 

Mr. D. G. Chapman of the University of California has been ap- 
pointed to an assistant professorship at the University of Washington. 

Associate Professor Harold Chatland of the Ohio State University 
has been appointed to a professorship at Montana State University. 

Mrs. Joan R. Clark of Brown Instrument Company has accepted a 
position as research assistant with the Institute for Cancer Research, 
Philadelphia, Pa. 

Miss Helen F. Cullen of the University of Michigan has been ap- 
pointed to an assistant professorship at the University of Massa- 
chusetts. 

Associate Professor J. C. Currie of Alabama Polytechnic Institute 


1088 


NOTES 1089 


has been appointed to an associate professorship at the Georgia 
Institute of Technology. 

Mr. B. J. Eisenstadt of the University of Michigan has been ap- 
pointed to an assistant professorship at Wayne University. 

Dr. A. B. Farnell of Princeton University has been appointed to an 
assistant professorship at the University of Colorado. 

Dr. Walter Fleming of Fort Hays State College has been appointed 
to an associate professorship at State Teachers College, Mankato, 
Minn. 

Dr. H. L. Garabedian of the Atomic Energy Commission has ac- 
cepted a position as senior scientist with the Atomic Power Division 
of Westinghouse Electric Corp., Pittsburgh, Pa. 

Mr. I. C. Gentry of Duke University has been appointed to an 
assistant professorship at Wake Forest College, Wake Forest, N. C. 

Associate Professor H. A. Giddings of the University of New Hamp- 
shire has been appointed to a professorship in the College of Engineer- 
ing, New York University. 

Mr. D. B. Goodner of the University of Illinois has been appointed 
to an assistant professorship at Florida State University. 

Associate Professor Fritz Herzog of Michigan State College has 
been appointed to a visiting associate professorship at the University 
of Michigan for the first term of the current academic year. | 

Professor A. J. Kempner of the University of Colorado has retired 
and has been appointed to a visiting professorship at Pomona College. 

Mr. L. L. Layton of the University of Illinois has been appointed 
to an assistant professorship at James Millikin University. 

Mr. S. C. Lowell of New York University has accepted a position 
as scientific liaison officer with the Office of Naval Research. 

Mr. H. F. Mathis of Northwestern University has been appointed 
to an associate professorship in electrical engineering at the Univer- 
ity of Oklahoma. 

Professor F. S. Nowlan of the University of British Columbia has 
been appointed to a professorship at the Undergraduate Division of 
the University of Illinois, Chicago, Ill. 

Mr. H. C. Parrish of Ohio State University has been appointed to 
an assistant professorship at the North Texas State Teachers College. 

Associate Professor P. M. Pepper of the University of Notre Dame 
has been appointed to an associate professorship of industrial engi- 
neering at the Ohio State University. 

Assistant Professor Mary Pettus of Lander College has been ap- 
pointed to an assistant professorship at the University of Richmond. 

Mr. D. W. Pounder of Illinois Institute of Technology has ac- 
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cepted a position as aerodynamicist with A. V. Roe Canada, Ltd., 
Toronto. 

Professor Hans Rademacher of the University of Pennsylvania has 
been appointed to a visiting professorship at the Institute for Mathe- 
matics and Mechanics, New York University. 

Mr. L. T. Ratner of the University of California at Los Angeles has 
been appointed to an assistant professorship at Vanderbilt Univer- 
sity. 

Professor J. B. Rosser of Cornell University has accepted a position 
as chief of the Institute for Numerical Analysis of the National 
Bureau of Standards. 

Mr. Herman Rubin has been appointed to an assistant professor- 
ship in statistics at Stanford University. 

Mr. -R. H. Scherer of the University of Minnesota has been ap- 
pointed to an assistant professorship at Macalester College, St. Paul, 
Minn. 

Associate Professor Ernst Snapper of the University of Southern 
California has been appointed to a visiting associate professorship at 
Princeton University. 

Mr. Herbert Solomon of the Strategic Vulnerability Branch of the 
Air Forces has accepted a position as mathematical statistician in the 
Office of Naval Research. 

Assistant Professor R. D. Specht of the University of Wisconsin 
has accepted a position as associate mathematician with the Rand 
Corporation, Santa Monica, Calif. 

Dr. Olga Taussky has accepted a position as mathematician with 
the National Bureau of Standards. 

Mr. H. E. Tinnappel of the Ohio State University has been ap- 
pointed to an assistant professorship at Bowling Green State Uni- 
versity. 

Dr. L. V. Toralballa of Fordham University has been appointed to 
an associate professorship at Marquette University. 

Dr. W. R. Transue of the Institute for Advanced Study has been 
appointed to a professorship at Kenyon College. 

Dr. Jean B. Walton of the University of Pennsylvania has been ap- 
pointed Dean of Women, Pomona College. 

Professor C. E. Wilder of Dartmouth College has retired. 

Mr. J. F. Williams of the University of Tennessee has been ap- 
pointed to an assistant professorship at Memphis State College. 

The following promotions are announced: 

B. A. Amira, Hebrew University, to an associate professorship. 
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L. W. Akers, Central Missouri College, to an associate professor- 
ship. 

Alfredo Bafios, Physics Department, University of California at 
Los Angeles, to a professorship. 

R. E. Basye, Agricultural and Mechanical College of Texas, to an 
associate professorship. \ 

I. L. Battin, Drew University, to an associate professorship. 

M. G. Boyce, Vanderbilt University, to a professorship. 

O. J. Farrell, Union College, to a professorship. 

A. H. Fox, Union College, to a professorship. 

Bernard Friedman, Institute for Mathematics and Mechanics, 
New York University, to an associate professorship. 

C. M. Fulton, University of California at Davis, to an assistant 
professorship. 

R. C. James, University of California, to an assistant professorship. 

P. A. Lagerstrom, California Institute of Technology, to an as- 
sociate professorship of aeronautics. 

M. V. Morkovin, University of Michigan, to an associate professor- 
ship. 

Max Morris, Case Institute of Technology, to a professorship. 

B. J. Pettis, Tulane University of Louisiana, to a professorship. 

R. M. Robinson, University of California, to a professorship. 

Fariebee P. Self, Centenary College, to an assistant professorship. 

E. A. Sturley, Allegheny College, to an assistant professorship. 

Leonard Tornheim, University of Michigan, to an assistant pro- 
fessorship. 

Bertram Yood, Cornell University, to an assistant professorship. 

The following appointments to instructorships are announced: 
Anitoch College: Mr. D. J. Myatt; Case Institute of Technology: Dr. 
F. C. Leone; University of Chicago: Dr. A. F. Strehler; Columbia 
University, Barnard College: Mr. A. J. Hoffman; University of 
Connecticut: Dr. D. M. Adelman; University of Connecticut, 
Hartford Branch: Mr. D. K. Pease; Florida State University: Mr. 
R. T. Gregory; University of Illinois: Mr. Meyer Jerison; Massa- 
chusetts Institute of Technology: Dr. T. M. Apostol; University of 
Michigan: Mr. Imanuel Marx; University of North Carolina: Mr. 
W. R. Mann; Oklahoma Agricultural and Mechanical College: Mr. 
Arthur Zeichner; University of Oregon: Mr. F. H. Young; Rensselaer 
Polytechnic Institute: Mr. J. C. Gibson; University of Tennessee: 
Mr. E. L. Eagle; Tulane University of Louisiana: Mr. H. J. Cohen; 
Union College: Mr. M. R. Bates; Washington University: Dr. H. 
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Margaret Elliott; University of Wisconsin: Mr. L. H. Kanter. 

Professor Zbigniew Lepecki of the University of Paraná died in 
May, 1949 at_the age of forty-seven years. 

Reverend J. E. Case of St. Louis University died on August 5, 
1949 at the age of fifty-three years. He had been a member of the 
Society for sixteen years. 

Professor R. E. Gleason of Temple University died on July 7, 1949. 
He had been a member of the Society for twenty-eight years. 

Associate Professor R. K. Luneburg of the University of Southern 
California died August 19, 1949 at the age of forty-six years. 
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CLASSIFICATION OF 2-MANIFOLDS WITH 
SINGULAR POINTS 


CHIEN-KE LU 


1. Introduction. By a closed 2-mantfold, or simply a 2-manifold, 
we mean here a two-dimensional connected finite simplicial complex 
every point of which has a neighborhood homeomorphic to a circular 
disk, that is, the interior of a circle. If there is a point not having the 
latter property, we call it a singular point of it. 

In this paper, we shall give a complete classification (§2) and some 
properties (§3) of 2-manifolds with a single singular point. Obviously 
one may get one such geometrical figure by identifying certain 
points of a 2-manifold or several ones together. Conversely, we shall 
show that every such figure may be obtained in such a manner (see 
(2.3)). 

In §4, we generalize these results to 2-manifolds with any number 
of singularities. 


2. The classification. The classification lies in the investigation of 
the nature of the neighborhoods of the singular point. Let! DM? have 
its singular point at 0. We first establish the following lemma. 


LEMMA (2.1). Any neighborhood of 0 is homeomorphic to a finite 


number, say p, of circular disks with all their centers identified. We call 
tt a p-bundle and call 0 tts center; and the boundartes of these p disks 


- are simply said to be the boundary of the p-bundle. 


Proor. Consider a simplicial subdivision &? of M. We first note 
that 0 must be a vertex of &?. For, if 0 were an inner point of a 
2-simplex, then 0 could not belong to any other simplex and hence | 
would be an ordinary point; and if it were an inner point of a 1- 
simplex, then all the points of this 1-simplex would be singular 
points for the same reason. It is also evident that 0 cannot be a vertex 
of a 1-simplex unless it is a vertex of a 2-simplex. 

Let 0 be a vertex of a 2-simplex R?. Then there must be many 
2-simplexes including R? forming a circular disk surrounding 0, as 
otherwise there would be two edges of singularities. Besides, 0 must 
be a vertex of another 2-simplex, say ‘%?, by noting that 0 is a 
singular point. Hence we get another circular disk consisting of 


Received by the editors September 15, 1948, 
1 We use the notation M instead of a dot directly over M for typographical 
convenience. 
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2-simplexes surrounding 0. In such a way, finally, we obtain p such 
circular disks (since ‘M? is finite), and the lemma is proved. 

We say M? has a singularity of order p at 0. -‘M*— (0) in general is 
not connected and consists of n components & (¢=1,---,). We 
name %+(0) a sheet of M2. Then M? is the sum of these sheets 
with the identification of 0. Moreover, each circular disk of 0 belongs 
wholly to one and only one sheet. Let us denote these sheets by 
Me&-+(0) ¢=1,-++, 2), then 


(1) mre m 
(2) $ = > Pi 
done]. 


where p; is the order of 0 in ‘DU (p;=1 in case ‘MY itself is a 2-mani- 
fold). 

Hence it is sufficient for us to consider ‘WÊ separately. But the 
structure of ‘MY is quite clear; for, if we take away the p, circular 
disks surrounding 0, the rest is a bounded 2-manifold with p; holes, 
the classification of which is already well known.? Therefore we get: 


THEOREM (2.2). Any 2-mansfold with one singularity may be decom- 
posed into the form (1), where ‘DG are sheets, that is, bounded 2-mant- 
folds with p; holes adjotned with a p;-bundle having tis boundary identi- 
fred with the boundartes of these holes; and all the centers of these bundles 
are to be identified. 


We may, however, consider the p-bundle separately as circular 
disks and identify each of their circumferences with each of the 
boundaries of the holes. Thus we get 2-manifolds, and then identify 
the p centers. Hence we obtain: 


THEOREM (2.3). Every 2-mantfold with one singular porni ts the sum 
of a fintte number of 2-mantfolds each with some points identified all 
together. 

The preceding two theorems lead us to obtain a 2-manifold with a 
single singular point from bounded and closed 2-manifolds respec- 
tively. In practice the latter is much more useful than the former. 


3. Simple properties. The most evident property of 2-manifolds 
with one singularity is contained in the following theorem. 


THEOREM (3.1). M and ‘M** are homeomorphic tf and only if they 
2 Cf., for example, Seifert-Threlfall, Lehrbuch der Topologie, 1934, $40. 
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have the same structures, hence necessarily, after suttably arranging their 
sheets, 


(3) (2) = (i) 
(consequently n=n*, p=>p"). 


But we should notice that (3) is not a sufficient condition for M? 
and ‘§*? to be homeomorphic, since the corresponding 2-manifolds 
constituting them may not be homeomorphic. We also note that the 
property of orientability is preserved: 


THEOREM (3.2). A 2-mantfold with one singularity ts orientable if 
and only tf all the 2-mantfolds consistuting tt are orsentable. 


Now we come to prove the important theorem: 


THEOREM (3.3). The (integral) homology group h of any dimension 
of a 2-mantfold wiih one singularıty ss the direct sum of those of tts sheets. 
The homology group of a sheet ‘DY is the same as that of the 2-manifold 
DU except for dimension 1, where DG is the 2-manifold which is the same 
as WÊ but without those p; points to be identified in DÈ being identified 
in YG. For dimension 1, if ‘DY and DY have the homology groups Y 
and hy respectively, then 


1 1 
(4) bi = be + (Oe — Do 
where kg represents the direct sum of k free cyclic groups g. 


Proor. Let us consider the last statement only as the others are 
obvious. In case ~,=1, (4) is trivial. 

Suppose Oh, - - > , Op; are the points of PÅ which are to be identified 
in ‘M7. Take a sufficiently small simplicial subdivision of PÊ such that 
all these points are vertices, and it induces a simplicial subdivision 
on ‘9%. Then any 1-cycle Z! on WÊ is either a 1-cycle on DR or a 
broken line joining two 0’s, say 0; and 0;. In the latter case Z! is 
neither homologous nor division homologous to zero. For if mZ1~0 
(m0), then there would exist a 2-chain C? whose boundary dC*=mZ}! 
and thence 


G0C? = mdZ! = m( + 0; +0) #0, 


which is a contradiction. Hence Z! as an element of H generates a 
free cyclic group. 

We then join 0; to the other 0’s and get ,—1 broken lines, each 
of which generates a free cyclic group since no two of them are 
homologous or division homologous to zero by the same reason. 
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Any broken line between 0; and 0, may be replaced by an algebraic 
sum of two broken lines starting from 0, and ending in 0,, 0, respec- 
tively, and a 1-cycle through these three points on DU will be dis- 
cussed below. 

A 1-cycle on MÊ not passing through any 0 is not influenced in 
constructing ‘MÊ, while one passing any 0, say Os, may be modified 
by omitting the two edges through it and adding the third edge of the 
2-simplex that is incident with 0, as well as the two edges through 0, 
(see (2.1)). Hence the homology classes made by the 1-cycles on 
M? are unchanged on ‘MY. Thus (3.3) is established. 


COROLLARY (3.4). 
f= È W+G- me 


This shows us a method for constructing a 2-complex with any 
preassigned Betti number whatever. 
Analogously, we have the following theorem. 


THEOREM (3.5). The fundamental group of a 2-mantfold with one 
singularity is the free product of those of tts sheets, and the fundamental 
group {, of a sheet WË is the free product of the fundamental group f, 
of DG and p,—1 free cyclic groups.* 


4, Generalizations. By the finiteness of a 2-manifold it is evident 
that the number of singular points on it, if any, is finite. Let 
70, ‘70, -- +, 0 be the only singular points on a 2-manifold PY. 

Lemma (2.1) is valid for each 0 (j=1,---, m) and we may 
speak of the order at 0, say “p. The generalized Theorems (2.2) 
and (2.3) have their natural forms, the latter of which we state as 
follows. 


THEOREM (4.1). M? ts the sum of a finite number of 2-manifolds 


ME =1,---,n) on which “Op, points are identified to the point 
OO (j=1, +++, m). 
Moreover, 


(56) p= Dp, p= Dd Mp, pe di pr= DM, 
at ton ra jen 
where p; and p are defined as the orders of -DY and -MP respectively. 


3 We may first prove (3.5) and so (3.3) follows immediately by a relation between 
the homology group and the fundamental group, cf. ibid. p. 173. 
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Theorem (3.1) now takes the form: 

THEOREM (4.2). M? and :M*? are homeomorphic if and only if 
they have the same siructures, hence necessarily, after sutiably arranging 
their sheets and the order of their singular points, 

(6) ` (Pp) = (Dp) 
(consequenily m=m*, n=n*, p=p*). 


Theorem (3.2) is true in its original form. We establish now the 
following theorem. 


THEOREM (4.3). The homology group Vi of ‘DY is given by 


(7) b= Be + (pi — me 


where ty is the homology group of DU, the 2-manifold which is the same 
as DÊ bus without any points being identified. 


Proor. For each 7 we consider the p; points to be identified to 
(20 as in the proof of (3.3), that is, join broken lines from one of 
them to all the others. They are 1-cycles on WẸ, each of which gen- 
erates a free cyclic group in h} and any two of which are neither 
homologous nor division homologous to zero on ‘DY. Any 1-cycle on 
‘0G may be replaced by an algebraic sum of these broken lines and 
a 1-cycle on DÊ. Hence by the same reason as in (3.3), from the first 
equation of (5) we have (7), and thus the theorem is proved. 

In order to get the homology group ‘H! of DM, we again introduce 
a lemma which may be readily proved. 


LEMMA (4.4). If R is a connected simplictal complex of any dimenston 
and P;,--+-, Py are k arbitrary distinct points on tt, and R* is the 
complex made by R in addition with the 1-simplexes (PıPa), (PiP), +> 
(P,P;) (not in &); then 


(8) | pvt = h! + (k — 1)g, 
(8) pt = bh" — (k — 1g, 


where h! and h*! are homology groups of R and R* respectively and the 
minus sign indicates a difference group. 


Eventually, we have the following theorem. 
THEOREM (4.5). The homology group H! of M? may be written as 
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1 ad 
(9) b= Dot (-—#— m+). 
{ml 
ProoF. In constructing 1-simplexes (’0’’0), «+ »- , C00) (not be- 


longing to M3), we get M*2, MY, - - - as in the lemma. By (7) and 
(8), we have 


(10) Ht = bit (pi — De, 


where -hy" is the homology group of Mi. The newly constructed 
simplexes form a connected 1-complex whose 1-dimensional homology 
group contains the identity only. Therefore from a famous theorem 
(cf. Seifert-Threfall, p. 179), by (5) we get 


(11) Hi = SLibt (> m 


where -}*! is the homology group of M**. Therefore (9) is finally 
established in virtue of (11) and (8)’. 
Theorem (3.5) may be extended analogously. 


NATIONAL WUHAN UNIVERSITY 


A NOTE ON EQUICONTINUVITY 
M. K. FORT, JR. 


During a recent seminar discussion of his paper Transilivity and 
equicontinuity [1],1 W. H. Gottschalk proposed the following ques- 
tion: 

“Is the center of every algebraically transitive group of homeo- 
morphisms on a compact metric space equicontinuous?” 

An affirmative answer to the above question is given in this note. 


1. Definitions. We let X and Y be compact metric spaces and let 
d be the metric for Y. 

A set F of functions on X into X is algebraically transitive if corre- 
sponding to each pair p and g of points in X there exists [E&F such 


that f(p) =q. 
A sequence [g,] of functions on X into Y converges to a function 


Presented to the Society, November 27, 1948; received by the editors August 10, 
1948. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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g uniformly at a point pCX if e>0 implies that there exists N>0 
and a neighborhood V of p such that d(g„(x), g(x)) <e whenever re V 
and n>N. 

We shall need to make use of the fact that if [g,] is a sequence of 
continuous functions on X into Y which converges pointwise to a 
function g on X, then the sequence converges uniformly at each 
point of a set residual in X. This fact has been proved by Kuratowski 
in [2]. Although the notation implies that Kuratowski is restricting 
himself to more special spaces than those with which we are dealing, 
the proof given in [2] is actually valid for any compact metric spaces 
X and Y.3 


2. A more general theorem. We shall now prove a theorem which 
yields as a corollary the answer to Gottschalk’s question. 


THEOREM. Let F be a set of continuous functions on X into X and 
G a set of continuous functions on X into Y, such that to each FEF 
there corresponds a continuous function f* on Y into Y such that 
g=f*gf for all eG. If F is algebrascally transitive then G ts equicon- 
finuous. 


ProoF. It is well known that in order to prove G equicontinuous it 
is sufficient to prove that every sequence in G has a uniformly con- 
verging subsequence. This is the converse of Ascoli’s theorem. 

Let S be any sequence in G. Choose a subsequence [g,] of S which 
converges at some point 9EX. This is possible since Y is compact. 
We shall prove that [g,| converges uniformly on X. 

We first prove that [g,] converges pointwise on X. Let x be any 
point of X. Since we are assuming that F is algebraically transitive, 
we may choose fEF such that f(x) =p. There exists, by hypothesis, 
a continuous function f* on Y into Y such that g=f*gf for all gEG. 
Since f(x) = and [g,| converges at p, we see that [g„f(x)] is a con- 
verging sequence in F. Since f* is continuous on F, it follows that the 
sequence |f*g,f(x)| converges. This sequence is the same, however, 
as Ien(x) |. 

Since we now know that [g,] converges pointwise on X, we may let 
go be the limit of the sequence of functions. The sequence [g,] con- 
verges to go uniformly at each point of a set residual in X, and since 
X is a compact metric space this residual set is non-empty. Let q be 
a point at which [g,| converges uniformly to go. 


3 The theorem is true for functions on any topological space X into a separable 
metric space Y. The author has a proof of this fact which will be included in a later 
paper on applications of semi-continuous set-valued functions. 
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We now prove that [g,.| converges uniformly at each point of X. 
Let x be a point of X and choose fC F such that f(x) =q. There exists 
f*, continuous on Y into Y, such that g=f*gf for all g@G. The func- 
tion go may not belong to G, but since gp is the pointwise limit of a 
sequence of elements of G it is easy to verify that go=f*gof. Suppose 
e>0. There exists 6>0 such that if u and v belong to Y and d(u, 0) <6 
then d(f*¥(u), f*f(v)) <e. There exists N >0 and a neighborhood U of q 
such that d(ga(y), go(v)) <ô whenever n>N and yCU. There exists 
a neighborhood V of x such that f(V)C JU. It is now easy to see that 
if z&V and n>N then d(f*gef(s), f*gaf(s))<e. We thus obtain 
d(g.(%), g0(3)) <e whenever 3&EV and n>N. This proves that the 
convergence is uniform at x. 

If a sequence of functions converges uniformly at each point of a 
compact space, then the sequence converges uniformly on the entire 
space. Therefore [g,| converges uniformly to go on X. 


COROLLARY 1. If F is an algebrascally transitive group of homeo- 
morphisms of X onto X and G is a group of homeomorphisms of X onto 
X such that gf =fg whenever fC F and gEG, then G is equicontinuous. 


COROLLARY 2. If F ts an algebratcally transttwe group of homeo- 
morphisms of X onto X, then the center of F is equicontinuous. 
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PARTITIONING A SET 
R. H. BING 


1. Introduction. Suppose space has a metric D(x, y). 

Under certain conditions in calculus we define /¢f(x)dx to be equal 
to lim I f(&)Ax;. The dividing of the interval from a to b into a 
finite number of pieces with lengths Ax; is a partitioning of the 
interval from a to b. Similarly, partitioning may be used in integrat- 
ing over an arbitrary set. The partitioning may provide a basis for a 
measure on the range of the function which is being integrated. We 
shall define partitioning on sets for which there is no accepted unit 
of measure such as length, area, or volume. 

The notion of partitioning may be used to assign a convex metric 
to certain sets. See Theorems 7, 8, 9, and 10. Theorem 8 provides an 
answer to a question raised by Menger in [3].! See [1] for a discus- 
sion of and references to partial solutions of this problem. Further 
applications of partitioning are treated in my paper Complements of 
continuous curves, appearing in Fund. Math. 

Most of the results of this paper (including Theorem 7 but not 
Theorems 1 and 8) were contained in an address I gave before the 
Mathematics Club at the University of Chicago in May, 1948. After 
finishing Theorems 1 and 8 in August, I found that Moise, working 
independently, had obtained a solution [4] to the above mentioned 
problem by Menger six weeks earlier. 

Partrisoning. A set M can be partitioned if for each positive number 
e there is a finite collection G of connected mutually exclusive open 
subsets of M such that each element of G is of diameter less than e 
and the sum of the elements of G is dense in M. We shall say that G 
is an €-partitioning of M. 

Refinement. If G and H are two partitionings of M, we say that G 
is a refinement of H if each element of G is a subset of an element of 
H. 

Property S. A set M has property S if for each positive number e, M 
is the sum of a finite number of connected subsets such that the 
diameter of each of these subsets is less than e. This property is 
discussed in [5, 6, 7, 8]. 

Convex metric. A metric E for a set M is convex if for each pair of 
points x, y of M there is a point z of M such that E(x, 2) = E(y, 2) 
j Presented to the Society, September 10, 1948; received by the editors September 

, 1948. 
! Numbers in brackets refer to the bibliography at the end of the paper. 
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= E(x, y)/2. The metric F for M is almost convex [2] if for each pair 


of points x, y of M and each positive number e there is a point z of 
M such that 


| F(x, s) — F(x, y)/2| + | Fly, 2) — F(x, y)/2] < e. 


2. Partitionable sets. Theorem 1 characterizes sets that can be 
partitioned. First we consider two lemmas that will be used. 


Lemma 1. For each connected set M with property S there is a compact 
locally connected continuum H and a homeomorphism T of M into a 
dense subset H' of H such that the diameter of each connected subset X 
of M ss the same as the diameter of T(X) and for each connected open 
subset R of H, T(R- H’) ts connected. 


Proor. The continuum H is the complete enclosure of the relative 
distance space for M. See [8; pp. 154-158]. 


LEMMA 2. If M is a connected set with property Sand H and K are 
subsets of M at a positive distance from each other, then there 4s a fintte 
collection of connected, mutually exclusive open subsets of M such that 
the sum of thts collection 1s dense in M, no element of this collection 
intersects both H and K, and each element of this collection that inter- 
sects K has property S. 


Proor. We shall prove the lemma for the case where M is closed 
and compact. It will follow from Lemma 1 for the general case. 

Let H’ and K’ be two sets at a positive distance from each other, 
containing and K respectively, such that each point of M belongs 
to an arc of diameter less than 1/2 that intersects H’+K’. Denote 
by H, (or Kı) the set of all points of M that belong to a connected 
subset of M which intersects H’ (or K^ and is of diameter less than 
D(A’, K’)/3. We note that H, and K, have only a finite number of 
components. - 

Let W be a finite collection of points of M such that each point of 
M belongs to an arc in M of diameter less than 1/4 that intersects 
W. There is a finite collection A of arcs such that each element of A 
lies in M — K, and intersects H, while A*, the sum of the elements of 
A, contains each point of W which belongs to a component of M — Kı 
which intersects H;. Let B be a finite collection of arcs such that 
A*+B* contains W and each element of B is of diameter less than 
1/2, lies in M—(H,+A*), and intersects K,. 

Denote by Ha (or Ka) the set of all points that belong to a con- 
nected subset of M which intersects H,+A* (or Kıt+B*) and is of 
diameter less than D(H,+A*, Kı+B*)/3. We note that each point 
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of K, belongs to a connected subset of Ks which intersects K, and is 
of diameter less than 1/2+1/6. 

Similarly, there exist open subsets Ha Ky, Ha Ka, * - - of M such that 
(1) H; is at a positive distance from Ky, (2) Hiap and K contain 
H; and K; respectively, (3) each component of H,,; contains a com- 
ponent of H,, (4) each point of Ki} belongs to a connected subset of 
K; that intersects K; and is of diameter less than 1/2?+1/(3-2%, 
and (5) each point of M belongs to an arc of diameter less than 1/2° 
that intersects H;+K;. Now >)(H;+K;) is dense in M and has only 
a finite number of components while > K, has property S. 


THEOREM 1. A necessary and sufficient condition that a set M can be 
partitioned is that si have property S. 


PROOF OF SUFFICIENCY. We show that M can be partitioned by 
showing that each of its components C can be partitioned. 

Let (pı, Pa, * + +, Pa) be a finite collection of points of C such that 
each point of M is at a distance from È p; of less than e/4. Let H; 
be the set of all points of C that are at a distance from p; of less than 
e/4 and K; be the set of those that are at a distance from £p; of more 
than e/2. 

By Lemma 2 there are two mutually exclusive open subsets U, 
and Vı of C such that U,+ V; is dense in C, U, has a finite number of 
components and contains Hı, and V, has property S and contains 
Kı. Also, there are two open subsets U, and V2 of Vi such that U+ Ve 
is dense in V;, Us contains Vi-H; and has a finite number of com- 
ponents, while Va contains Vi- K: and has property S. Similarly, we 
define sets U;, Vz, Us, Van, Una, Vaa. The components of 
Uit Uat + + + Urat Vai are finite in number, each is of diameter 
less than e, and their sum is dense in M. 


3. Refinements of partitionings. We shall be interested in par- 
titioning a set in such a way that each of the pieces into which it is 
partitioned can be partitioned. These pieces must have property S if 
this is to be done. 


THEOREM 2. If H and K are two connected subsets of the connected 
paritisonable set M and e is a positive number such that any connected 
subset of M sntersecting both H and K is of diameter more than e, then 
there are two connected, mutually exclusive open subsets U and V of M 
containing H and K respectively such that U+V has property S and is 
dense in M. 


Proor. The general case will follow from Lemma 1 if we prove the 
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case where M is a compact continuum. Hence, we suppose it is one. 

For each integer #, let G, be a 1/i-partitioning of M. Let H’ and 
K’ be mutually exclusive subcontinua of M containing H and K re- 
spectively such that each element of Gs intersects H’+K’. Let U, 
(or Vı) be the set of all points that belong to a connected subset of 
M of diameter less than D(H’, K’)/3 that intersects H’ (or K^). 

Let A and B be finite collections of arcs such that (1) each element 
of A intersects U, while each element of B intersects Vi, (2) each 
element of A -+B is a subset of an element of Gs, (3) no element of A 
intersects either V or an element of B, while no element of B inter- 
sects U,, and (4) each element of G, contains a point of A*+B*. 

Let U, (or V:) be the set of all points that belong to a connected 
subset of M of diameter less than D(U,+4*, V,+B*)/3 that inter- 
sects U, (or Vi). We note that each point of U; (or V2) belongs to a 
connected subset of Us (or Va) of diameter less than 1/2 + D(U,+4A*, 
Vi+B*)/3<1/2+1/6 that intersects U, (or Vi). 

Similarly, we obtain connected open subsets Us, Va U, Vi, --- 
such that (1) U, contains U; while Vi contains Vs, (2) Uit Vi 
intersects each element of Ga, and (3) each point of Ug (or Vi) 
belongs to a connected subset of U, (or Vi) which is of diameter 
less than 1/2'-+1/(3-2°) and intersects U, (or V;). Then U= U, 
and V= > V; are the required sets. 

Each of the following three theorems follows from repeated ap- 
plications of the theorem preceding it. 


THEOREM 3. If H ts a finste collectton of connected subsets of the con- 
nected pariitionable set M and e is a postive number such thai no con- 
nected subset of M of diameter less than ¢ intersects two elements of H, 
then there is a finite collectton U of connected, mutually excluswe open 
subsets of M such that each element of U has property S and contains 
one and only one element of H, each element of H ts contained tn an 
element of U, and the sum of the elements of U is dense in M. 


THEOREM 4. If M is partstionable, then for each posttive number e 
there +s an e-partittoning G of M such that each element of G has prop- 
erty 5. 


THEOREM 5. If M is a partttionable set, there is a sequence Gy, Gr, + + > 
such that G; ts a 1/i-bariitioning of M and Gip ts a refinement of G;. 


THEOREM 6. Suppose space has a complete meiric and R ts a con- 
nected domain with property S and a nondegenerate boundary B. Then 
R contains-a connected set E with property S such that E=E+B, but 
no connected subset of E has this properiy. Also, E is topologically 
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equivalent to a subset of a dendron, and any nondegenerate continuum in 
E is a dendron with a finite number of ends. 


Proor. Let Gi, Gs, - : : be a sequence such that G; is a 1/4-parti- 
tioning of R and Giy is a refinement of G;. Denote the collection of 
closures of elements of G; by H;. Let Hi be a subset of H, irreducible 
with respect to covering B and Hj, be a subcollection of Hı such 
that each element of Hj,; is a subset of an element of H}, and Hip: 
is irreducible with respect to covering B. 

Let m: be an integer so large that A, has more than one element. 
There is a dendron T; in R which intersects each element of Hy, but 
which contains no subcontinuum doing so. Let ms be an integer so 
large that D(T,, B)>3/ms. There is a dendron T, such that (1) Ts 
contains Tı, (2) Ts intersects each element of Hm, (3) each com- 
ponent of 73;— T; is a subset of an element of Gm, and (4) no subcon- 
tinuum of 7; has these properties. Similarly, we define T3, 74, -- - 
Then E= \\T.. 


4, Convexification of partitionable sets. We can assign a convex 
metric to certain partitionable sets. 


THEOREM 7. If M ts a compact parttttonable continuum, it can be 
assigned a convex metric. 


FIRST PROOF oF THEOREM 7. We shall define a sequence E(x, y), 
E(x, y),- -of functions on the pairs of points of M such that 
E(x, y) =lim E,(x, y) is a convex metric for M. 

Let Gi, Gs, + - : be a sequence such that G; is a 1/4-partitioning of 
M and Gi is a refinement of G;. There is a dendron T; in M such that 
T intersects each element of G, and there is a convex metric F; for 
Tı such that the diameter of Tı under F; is less than 1/4. Let U, 
be the set of all elements # such that wu is a component of g—g-7; 
for some element g of Gı. Denote by V, the set of all continua v such 
that v is either a point of Tı or the closure of an element of Uj. 

If v and w are two elements of Vi, we define Eı(v, w) to be the 
greatest lower bound of all numbers of the sort r/2-++s, where some 
continuum is the sum of v, w, r other elements of V; and some arcs in 
Tı whose total length under F; is s. 

Let m, be an integer so large that D(v, w)>3/m, if v and w are 
elements of V, such that Elv, w)>1/16. In each element u; of Uı 
that contains an element of Gm there is a dendron T3, which inter- 
sects each element of Gm, that intersects #,. It may be noted that 
there are only a finite number of such #,’s. Let F3, be a convex metric 
= for T3,; such that the diameter of Ts, under F3, is less than 1/16. 
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Let Us be the collection of all components of the sort g—g 
(Ti+ >°T2,;), where g denotes an element of Gm. Let Vs designate 
the set of all continua v such that v is either a point of Ti+ $ Ta, or 
the closure of an element of Uz. 

If v and w are two elements of Va, we define E:(v, w) to be the 
greatest lower bound of all numbers of the type r/4-+s, where some 
continuum is the sum of v, w, r other elements of V: and a collection 
of arcs in Ti+ > T3, whose total length under their respective F's is 
S. 

Similarly, we define ms Gm, Ts, Fan Us, Va, Ealo, w), Mi, Gay 
Ti Faj Us, Va Elv, w), > +--+. In general, m; is an integer so 
large that 


(1) Do, w) >3/maı if Edo, w) > 1/44 (v, w elements of Vj). 


Consider an element t, of U; that contains an element of Gwir 
Let K,,, denote the collection of all continua k such that % is the 
closure of a component of the common part of u;,, and an element of 
Gm, Denote by Kis the finite collection of all elements k of Ki, 
such that & intersects an element of V: which does not intersect any 
component of Ti+ $ Tast +++ + > 7;,; which intersects k. There 
is a dendron Tj41,. in ti, such that 7441,, intersects each element of 
Ki, and each element of G„,,, which intersects tn. Let Fiyin be a 
convex metric for T441,. such that 


(2) diameter Tyi1,, under Fisi < 1/4. 


Denote by U the collection of all components of sets of the sort 
g—e-(Tit Tist ++ + + ÈT), where g denotes an arbitrary 
element of Gm, The elements of V.n are the points of Ti+ X Ta; 
+- + > Tim; and the closures of the elements of U;n. 

Let 


Eyılo, w) = greatest lower bound (r/2't! + s) (v, w elements of V1), 


where some continuum is the sum of v, w, r other elements of Vip 
and a collection of arcs in Tit Tast - +--+ > Ti; whose 
lengths under their respective F’s total s. It may be noted that if v 
intersects w, E,(o, w) =0. 

If p and q are two points of M, we define E,(P, q) to be the greatest 
lower bound of all numbers E,(v, w), where v and w are elements of V; 
containing p and q respectively. We shall show that lim E,(p, q) 
=E(p, Q) exists and E(x, y) is a convex metric for M. 

Using (1) we find that if some continuum is the sum of the elements 
vand w of V: and n elements of V,41, then E;(v, w) <n/2*), From this 
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and the fact that two elements of V;;ı are subsets of the same ele- 
ment of V; if they intersect the same arc in 2T +1,57) we find that if 
vand w are two elements of Vi41, then there are elements v’ and w’ of 
V; containing v and w respectively such that E,(v’, w)sE,.ulo, w). 
Hence, £,(p, q) is a monotone nondecreasing function of ¢. 

If a component C of Ti+ P Tent +++ + > T;,5 intersects the 
sum of two elements v, w of V; which intersect each other, it follows 
from (1) and (2) that under its respective metric 


(3) diameter C- (v + w) < 1/4, 


If v and w are two elements of Vii: which are subsets of the same 
element of V;, then 


(4) Exo, w) < 1/4 + 8(1/2) 4 1/45 

where 6 is equal to 2, 1, or 0 according as neither, one, or both of the 
elements v, w are nondegenerate subsets of elements of Ki; for some 
integer 7. 

Using (3) and (4) we find that if v and w are elements of V;,,; which 
are subsets of the sum of a coherent collection of n elements of V;, then 
(5), Baalo, w) < n(1/2 4 1/48 + 1/4) + 1/4 < (n/2(1 + 3/29, 
Using (5) we find that 
Repeated applications of (6) give that 
Emal, g) < (1 + 3/2) (1 + 3/2) «++ (1 + 3/24"), (p, g9) + 2/2! 

+ 2/2 h... 4 2/251], 


Since 

(1 + 3/291 + 3/2) «++ < [1 + 3/2 — 6)][1 + 3/0% — 6)]--- 
= 24/(2' — 6) (i > 3), 

then 


N Elp, 9) S EG, g) < [2/2 — OJE, g) + 4/24] = (> 3). 


That lim £;(p, q) =E(p, q) exists follows from the fact that Elp, q), 
E(t, Q, + > «is a bounded monotone sequence. 

That E(x, y) satisfies the triangle condition follows from the fact 
that for each triple of points p, q, r, Ep, Q) SE (p, NHE, à 
-+1/2*. Since E;(x, y) is symmetric, E(x, y) is also; that is, E(x, y) 
=E(y, x). If R is an open subset of M containing the point p, there 
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is an integer n so large that D(p, M—R)>3/m,. Since E,(p, M—R) 
is positive, E(p, M — R) is also. If p and q belong to the closure of the 
same element of Ga,,,, then by (4), Ex(P, g) <2/2”, and by (7), E(p, g) 
< [2*/(2" —6) ](2/2"-++-4/2") if n>3. Hence Elp, q), Elp, 9), °° 
has zero as a limit if and only if qi, qa, - > + converges to p. Therefore 
E(x, y) is a metric for M that preserves its topology. 

That E(x, y) is almost convex follows from the fact that for each 
air of points p, q and each integer n there is a point r such that 
E.(p, r)—E,(p, Q)/2| +| Ert, D-Exld, q) /2| <1/2*. Since M is 

compact, E(x, y) is a convex metric for M. 

ALTERNATE PROOF OF THEOREM 7. The proof of Theorem 7 can be 
simplified by making use of Theorem 6 of this paper and Theorem 4 
of [1] which states that a compact locally connected continuum M has 
a convex metric if for each point p contained in an open subset Rı of M, 
there ts an open subset Ra of Ry containing p such that the boundary of 
R: with respect to M ts a subset of a subcontinuum of M with a convex 
metric. Hence, we need to show only that E of Theorem 6 has a con- 
vex metric. 

Now £ is the sum of a dendron 7; and a finite collection U, of con- 
nected, mutually exclusive open subsets of E such that the common 
part of Tı and the closure of an element of U, is an end point of T). 
There is a convex metric F, for 7, such that the distance between 
any two of its end points is between 1/2 and 1. Let V, be the collec- 
tion of all continua v such that v is either a point of T; or the closure 
of an element of U;. If v and w are elements of Vi, define Elv, w) to 
be the greatest lower bound of all numbers of the type r/2-+s where 
some continuum is the sum of v, w, r other elements of V, and arcs 
in Tı whose lengths under ~F; total s. : 

Let & be a number so small that if v and w are two elements of V, 
which do not intersect, then D(v, w) >36 and D(Ti, E—E) >3e. Now 
E is the sum of a dendron Ts and a finite collection Us of connected, 
mutually exclusive open subsets of E such that each element of Us is 
of diameter less than e, and the common part of T, and the closure 
of an element of Us is an end point of Ta. Let F, be a convex metric 
for T, that preserves F, on T; and such that any arc in T; is of length 
between 1/2? and 1/2 if the end points of this arc are also end points 
of the closure of a component of T7;—7 ;. Denote by Vz the collection 
of all elements v such that v is either a point of T; or the closure of 
an element of U;. If v and w are elements of Va, let E:(v, w) be the 
greatest lower bound of numbers of the type r/4-+s, where some 
continuum is the sum of v, w, r other elements of V3 and arcs in 73 
whose lengths under F; total s. 
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This process is continued to get a sequence of functions Hs, Eu, ---. 
In general, é: is a number so small that if v and w are any two ele- 
ments of V; that do not intersect each other, then D(v, w) >3e;4; 
and D(T;, E—-E)>3e,;1. There is a dendron Ti and a finite collec- _ 
tion U,4; of connected, mutually exclusive open subsets of Æ such 
that each element of U; is of diameter less than e;;ı, and the 
common part of T; and the closure of an element of U is an end 
point of T. There is a convex metric Fi for Tin that preserves F; 
on 7; such that any arc in Ti is of length, under Fi, of between 
1/2 and 1/2? if the end points of this arc are end points of the 
closure of the same component of 7,4,:—7;. Use Va; to denote the 
collection of points of Ti} and the closures of elements of U;4,. For 
elements v and w of Visi, define E(w, w) to be the greatest lower 
bound of r/2*!+5, where some continuum is the sum of v, w, r 
other elements of Vip and arcs in Tip whose lengths under Fy, 
total s. 

Define Elp, g) to be the greatest lower bound of E,(v, w) where p 
and q are points of elements v and w respectively of V;. The argu- 
ment to show that lim E,(p, q) exists and determines a convex metric 
for E is similar to and somewhat easier than that used in the first 
proof. 

Applying Theorem 1 to Theorem 7 we obtain the following. 


THEOREM 8. Each compact, locally connected continuum has a convex 
metric. 


The application of Lemma 1 and Theorem 1 to Theorem 7 gives 
Theorems 9 and 10. 


THEOREM 9. Each connected partitionable set has an almost convex 
metric. 


THEOREM 10. Each connected set with property S has an almost convex 
meiric. 
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GRILLE DECOMPOSITION AND CONVEXIFICATION 
THEOREMS FOR COMPACT METRIC LOCALLY 
CONNECTED CONTINUA 


EDWIN E. MOISE 


A convex metric space is a metric space in which for each two points 
a and b there is a point c, different from a and b, such that d(a, b) 
=d(a, c)+d(c, b), where d is the distance function. Menger has raised 
the question whether for every Peano space (that is, compact, metric, 
locally connected continuum) it is possible to define a distance func- 
tion (preserving the original topology) with respect to which the 
space is convex.! In the present paper, this question is answered in the 
affirmative. For a general discussion of the problem and various 
partial solutions of it, see Menger? and Blumenthal.’ After Blumen- 
thal’s book was written, Beer‘ and Bing® established convexification 
theorems for the one-dimensional and finite-dimensional cases re- 
spectively. 

Only a short time after the present paper was written, Bing inde- 
pendently obtained a proof of the convexification theorem. His 
paper will be published in this Bulletin. 

As Menger has shown’ every compact convex metric space is locally 
connected. An affirmative answer to Menger’s question therefore 
shows that for compact metric spaces, local connectedness and the 
existence of a convex metric are equivalent. 

Theorems 1 and 2, our principal preliminary results, may be of 
interest independently of the use made of them here; they do not 
appear to be readily deducible from the convexification theorem, 
and their conclusions are considerably stronger than our present 


purposes require. 


THEOREM 1. Let S be a Peano space and let R, R’, and D be open 
sets such that (1) RCR'CD, (2) the closures of B(R)—B(D) and 
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B(R)—B(D) do not intersect, and (3) D ts locally connected at each 
point of B(D).’ Then there ts an open sei R” such that (1) RCR”"CR’, 
and (2) R” and D—R"' are locally connected at each point of B(R’’).® 


Proor. The proof of this theorem will involve some rather compli- 
cated definitions; and it may be well to explain their motivation by 
giving a very rough sketch of the proof. We wish to obtain a sequence 


U}, Us, + + » of open sets lying between R and R’ (in the sense that 
RC UCR’ such that the sequence U;, U3, - - - is monotone ascend- 
ing and Us, U, -is monotone descending, and a sequence 
Gi, Gs, - - + of finite collections of open sets, each a refinement of the 


one before, with meshes® approaching 0, covering the annuli between 
successive terms of the U-sequence. It will turn out that R’’ is the 
sum of the sets Ux4ı and that the closure of B(R’’)—B(D) is the 
common part of the sets Gf.!° We shall want to use the elements of 
the collections G; to establish local connectivity for R” on B(R’). 
We therefore want the sets g- U4; (where g belongs to a term of 
the G-sequence) to be in some sense “as nearly connected as possible.” 
We are forced to give rather complicated criteria of such “optimum 
connectness.” Furthermore, at each stage we wish to define an ele- 
ment of the U-sequence so as to give ourselves a manageable situa- 
tion for the next stage. Definition F gives a precise formulation of 
this condition. Finally, in Lemmas 4 and 5, we show that by doing 
our best at each stage, we do well enough. 

DEFINITION A. By U:V we mean that U and V Satisfy the hy- 
pothesis of the theorem for Rand R’. 

DEFINITION B. If U is an open set lying in D, then by B(U) we 
mean the closure of B(U) —B(D). 

DEFINITION C. If B is a closed set in D, then an admissible covering 


1 If A is a set, then (4) is the boundary of A. If A and B are sets, then A—B de- 
notes 4~A-B whether B isa subset of A or not. A set M is locally connected at a 
point p (which may or.may not belong to M) if for each open set U containing p, 
there is an open U’ containing p and lying in U such that U’- M is connected. (See 
R. L. Wilder, Topology of mantfolds, Amer. Math. Soc. Colloquium Publications, 
vol. 32.) An open subset of a compact space is uniformly locally connected if and only 
if it is locally connected at every point of its closure; the notion of local connectivity 
used in Theorem 1 therefore is equivalent to the more cumbersome notion of uniform 
local connectedness. 

t This is a strengthened form of a theorem of R. L. Wilder, loc. cit. Theorem III 
3.5: Wilder’s theorem states that if Rand R’ are open subsets of a Peano space and 
RCR’, then there is a uniformly locally connected open set R” lying between R 
and K’. 

® The mesh of a collection G of sets is the least upper bound of the diameters of the 
elements of G. 

10 If G is a collection of sets, then G* is the set of all elements of elements of G. 
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of B is a finite collection G of open sets covering B such that for each g 
of G, g: D is connected. 

DEFINITION D. Suppose that U: V and that (1) G is an admissible 
covering of B(U)+B(V) such that (2) DCU+(S—V)+G*. Then G 
is contracttble with respect to U and V if there is an admissible covering 
T(G) (where T is one-to-one) having properties (1) and (2) such that 
if g’=T(g)E7T(G), then 27’Cg." T(G) is called a coniraciton of G. If 
we require merely that g’Cg, then T(G) is a weak contraction of G. 


LEMMA 1. If U: V and Gr and Gy satisfy conditions (1) and (2) of 
Definition D, and Gr=T(Go), then there is a G’ which ts a contraction 
of Go such that Gr ts a contraction of G’. 


DEFINITION E. If U: V(or V: U), G is contractible with respect to U 
and V, G’ is an admissible covering of B(U), and G’>G,™ then a - 
jumpless extension of V with respect to U, G, and G’ is an open.set V’ 
such that (1) U:V’:V (or V:V':U), (2) for each point p of 
G*.(D—V’) (or of G*-V’) there is a g of G such that some com- 
ponent of g-(D~—V’) (or of g. V^) contains p and has a limit point 
in B(V), and (3) G’ is contractible with respect to U and V”. 

DEFINITION F. Let U: V (or V: U) and let T be contractible with 
respect to U and V. Let e be a positive number. Then U is said to be 
e-approachable from V through T if there is an open set V’ and a col- 
lection G which is contractible with respect to U and V” such that 
(1) U: V’: Y, (or V: V’: U), (2) GOT, (3) G has mesh less than e, and 
(4) V’ is a jumpless extension of V with respect to U,T,, and G. Under 
these conditions, V’ is an e-approach to U through T. 


Lemma 2. Let U:V, let Gr and Go be contrachble with respect to U 
and V such that Gr ts a contractton of Go, and let e be a positive number. 
Then there ts a set U’ and a collection T which ts contractsble with re- 
spect to U and V such that-(1) T is a contractton of Go, (2) Gr ts a weak 
contractton of T, (3) if y and g are corresponding elements of T and Gr 
under the appropriate weak contraction, then no point of B(U) is a limit 
point of y—g, (4) U’ ts a jumpless extension of U with respect to V,T, 
and T,» and (5) U’ is eapproachable from V through T. 


PROOF OF LEMMA. Let G’ be an admissible covering of B(U) and 


u For reasons of typographical convenience, the superior bar, indicating closure, 
has not been placed over primes or subscripts. For example, ?’, G*, and Ü, are the 
elesures of g’, G*, and Uı. 

12 GOG means that G’ is a closure refinement of G; that is, the closure of each 
element of G’ lies in some element of G. 

3 Here T plays the parts of both the G and the G’ of Definition E. 
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let W be an open set such that (1) U: W: V, (2) G’ is contractible with 
respect to U and W, (3) G’*-B(V) is empty, (4) G>>Gy, and (5) the 
mesh of G’ is less than e. Let Z be the interior of the set of all points p 
of D-Ü for which there does not exist a g of Gr such that some 
component of g-(D—J) contains p and has a limit point in B(V). Z 
is Clearly open, and no point of B(V) is a limit point of U” = W+-Z. 
Let G’’ be an admissible covering of B(U’’) and a closure refinement 
of Gr, of mesh such that G’*-B(V) is empty. Let G be G'G". 

It is now true that there is an open set U’, and a collection T such 
that U’, T, and G satisfy the conclusion of the lemma. Let X be an 
open set such that U’’:X:V and G is contractible with respect to 
U” and X. Let T be a collection satisfying (1), (2), and (3) of the 
conclusion of the lemma, and having the further property that for 
each y of Tall but a finite number of components of g-(D—X) either 
lie in G* or have a limit-point in B(V). (Note that to obtain each y 
of T from the corresponding g of Gr, we need only add to g the sum of 
a finite number of sufficiently small neighborhoods of points of the 
boundary of G*.) If one of these exceptional components can be con- 
nected to B(V) in g-(D—X) merely by making the set X smaller, we 
doso. The hypothesis for Z shows that by repeating this process a finite 
number of times, we obtain the desired U’. 

DEFINITION G. If U and g are sets, then N(U, g) is the number of 
components of U-g. If U is a set and G is a collection of sets, then 
I(U, G) is Dec NCU, 2). 


Lemma 3. If U:Ur: Vo: V and Go and Gı=T(G,) are contractsble 
with respect io U and V, then there are sets U’ and V', and a collection 
G which is contractible with respect to U and V such that (1) U: U’ 
: Ur: Vo: V’: V, (2) Gr and G are contracitons of G and Gy respectively, 
and (3) I(U’, G) and I{D-YV’, G) are both finite. 


PROOF OF LEMMA. Let g belong to Gr. Since g-D is connected, each 
component of U-g has a limit point in g-B(U). Let H, be a finite 
collection of open sets such that (1) for each A of A, h:D is con- 
nected, (2) if A&H, and g’EGr, then B(k) intersects B(g’) only if 
k intersects B(g’), (3) k- B(Ur) is empty, (4) H, covers g-B(U), (5) 
if g’ and g” belong to Gr and Go respectively and 2’ lies in g’’, then no 
element of H, contains a point of B(G’) and a point of B(g’’), and 
(6) there is a collection Z(H,) having properties (1), (2), (3), (4), and 
(5) such that for each k of H,, A lies in Z(h). (Here Z denotes a trans- 
formation throwing H, onto Z(H,).) 

Now let U, be the sum of U and the elements g of H, which inter- 
sect g: U. Let Y(g) be g+ U,. For each g’ of Gr—g, let Y(g’) be the 
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sum of g’ and the elements of H, that intersect U-g’. It is now true 
that N(U,, Y(g)) is finite and I(U,, ¥(Gr—g)) SI(U, Gr—g). More- 
over, there is a collection Y’(Gr), of which Y(Gr) is a contraction, 
which has all the same properties, such that Y’(Gr) is a contraction 
of Gr and Gs is a contraction of Y’(Gr), with respect to U and V, 
and also with respect to U, and V. 

Clearly, by a finite number of such operations, first for U and then 
for V, we obtain the sets U’, V’ and the collection G required in the 
conclusion of the lemma. 

DEFINITION H. Let U;: U, and let G be contractible with respect to 
U, and Uz. Then for each g of G, the index Ind (U2, Ui, g) of Ur with 
respect to U, and g is the number of components of g. Us that havea 
limit point in B(U1); and the index Ind (Us, U1, G) of Us with respect 
to Uı and G is DT. Ind (U:, Ui, g). (Obviously Ind (Us, Ui, G) 
sI(U,, G).) An analogous definition of Ind (U2, U}, G) may be given 
for the case U3: U;.™ 

With the help of the above lemmas, we may now define a sequence 
U}, Us, ++ » of open sets and a triangular sequence G;,; of finite col- 
lection of open sets (¢=1, 2, - - - ;j=t, 1+1,» - ) satisfying the 
following conditions: 

(1) For each t, U,: Vis: Uii or Uii: Uia: Ui, according as ¢ is odd 
or even; l 

(2) For each ¢, J, Gi, is contractible with respect to U, and Ui 
and is of mesh less than 1/5; 

(3) Gi Gi, Gf the latter is defined) and is a weak contraction 
of Gy,s413 

(4) For each ¢, U; is a jumpless extension of U,_, with respect to 
U, Gyr, and Gins; 

(5) lf¢Sj,¢3k, then Ind (Ur, Us, Gip) is finite; 

(6) If g belongs to G, g’ is the corresponding element of G, jp 
under the appropriate weak contraction, and +’>¢, then g’ contains 
the closure of g-B(U,.); but no point of B(U;) is a limit point of 

(7) If g belongs to Gij, g’ belongs to Gyr, (¢’>4), and 2-2’ is not 
empty, then Tg) contains 2’, where T is the appropriate weak 
contraction; and 

(8) Subject to all the above conditions, given U1, Us,--+:+, Un 


4 To be exact, if U2:U; and g belongs to G, then Ind (Ua, U1, £) is the number of 
components of g-(D—-U) that have a limit point in B(U,), and Ind (Us, Un, G) is 
> ea Ind (Us, Uj, g). As in several of the definitions and lemmas given above, we 
have a sort of duality relation in which certain sets U, V are replaced by the comple- 
ments (in D) of their closures. 


1116 E. E. MOISE [December 


and Gi, (¢Sn, jn), the immediately following terms Uap} and 
Gini (#5n+1) are chosen so as to minimize the numbers 
Ind Us, Uni, Gs,n41) =f(t) in the order of increasing t; that is to 
say, of all possible succeeding terms which satisfy (1)—(7). and which 
can be continued to give a complete sequence satisfying (1)-(7), we re- 
strict ourselves to those for which f(1) is minimal; among the latter 
possibilities, we limit ourselves to those for which f(2) is minimal, 
and go on. 

Of course we must start the sequences so that R: U1: U;:R’. Let G,, 
for each 1, be the collection obtained by adding together the ascend- 
ing sequences of corresponding elements of the collections G,,;. Let 
R” be the sum of the sets Ua. Then B(R’’) is the common part of 
the sets Gr. 

One reason for using the triangular sequence G,,; rather than a 
simple sequence is that in order to obtain finite indices satisfying (5), 
we may need to enlarge our coverings slightly. On the other hand, in 
passing from U, to Ui41, we do not need to enlarge the coverings in 
the neighborhood of B(U,), so that (6) can be satisfied. Note that (6) 
implies that (9) Ind (Unser, Us, Gir) is a nonincreasing function 
of kand k’ simultaneously. Note also that (4) and (7) imply that (10) 
for k, k’>0, Uis is a jumpless extension of U;—a with respect to 
U, and Gite. 

It is clear that if there are sequences satisfying conditions (1)-(7), 
then there are sequences which also satisfy (8). To show that such 
sequences exist, we shall make use of an auxiliary triangular sequence 
H; „ which is to satisfy conditions (1)-(6) and also: 

(7%) If k belongs to H;,;, Z is the sum of two intersecting closures 
of elements of Hy, (4’>¢4) and A intersects Z, then T!(A) contains 
Z, where T is the weak contraction throwing H;,; into Hi 41. 

We shall assume that U; and H,,; have been defined for iSj<n 
and that G;,; has been defined for Sj Sn—2, and show that they may 
be extended a step further. In the transitivity step we shall assume 
that » is odd, the corresponding argument when is even being 
entirely analogous. 

We first define all the immediately succeeding terms of the H- and 
G-sequences except for Ha, and Gs-1,,-1, so as to satisfy (1)-(7) 
and (7’). Given these, let e be a positive number such that any set 
H,, with mesh less than e will satisfy (7). By Lemma 2, let Ul_, 
be a set and let Z/_,„-ı be a collection satisfying all the hypotheses 
for Hyı,n.ı such that Uś- is a jumpless extension of U,_1 with re- 
spect to Una, Ai-ıs.., and Ai_ı„-ı, and such that Uj_, is e-ap- 
proachable from U, through Hy_;,-1. Let Hn, be an admissible 
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covering of B(U{_,), with the required finite indices, and let U, be an 
open set such that the mesh of H,,,,is less than e, and such that A, is 
contractible with respect to Uj_, and U,. Let Gy_1,,-1 be the set ob- 
tained by replacing each element k of Hy-1,.-1 by the sum g of k and 
all elements of H,,, that intersect A. By (10), Ug_; is a jumpless 
extension of U,-3 with respect to Uns, Grae, and Hy,,. We are now 
in the same position as before, with replaced by n-+1. 


Lemma 4. Let p be a point of g-B(R’’), where g belongs to some G;. 
Then there does not extst a sequence Ci, Ca, * -of components of 
R” -g and a sequence pi, Da, ++ + of points such that for each 5, p; be- 
longs to C,, and such that p is the sequential limit point of the sequence 
Pi, Da, u 


Proor. Since R’’-g is locally connected, it contains no point of the 
limiting set of the C-sequence. Let z be a natural number such that 
if g’ and g” belong to G, and have a point in common and pC’, 
then g’’Cg. Let P be the sum of all such elements g’ of Ga. For each 
24+1 greater than n, B(U2441) intersects P, and P is the sum of two 
mutually separated sets H and K, H containing P-B(Uy,„) and K 
intersecting a term of the C-sequence. This contradicts condition (10) 
for the U-sequence, 


Lemma 5. Let p and g be as in Lemma 4. Then there do not exist two 
components C and C’ of R” -g, each of which has p as a limit point. 


PROOF OF LEMMA. Assume that the lemma is false, let » be an 
even integer, and let g, be an element of G,,, containing p. Let k be 
the least odd integer for which g, contains a point of C-B(U,) and 
a point of C’-B(U,). Then C and C’ contribute a count of at least 
two to Ind (Us, Us, Ga): We shall show that if the lemma is 
false, then U413 did not satisfy condition (8). 

Let Garay be Ga,z42. Let Giy 1.251 be a certain Gy, m being an odd 
number, sufficiently large so that condition (7) will be satisfied. Let P 
be an open set containing p and lying in an element of Gn,» such that 
P.-D is connected, and such that P lies in Unss. Replace Unis by 
some odd-numbered element of the U-sequence which intersects P. 
By this process Ind (Uni2, Ur, Ga,s+3) has been reduced. But given 
any e, we may choose P and U;,; so as to make Ul, «approachable 
from Us through Gm.»n, s0 that the sequence can be continued satis- 
fying conditions (1)-(7). Ind (Urs, Us, Ga,eix) was therefore not 
minimal, which contradicts condition (8), and the lemma is proved. 
The theorem now follows immediately. 

DEFINITION 1. Let S bea Peano space and let G be a finite collection 
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of mutually exclusive connected open sets such that G* is S. Then G 
is a connected grating decomposition of S. If the elements of G are uni- 
formly locally connected, then G is a grille decomposition of S. Two 
elements of G are adjacent if they have a boundary point in common. 
If Gi, Gs, + + -is a sequence of connected grating (or grille) decom- 
positions of S such that each term of the sequence after the first is a 
refinement of its predecessors, and such that for each positive e, only 
a finite number of terms of the sequence have mesh greater than e, 
then the sequence Gi, Gs, * * -1s a complete sequence of connected 
grating (or grille) decompostitons of S. 


THEOREM 2. Every Peano space has a complete sequence of grille 
decompostitons. 


Proor. Let H and H’ be finite coverings of S by open sets such that 
H H. Let k and k’ be elements of H and H’ respectively such that 
k'Ch. We now have the hypothesis of Theorem 1 satisfied with D = S. 
Let gı be the set R” of the conclusion of Theorem 1 such that h’:gı:h. 
Now let the D of Theorem 1 be S—2,; we choose another element of 
H', and an element of H containing its closure; and we proceed as 
before to obtain a set g} which contains 4’’-D. At each stage, we let D 
be the complement of the closure of the sum of the sets g, previously 
obtained. Finally we let Gı be the set of all components of the sets g,. 
To obtain Gs, we work with the elements g of Gı one at a time, starting 
the process for each g by letting D =g. 

DEFINITION 2. Let Gi, Ga, - - : be a complete sequence of connected 
grating decompositions of the Peano space S; and let g©G;. Then the 
border Bord (g) of g is the set of all elements g’ of Gip that lie in g 
and have a boundary point in common with f(g). The core Core (g) 
of g is the set of all elements of G, that lie in g but do not belong 
to Bord (g). 

DEFINITION 3. A chatn is a finite collection C of mutually exclusive 
open sets ¢1, Ca, * * * , Ca, such that the sets c: and c, have a boundary 
point in common if and only if ¢ and 7 are identical or consecutive 
integers. The end-links of the chain are cı and c,. If x and y are points 
of c and cy respectively (or of č and č» respectively), then C is a chain 
from x to y (or a chain spanning x and y). If H and K are sets inter- 
secting ¢, and é, respectively, then C spans H and K. 

DEFINITION 4. A complete sequence of connected grating decom- 
positions is core-wise connected if for each g of each G; and for each 
pair g’, g” of elements of G lying in g, there is a chain of elements 
of Giu having g’ and g” as its end-links, such that C—g’—g’’ lies 
in Core (g). 
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THEOREM 3. Every Peano space has a core-wise connected complete 
sequence of grating decompositions. 


Proor. Let G), Gz, - - - be a complete sequence of connected grating 
decompositions of the space S. Let g be an element of Gi. By deleting 
a finite number of terms of the G-sequence, if necessary, we may 
arrange for Core (g) not to be empty. Let x be a point belonging to an 
element of Core (g). For each A of G: lying in g, let x, be a point of A. 
Let A be a collection of arcs from x to the points x,, not intersecting 
ß(g). Let n be an integer such that if g, belongs to G,, then £„ does 
not intersect both A* and ß(g). Let Z be a collection of chains of 
elements of G,, no links of which have boundary points in common 
with (g), and which contain x and the points x, in the closures of 
their end-links. (Note that x and the points x, do not necessarily 
belong to Gz.) For each k of Bord (g), let G, be the set of all com- 
ponents of k—Z** that have a boundary point in f(g). Since each A 
is connected, each element of G, will have a boundary point in 2**. 
Let Gi be the set of all components of k—G;. Now let G be the sum 
of Core (g), the sets Gy, and the sets G,. 

Let G/ be G; and let G3; be G. Gf is clearly corewise connected and 
the same process may be repeated to give a complete sequence. 


THEOREM 4. Every Peano space can be given a convex metric. 


PROOF. Let Gi, Gs, - + + be a complete sequence of core-wise con- 
nected grating decompositions of the space S. We shall define a certain 
subsequence Gf, Gy, + + - of the G-sequence. For each g of each G,, 


we shall define a real number 6(g). For each two points x, y of S, we 
shall let d; (x, y) be the least real number d for which there is a chain 
C: c, Cs, * * * , Ch of elements of G? such that x and y belong to ĉı and 
č, respectively, and such that the length /(c) = I ö(c,) of the chain C 
is equal to d. 

For each g of GÍ =G, let 6(g) =1. 

Now suppose that Gi , -- +: , G? have been defined as a subsequence 
of the G-sequence and the ô function has been defined for each of 
their elements. Let Gi}, be a term of the G-sequence following G/ 
such that no element of `G? has an empty core and satisfying a 
second condition which we shall state presently. Let p be the number 
of elements of Gi}, and let n be 2—**/p. For each g of Gj and each 
b of Bord (g), let 6(b) be (1/2)(6(g) —7). Let q be the number of ele- 
ments of Core (g), and for each c of Core (g), let ö(c) be n/q. The 
second condition imposed on Gj, is that with the above definition of 
ô, any chain of elements of Gi}, which consists entirely of elements of 
the borders of elements of G{ and spans two non-adjacent elements 
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of G? shall have length greater than that of any chain of Gf. Since 6 
is an increasing function of p on the borders of elements of Gf, this 
condition may be satisfied merely by going out far enough in the 
G-sequence. 

Let m be the least of 7 and all numbers (b), for each c of each 
Core (g), let 6(c) =m/p. 


Lemma 1. Let x and y be potnts of S and lei i be an integer such 
that no chain of elements of G; of less than five links spans x and y. For 
each 5 greater than +, let dj’ (x, y) be the length of the shortest chain of 
elements of G} which spans the sum of (1) the set of all points x for which 
there is a two-link chain of elements of G{ spanning x and x’ and (2) 
the set of all points y’ for which there is such a chain spanning y and y’. 
Then Di, (x, y) &(1—2-*)dj’ (x, y). 


PROOF OF LEMMA. Let C’ be a chain of elements of Gj,, spanning 
(1) and (2) and let C be the set of all elements of G/ that contain one 
or more elements of C’, with the ordering naturally induced by that 
of C’. If we can show that each c of C contains two links of C’ that 
belong to Bord (c), the lemma will be proved. Suppose that there is a 
c of C which does not have this property and let C, be a subcollection 
of C which is maximal with respect to being a segment of consecutive 
elements of C none of which have the property. Then every element 
of C. is adjacent to every other element of C, and has a boundary 
point in common with (1) or (2). Suppose, without loss of generality, 
that each element of C, has a boundary point in common with (1). 
It follows that the first element cı of C that follows all elements of 
C. also has a boundary point in common with (1); and this cı con- 
tains two links of C’ that lie in Bord (c). But there is an element of 
Bord (c) that has a boundary point in common with (1); C’ may 
therefore be modified in an obvious manner so as to reduce its length, 
which contradicts our hypothesis. 

Lemma 2. If x and y are different points of S, then d(x, y) =limy.. 
di (x, y) extsts and 4s positive. 

PROOF OF LEMMA. Since, for fixed x, y, d/ is a diminishing function 
of 4, we need only show that its limit is not zero. It is obvious that d} 


is not less than any d/’ of the type defined in Lemma 1; our result 
therefore follows directly from the convergence of the infinite product 


Tla-2. 
Lemma 3. If x is the sequentsal limit of the sequence x1, xn- 
8 This can be shown by an argument like the one immediately following. 
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of points of S, then lim:..d(x, x) =0, and conversely. 
LEMMA 4. If x, y, and 3 belong to S, then d(x, y)+d(y, 2) 2d(x, 8). 


LEMMA 5. If x and z belong to S, then there is a point y such that 
d(x, y) =d(y, 2) =(1/2)d(x, 2). 


PROOF OF LEMMA. By the construction of the distance function, it 
is clear that for each ¢ there is a point y; for which the required 
equalities hold with an error of less than 1/#. Any point y which 
appears infinitely often in the sequence, or which is a limit point of 
2 y., satisfies the conclusion of the lemma. 

It follows that d is a convex metric. 


UNIVERSITY OF MICHIGAN 


ON THE NUMBER OF POSITIVE INTEGERS LESS THAN x 
AND FREE OF PRIME DIVISORS GREATER THAN <x° 


V. RAMASWAMI 


Dr. Chowla recently raised the following question regarding the 
number of positive integers less than x and free of prime divisors 
greater than x°, which number is here denoted by f(x, c): For every 
fixed positive c, is lim inf s-o f(x, c)/x>0? 

This paper, while incidentally answering this question in the 
affirmative, proves more, in fact the best! possible result in this di- 
rection, namely: 


THEOREM A. A function (c) defined for all c>0 exists such that 

(1) d(c)>0 and is continuous for c>0; 

(2) for any fixed c 

I(x, ce) = x(c) + O(x/log x) 

where the “O” is uniform for c greater than or equal to any given postitve 
number. 

Notation. The following symbols are used for the entities men- 
tioned against them: 

p, pr: any prime. 

S(x, p): the set of integers less than x each divisible by p and free 
of prime divisors greater than $. 

T(x, p): the set of integers less than x each free of prime divisors 
greater than p. 

NIK]: the number of members of K, where K denotes any finite 
set of integers. 

F(t): are (1/p) where p runs through primes. 


Preliminary lemmas. 
Lemma I, For c21, the theorem is true, and 
F(x, c) = dl) + O(1). 
Proor. This is obvious. In fact, for these values of c, O(c) =1, and 
| Ke, d — zel) | S 1. 
Lexma II. If pipa the sets S(x, pı) and S(x, ps) are distinct, and 
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N[S(«, 2)|=N[T(«/d, 2) ]. 

Proor. This is obvious, from the unique factorization theorem. 

LEMMA III. The number of primes less than or equal to x ts O(x/log x) 
and F(x) =log log x<-Hb+O(1/log x) where b ts constant. 

This is well known and is an “elementary theorem” in the theory of 
primes. 

Lemma IV. If 0<a,S1, and Theorem A is true for c2a, then tt ts 
true for cùa/(1 +c). 

ProoF. By hypothesis ¢(c) is defined for c2aq, and 

&(c) > 0 and is continuous for ¢ = cı, 
(3) f(x, ¢) = zele) + O(x/log x) uniformly for cı Sc S 1, 
f(x, ce) = xo(c) + O(1) for c = 1, by Lemma 1. 
Also, obviously, 


(4) (c) is bounded and monotonic increasing, though possibly not 
strictly so, for czcı. 


Let now 
(5) G=c/(l+c)anda S d S cı (obviously cz: < ci). 
Now 
feo) fled = E NIS p)] (by Lemma TI) 
z <p 
x 
Zul) BE 


u x log p ) 
u „2,6 log x — log $ 


x log p )} 
eats o x — log p 


+ Yo ol — 
+ I) 


by (3) and (5), since in this range 
log p d C3 


6 ee I 
(6) log x — log $ [22° ie 





Hence 
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a log i x 
(62) fa) -san =a f (— _)arw +0(—) 

„A log x — log? log x 
by Lemma III, where the “O” is uniform with respect to d in virtue 
of (3) and (6), and the Riemann-Stieltjes integral on the right exists 
in virtue of (4) and the continuity of &(e) for c2cı. Using integration 
by parts for the integral and using (3) and (4) and Lemma III, we 
obtain (see Note 1a) 


Ea er xt ( log i ) dt +0( x ) 
HEART f(x, =- f $ log x — log ł ilog t log x 


(uniformly for cz S d S cı) 


a u du x 
#6) er al er 
d 1—t/ u log x 
(uniformly for cs S d S ca). 


This, together with (3), proves the existence of ¢ (c) for c2 a/(1 +6), 
though it is not yet clear whether $(c) >0 in a/(1-+c) ScSaq, and is 
continuous therein. 

Now, let 








(7) 








Ci 


S di < di S cn. 
1 + cy 





(8) 


Then (7) gives 


Kæ ds) Sad) _ (4 \ au 1 
x Sr) 














d? ti 
= 6( au as x >70, 
dı 1—u 
Hence 
d3 u du 
(9) Ha Ha = f 6( \= > 0, 
dy 1— u/ u 


by (3), since in the range dı<u<.ds, we have u/(1—) >c. 

This shows that #(d:) 0 for any ds of the kind specified in (8); 
for, if &(ds) were zero, then obviously ¢(d:) would be zero and their 
difference also would be so, contrary to (9). Also, obviously $(dz) 20. 
Hence 


(10) c) > 0 for c > cy (1 + ci). 
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Also by (9) and the hypothesis 
(11) (c) is continuous for ¢.2& ¢:/(1 + cı). 


Using now the results (7), (10), and (11) and repeating the above 
argument with cı/(1+.cı) in place of c, and noting that the positive- 
ness of ¢(¢) is not needed in the above argument, it follows that 
$(a/(14+-4))>0. l 

This completes the proof of the lemma. 

PROOF OF THE THEOREM. Lemma I holds for c&1 and Lemma IV 
for 0 <c <1, if we note that the hypotheses of the lemma are satisfied 
for a=1, and hence by the result of the lemma for c=1/2 and 
hence by induction for c,=1/n (n positive integral), and that 1/n—0 
as n> o. 


COROLLARY., For 0<a<a@s1, 


dla) — dla) = f (3 -)= 


(see also Note 1b). 


Proor. A finite set of numbers, do, di, da, * + + , da, obviously exists 
such that 





ci = doi < di <d <L- < d, = ĉr 
and 


d (41) 
— r= 0,1,2,-:+,28— 1). 
ee a En — 
To each of these intervals (d,, d,41) apply the result (9) and add; the 
corollary follows at once. 
REMARKS, The “O” of the theorem cannot be improved upon. 
This can be seen as follows: 
Obviously f(x, 1) =2+0(1) and 


1 
fed -1(m,)- x [=]=2 ED (=)-o 
2 WcpSs LP Bi¢pss \ $ 
where G(x) = J anepss [x/p} and { y} denotes fractional part of y. 
Hence f(x, 1/2) =x(1—log 2)+o(x/log x)+G(x) by the prime 
number theory (see Note 1c). But G(x) >&x/log x where k is a fixed 
positive number, as can be easily seen from the prime number theory. 


Note 1. (a) The deduction of (7) from (6a) is based on the follow- 
ing: 
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We observe that the Riemann-Stieltjes integral 


i log # log # a1 
TT ae ren) 
af log x — log? log x — log ł/ Ja 


-f T FOH 


log £ z^ 
= | dog log ¢ + 5)¢ ae] 
log x — log #/ Ja 


rag 
— |, Qog log £+ bdo + R 


which, by the substitution 2=x* performed after integration by parts 
of the integral on the right, equals 


or u du 
Í of \= + R 
d 1—-u/ u 
where, by Lemma III, 


1 1 aft 1 
a Tr Ba er ae a ry 
d log x d log x ed log ¢ 


where, on account of (4), the integral also is O(d—! log x). 

(b) The integral equation for (c) may be used for successive 
computation of the function. Starting with $(c)=1 for cz1, one 
observes that c/(1—c) 21 for 1/2Sc<1 so that 














1 dy 
6) =1- f = 1+ loge for 1/2 Sc $1. 
o 4 


This result can be used to compute $(c) on the interval (1/3, 1/2) 
and so on; and an easy induction shows that 





l) = 1+ $ (—1)%,(0), c > 0, 
rm] 
where yı(c) = f} du/u for cs1, and yılc)=0 for c>1, and 
1 u \du 
y-(c) = f tral g forc > 0. 
e {1 — u/ u 


One notes that ¥,(c)=0 for c21/r (so that the infinite series is 
actually a finite sum) and also that the functions y,(c), r22, are 
not elementary functions. 
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(c) From the known result r(x) =x/log <+x/log? x+o(x/log? x) 


follows 
DE iaon -E2 Ma 


va? x lla ga P 


~~ tel) 
u log x = log x 
4 T é 4 $ +d f ys 
J aatiog # log? log? é/ Je 
1 
= log 2 + of )- 
log x 


Note 2. From the corollary to the theorem follows, for O<ca<c 
Sa/(1—c) and @S1, 


(ca) — plc) & eles) log ar/cı > plea) — c/s) 


from which follows $(¢s)/e:>(c)/a, whence, arguing as in the proof 
of the corollary, one sees that d(c)/c is a strictly monotonic increasing 
function in 0 <c <1. 

(c) has other interesting properties, which will be published 
shortly. One such is that for every fixed n, d(c)/c*—0 as c>+0. This 
result, together with the now obvious result 

lim Jeo ex (c) > 0, c fixed and positive, 


F ede) x 























was communicated to Dr. Chowla in August of 1947. I understand 
from his reply that Vijayaraghavan already was in possession of a 
proof of his (Chowla’s) conjecture that 

e fle, 0) ni 

lim inf --—~ > 0, for ¢ positive and fixed. 

aw MH 

In conclusion, I wish to thank the referees for their suggestions 

which have led to the clarification and additions of content contained 
in Note 1. 
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ON STRICTLY MINIMAL TOPOLOGICAL DIVISION RINGS 
LEOPOLDO NACHBIN 


1. Introduction. It is well known that, for every real or complex 
topological vector space, the following statements hold good: 

(1) A nonvanishing linear functional on the space is continuous if 
and only if its kernel is closed in the space; 

(2) Every finite-dimensional space possesses only one admissible 
topology. i 

In this note we shall determine the widest classes of topological 
division rings that can be used as scalar domains of topological vector 
spaces so as to preserve these important propositions. The results 
thus obtained generalize part of the recent work of J. Braconnier [2] 
and I. Kaplansky [5].! In a subsequent paper we shall apply these 
results to other related questions. 

A topological rang is a ring endowed with an admissible topology, 
that is, a Hausdorff topology on the ring with respect to which the ring 
operations x+y, —x, xy are continuous. A topological vector space is 
a vector space over a topological division ring endowed with an 
admissible topology, that is, a Hausdorff topology on the vector space 
with respect to which the vector space operations x+y, Ax are con- 
tinuous. Throughout this note we shall understand the notion of 
completeness and completion for these topological systems in the sense 
formulated by A. Weil [8] (see also Bourbaki [1]). Tı and T; being 
two topologies on the same point set, we write Tı SẸ, to denote that 
every set open according to T, must be open according to %2; and 
%ı <T: if, in addition to this, $, = J4. 


2. Strictly minimal rings. Let K be a topological division ring and 
Xx be its admissible topology. A topology ©% on K is said to be 
admissible with respect to Sx if K endowed with X is a topological 
vector space over K endowed with Tx: this means that the mapping 
(x, y) x+y is continuous from TXT to T, and the mapping (x, y) 
—xy is continuous from {g XT to T. Putting y=1 in the last condi- 
tion, we see that the identity mapping x—* is continuous from Tg 
to T, that is, T< Tx. An obvious partial converse to this fact is the 
following: if Y is an admissible topology on K and ©SLx, then T is 
admissible with respect to Tr. 


Presented to the Society, October 30, 1948; received by the editors August 13, 
1948. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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A topological division ring K is said to be minimal if its topology Tx 

ig a minimal element in the ordered set of all admissible topologies on 

K; that is, if there exists no admissible topology © on K such that 

T<Txr.? The topological division ring is said to be strictly minimal 

if there exists no topology T on K admissible with respect to £x such 

that T <Tg; it amounts to the same to say that the only topology on 
K admissible with respect to Vg is Tx itself. 


THEOREM 1. Every sirictly minimal topological division ring ts 
minimal. 


PROOF. Let Xx be the admissible topology given on the division 
ring K, and let X be another admissible topology on K. If TsTx 
it follows that © is admissible with respect to Tx; but Ux is strictly 
minimal: therefore T=Tx, that is, Tx is minimal. 

Let K be a topological division ring. A set ACK is said to be 
L-bounded if for any neighborhood W of 0 there exists a neighborhood 
V of 0 such that VA CW. If K is discrete, every set A is obviously 
bounded. Let us assume that K is not discrete. If the set A is bounded, 
for any neighborhood W of 0 there exists some AEK, A0, such that 
AA CW: it suffices to pick some (0 in that neighborhood V of 0 
for which VACW. Conversely, assume that corresponding to 
every neighborhood W of 0 there exists AEK with A0 such ‘that 
AA CW, Given the neighborhood W of 0, take some neighborhood 
Wı of 0 such that WiWiCW and determine ACK with \+0 
such that AAC Wi. Putting V=Wid, we have a neighborhood 
of 0 and VAC W: therefore A is -bounded. The set A is said to be 
restricted if O&B, where B=(A —0)-!, where the bar denotes closure 
in K and A —0 is the set of all x A, «+0. It amounts to the same to 
say that there exists a neighborhood V of 0 satisfying the following 
equivalent conditions: 1E VA, 1EAV. 

Every topological division ring has at least one restricted neighborhood 
of 0. In fact, consider a neighborhood W of 0 such that 1EW and 
take a neighborhood V of 0 such that VVCW: then IEVY and 
therefore V is restricted. 

Every I-bounded set is restricted. Let W be a neighborhood of 0 such 


* A minimal admissible topology on K, even when K is complete under it, need 
not be the first element of the ordered set of all admissible topologies on K. In fact, 
let R be the field of real numbers and X be the natural topology on R. It is known 
(see Dieudonné [3]) that there exists an admissible topology T* on R such that the 
completion of R under &* is isomorphic to the field of complex numbers endowed 
with its usual topology. By the remark after the proof of Theorem 2, we see that both 
X and T* are minimal on R. But © #T*: therefore EST is false. 


` 
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that 1EW. If the set A CK is bounded, there exists some neighbor- 
hood V of 0 such that VAC W and therefore 1G VA. 


THEOREM 2. Every nondiscrete topological division ring in which all 
resiricied sets are l-bounded is strictly minimal. 


Proor. Let K be the given division ring and Ux be its admissible 
topology. Consider a topology © on K admissible with respect to 
x. We have already seen that T S Vx. Let Vo be a neighborhood of 0 
according to % such that 1G@V». The continuity of the mapping 
(x, xy from Ue XT to T implies the existence of a neighborhood 
Vı of 0 according to {x and a neighborhood V; of 0 according to © 
such that ViV¥2C Vo and a fortiori 1IEEYıV.. This shows that V3 is 
restricted according to Tx. By the assumption, Vz is bounded ac- 
cording to Xx and therefore corresponding to every neighborhood 
V of 0 according to Ux there exists some ACK, A 0, such that 
AVC VY. Since AV; is a neighborhood of 0 according to T, we may 
infer that the same is true for V. This shows that Ux ST and finally 
T= Vr. 

From the result just established, we may conclude that every non- 
discrete topological division ring which admits a valuation preserving 
the topology (see Kaplansky [5]) is strictly minimal. More particu- 
larly, every nondiscrete locally compact division ring is strictly 
minimal. 

3. One-dimensional spaces. At this moment, let us recall the usual 
notion of direct image of a topology in the vector space case. Let E be 
a topological vector space over a topological division ring K, let F be 
a vector space over K and consider a linear transformation $:E—F 
from E onto F, that isd(E) = F. Let Tr and Tx be the topologies given 
on E and K, respectively, and define a topology Tr on F in the fol- 
lowing way: a set YCF is said to be open according to Tr if its 
inverse image ¢~!(Y) is open according to Tg. It is easy to see that: 
(1) Sp is really a topology on F, (2) ¢(X) is open according to Tr 
for any X open according to ¥x, (3) the vector space operations on 
F are continuous with respect to Tr and Tx, (4) Tr is a Hausdorff 
topology if and only if the kernel ¢—1(0) is closed according to Lx, 
and finally (5) & is continuous from Tz to Tr. We call Tr the direct 
image of Tr under ¢. 


THEOREM 3. Let K be a given topological division ring. Consider two 
topological vector spaces E and F over K, where F is one-dimensional, 
and a nonvanishing linear transformation 6:E>F. If K is strictly 
minimal, then œ ts continuous if and only if its kernel 6—1(0) ts closed in 
E. If K is not strictly minimal, this result need not be always true. 
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Proor. If & is continuous, it is obvious that its kernel must be 
closed in E: this half of the proof does not depend on K. Conversely, 
let us assume that K is strictly minimal and let Ux be its topology. 
Assume also that #—1(0) is closed in E. Noticing that ¢(£) =F, we 
may introduce on F the direct image Tr of the topology Ts given on 
E, and Zp will be admissible on F. Since every one-dimensional 
vector space F over K is algebraically isomorphic to K considered as 
a vector space over K, the assumption that K is strictly minimal is 
equivalent to saying that every one-dimensional vector space over K 
possesses only one admissible topology. Therefore Lr coincides with 
the admissible topology previously given on F and the proof is 
achieved by remarking that ¢ is.continuous from Ts to Tr. Now, 
let us assume that K is not strictly minimal and let X be a topology 
on K admissible with respect to Tx such that T<%x. Consider the 
set E=K endowed with T as a topological vector space over K en- 
dowed with Tx and the set F=K endowed with fx as a topological 
vector space over K endowed with Ux. The nonvanishing linear 
transformation ġ:E—F defined by ¢(x)=x for any xCE has a 
kernel ¢—1(0) =0 closed in E, but ¢ is not continuous. 


THEOREM 4. Let E=E, OF; be a topological vector space over a strictly 
minimal topological diussion ring K, where E and Es are vector subspaces 
of E, the first being one-dimensional. Let © be the admissible topology 
given on E and Tı and To be the admissible topologies induced by È on 
E, and Es, respectively. Then we have T=T, OX, tf and only tf Es is 
closed in E. 


ProoF. It is clear that the relation T=Qı®T; implies that E, (and 
also Eı) is closed in E. Conversely, let us assume that E is closed in 
E. Putting T*=T,8%, we obtain an admissible topology on E. 
Consider any neighborhood W of 0 in E according to and determine 
some neighborhood V of 0 in E according to © such that V+VCW. 
Then Wı= VOE; is a neighborhood of 0 in Eı according to T, and 
W= V\E is a neighborhood of 0 in Es according to X, and we have 
WitW.2CW. Since Wi+ W: is a neighborhood of 0 in E according to 
&*, the same is true for W and we have proved that TsST*. This 
half of the proof does not depend on the nature of K. On the other 
hand, every «CF may be expressed uniquely as x=21+4%2, where 
sıeEEı and «3C Fy. Define mı: E>Eı and m! EB by rı(x) =xı and 
m(x) =x. Since Es=n; (0) is closed in E, we may make use of 
Theorem 3 and say that mı: E—E; is continuous from T to {ı. It 
amounts to the same to say that mı: E—E is continuous from Tto X. 
Since m(x) =x—71(x), we may also say that m: E—>E is continuous 
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from T to T or, equivalently, that #3: EEE; is continuous from X to 
%,. Having proved this, let there be given any neighborhood W of 0 
in E according to T*; by definition there exists a neighborhood W, of 
0 in Eı according to $; and also a neighborhood W3 of 0 in E: according 
to X, such that Wit+W:CW. By the continuity of mı, we may find a 
neighborhood V; of 0 in E according to X such that 7,( V1) C Wi, and 
similarly there exists a neighborhood V; of 0 in E according to Ẹ for 
which Tal Va) C Ws. Putting y= Yı N Vs, we see that Vo Wı+ WıC W; 
therefore W is a neighborhood of 0 in E according to and we have 
proved that T*sT. In conclusion we have T=T*. 

E and F being two sets and ġ:E—F being a function from E to F, 
the set G(&) of all points { x, (x) } of the product space EXF will 
be called the graph of the function. 


THEOREM 5. Let K be a given topological division ring. Constder two 
topologtcal vector spaces E and F over K, where F is one-dimensional, 
and a linear transformation d:E>F. If K is strictly minimal, then & 
ts continuous if and only tf tts graph G($) is closed in EX F. If K is not 

strictly minimal, this result need not be always true. 


Proor. It is clear that the graph of a continuous function into a 
Hausdorff space is closed. Therefore the continuity of & implies that 
G(@) is closed. Conversely assume that K is strictly minimal and 
G(¢) is closed. Define g(x, y)=¢(x)—y for xC#, yEF. Then ¢:E 
X FF is a linear transformation with a closed kernel o—1(0) =G(@). 
By Theorem 3, ¢ is continuous and since g(x, 0)=d(x) we conclude 
that ¢ is continuous. The final part of the statement is proved exactly 
as in the case of Theorem 3. 


4. Finite-dimensional spaces. A partial extension of Tychonoff’s 
theorem about the uniqueness of adrfissible topologies is the fol- 
lowing: 


THEOREM 6. Let K be a given topological division ring. If K is strictly 
minimal, every n-dimensional vector space E over K possesses only one 
admissible topology with respect to which al n—1 dimensional vector 
subspaces are closed. If K is not strictly minimal thts result need not 
be true. 


Proor. Let T be the admissible topology given on E. Since every 
vector subspace of E is an intersection of »—1 dimensional vector 
subspaces, it follows from the assumptions that all vector subspaces 
of E are closed. Let E=E1@ --+ @E,, each E; being a one-dimen- 
gional vector subspace of E. Put E'=E,8 - - - DEn. Let I, and T' 
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be the topologies induced by T on E, and on FE‘ respectively. Since E? 
is closed in E, we have T =g, BT? by Theorem 4. Since Æ’ is closed in 
E and E*CE?, we see that E? is closed in E*. Therefore T? = g, 0 Ñ? 
again by Theorem 4, and so on. By induction we get T=% - - - 
OTa. Since K is strictly minimal, each 7, is the unique admissible 
topology on Es; this implies the uniqueness of T. The final part of 
the statement is proved exactly as in the case of Theorem 3. 

In the preceding theorem, it would be sufficient to assume the exist- 
ence of n closed vector subspaces Sı, * - - , Sa of dimension »—1 such 
that Si - - - O\S,=0. In fact, let S be another vector subspace of 
dimension »—1. Consider n+1 linear functionals ¢;:E-K and 
ġ:E—>K with kernels S; and S (i=1,- - -, n) respectively. Then 
there are cr, +--+, ¢,€K such that d(x) =adi(x)+ - - + +caba(x) for 
any <EE. Since S; is closed, we see by Theorem 3 that each 6; is 
continuous; therefore $ is continuous and S is closed. 

The complete extension of Tychonoff’s theorem is as follows: 


THEOREM 7. Let K be a given topological division ring. In order that 
every fintte-dimenstonal vector space over K should have only one ad- 
missible topology it is necessary and suficient that K be strictly minimal 
and complete. 


Proor. We have already remarked that every one-dimensional 
vector space over K possesses only one admissible topology if and 
only if K is strictly minimal. Let us assume that K is not complete and 
consider its completion K, that is, the essentially unique complete 
topological ring containing K as a dense topological subring (see 
Bourbaki [1]). By the assumption, we may pick some fER-K. 
Let EC K be the set of all points xt +y, where x, yCK. Since KCK, 
we may say that K is a topological vector space over K. But Eisa 
vector subspace of K. Therefore, the topology %1 induced on the 
vector space E by the topology of K is admissible. Moreover K CE, 
K=E (the bar denoting closure in E according to Tı) because K is 
dense in K and a fortiori in E. On the other hand, the mapping 
(x, y)—«f-+y is a vector space isomorphism between KXK and £E. 
Since K XK is a topological vector space over K, we may transfer 
its topology to an admissible topology X, on E and it is clear that 
K=K (where the bar now denotes closure in E according to %;). 
By this procedure, we have been able to set up two distinct admissible 
topologies Tı and X; on the two-dimensional vector space E over K. 
Therefore, if every two-dimensional vector space over K must have a 
unique admissible topology, K is to be complete. Conversely, let us 
assume that K is strictly minimal and complete. This implies that 
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every one-dimensional vector space over K possesses only one ad- 
missible topology and, in addition, is complete under this topology. 
Assume that every 2—1 dimensional vector space over K possesses 
only one admissible topology and, in addition, is complete under this 
topology. Let us consider a vector space E of dimension r over K and 
an admissible topology © on E. For any n—1 dimensional vector 
subspace of E, the induced topology is its unique admissible topology 
and the subspace is complete under it; a fortiori the subspace is closed 
in E. By Theorem 6 it follows that Ẹ is uniquely determined; in addi- 
tion to this, we may infer from T=T,@ - » « OT, (in the notation of 
the proof of Theorem 6) that E is complete under T. The induction is 
thus completed. 


THEOREM 8. Let K be a given topological division ring. In order thai 
every automorphism of any fintte-dimenstonal topological vector space 
over K should be continuous il is necessary and suffictent that K be 
strictly minimal and complete. 


PROOF. Assume first that every automorphism is continuous. Let Tı 
and ¥, be two admissible topologies on the vector space K*=KX =.. 
XK (n times). Consider the vector space K”X K” endowed with the 
admissible topology X13. Since K*XK™ is a square of a set, the 
symmetry { x, yl—ofy, x} has a meaning (where x, y@K*"). This 
transformation is an automorphism of K*K*. By the hypothesis it 
is continuous and this amounts to saying that Tı=%;. This shows 
that every finite-dimensional vector space over K has a unique 
admissible topology. Applying the preceding theorem we see that X is 
strictly minimal and complete. Conversely, if K satisfies these condi- 
tions, we see by the same theorem that we have uniqueness of ad- 
missible topology in the finite-dimensional case: since the transform 
of an admissible topology under an algebraic isomorphism between 
two topological vector spaces is clearly admissible, we may infer 
that this algebraic isomorphism is also homeomorphic. More gen- 
erally, if $:E>F is a linear transformation, with kernel S=@— (0), 
between two finite-dimensional topological vector spaces, we may 
consider it as the product of the natural homomorphism E—E/S and 
the natural isomorphism £/S—(£): therefore ¢ is continuous. 


THEOREM 9. Let K be a given topological division ring. Consider two 
topological vector spaces E and F wer K, where F is fintte-dimenstonal, 
and a linear transformation ¢:E—F from E onto F. If K is strictly 
minimal and complete, then 1s continuous tf and only if tts kernel 
o—1(0) ts closed in E. If K ts not strictly minimal, or is not complete, this 
resuli need not be always true. 
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Proor. The sufficiency of the assumptions is proved exactly as in 
the case of Theorem 3, but now with the help of the preceding 
theorem. If the assumptions concerning K are not fulfilled, we are 
able to find a vector space E over K of dimension one or two (see the 
first half of the proof of Theorem 7) endowed with two admissible 
topologies T, and Ts such that 71<,: then the identity transforma- 
tion of E is not continuous from &; to X, but has a closed kernel. 


THEOREM 10. Let E=E,@E, be a topological vector space over a : 
strictly minimal complete topological division ring K, where Eı and Ez 
are vector subspaces of E, the first being fintte-dimenstonal. Let © be the 
admissible topology given on E and $, and Ta be the admissible topologies 
induced by T on E, and Ep, respectively. Then we have T=Tı OLX, tf 
and only tf Er is closed tn E. 


Proor. The proof is exactly the same as that given for Theorem 4, 
but now with the help of the preceding theorem. 

The preceding Theorem 10 can be reformulated in the customary 
fashion as a result about the continuity of a projection with closed 
kernel of a topological vector space onto a finite-dimensional vector 
subspace, or a projection with finite-dimensional kernel of a topo- 
logical vector space onto a closed vector subspace; similarly for 
Theorem 4 and projections with one-dimensional ranges or kernels. 


THEOREM 11. Let K be a given topological division ring. Consider two 
topological vector spaces E and F over K, where F is finite-dimenstonal, 
and a linear transformation @:E-F. If K is strictly minimal and 
complete, then p is continuous tf and only tf tts graph is closed in 
EXF. If K is not strictly minimal, or is not complete, this result need 
not be always true. 


Proor. The first part is proved as in the case of Theorem 5 by using 
Theorem 9. The final part is proved as in Theorem 9. 

A topological vector space E is said to be absolutely closed if E is 
closed in every topological vector space containing it as a topological 
vector subspace. It is known that this is equivalent to saying that E is 
complete. From Theorem 7 if follows that every finitte-dimenstonal 
topologtcal vector space over a strictly minimal complete topological di- 
vision ring is complete. In different words, every finite-dimenstonal 
vector subspace of a topological vector space over a strictly minimal 
complete topological division ring is closed. A stronger result is the 
following: 


‘THEOREM 12. Let E be a topological vector space over a strictly minimal 
complete topological division ring K. If E, and E, are vector subspaces 
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of E, the first being finite-dimensional and the second closed in E, then 
Eı+ E: ts a closed vector subspace of E. 


Proor. Without loss of generality, we may assume that Eı and Es 
are disjoint vector subspaces and therefore £, +E, = E19 E:. Consider 
the completion E of E, that is, the essentially unique complete topo- © 
logical vector space over X containing E as a dense topological vector 
subspace. Since Eı is disjoint from Fy, we have £,—-OCE—E,. But 
E-E; is open in E and this enables us to find a set AC É open in £ 
such that ANE=E-—E.. Then E—-0CA, EC E—A and therefore 
EC E—A (here and in the sequel the bar denotes closure in £). 
Thus £,—-0C £— F, and Eı and É; are disjoint vector subspaces of 
É. Let us prove the relation F=E,@F,, where F=E,8E.. The 
inclusion D is obvious. By Theorem 10, the topology on Eı® E; is 
the direct sum of the topologies on E; and on Ey. But Fi, being finite- 
dimensional, is complete and Fs, being closed in Æ, is also complete. 
This shows that E, ® E; is complete and thus closed in EZ. From this 
we conclude that the inclusion C is true. Finally observing that 
EıCE and making use of the modularity law we have ENF=E 
NE®E)=EB8(ENE)=E, 8%, that is, E19 Er is closed in E. 

Theorem 12 was proved by Mackey (see [6, Lemma 2.1]) in the 
case of normed spaces. It is known (see Stone [7, p. 21]) that this 
theorem need not be true even in separable Hilbert space if we assume 
merely that Eı and Es are closed in Æ. 
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UNIVERSITY OF BRAZIL 


A NOTE ON THE UNIQUE FACTORIZATION OF 
ABSTRACT ALGEBRAS 


FREDERICK B. THOMPSON 


In their monograph! Direct decomposttions of finste algebraic sys- 
tems, Jönsson and Tarski have established the unique factorization 
theorem and several related results for a comprehensive class of finite 
abstract algebras. Every algebra X of this class is constituted by a 
set A of arbitrary elements, by a binary operation +, and possibly 
by other operations 0o, 01, - - + ; the only conditions imposed on X 
are that A be closed under all the operations involved and that it 
contain an element z which is a (both-hand) zero element for the 
operation + and is idempotent under the remaining operations. At 
the end of their paper, Jónsson and Tarski raised the problem of 
whether their results can be extended to an even more comprehen- 
sive class of algebras, in fact to algebras A differing from those 
mentioned above in that the element z is only to be idempotent under 
all operations involved (not necessarily being a zero element for +). 
The purpose of this note is to show that the solution of the problem 
just mentioned is a negative one. 

We consider algebras Mp.: defined in the following way: p and : 
are positive integers; Mp.: is constituted by the set A, of all non- 
negative integers less than ż, and by the operation ®, defined by the 
following formula: 


(hp + m)O,(kp +n) = mp+n 


where h, k, m, and n are non-negative integers, m<p and n<p. In 
particular, u® w =0 for all non-negative integers u and v. In what 
follows we shall be interested in only those algebras Ap.: in which 
p|t and p*St; we denote by K the class of all such algebras. As is 
easily seen, in every algebra p.: of K the set of all elements A; is 
closed under the operation ®, and contains an element, in fact 0, 
which is idempotent under this operation. The following two theorems 
express the fundamental properties of the algebras of the class K 
with respect to cardinal multiplication. 


Presented to the Society, November 27, 1948; received by the editors September 
27, 1948. 

1 B. Jónsson and A. Tarski, Direct decompositions of finite algebraic systems, Notre 
Dame Mathematical Lectures, No. 5, Notre Dame, Indiana, 1947. The notations of 
this monograph are applied in the present note, except that the relation of iso- 
morphism between two algebras is denoted by the symbol œ. 
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THEOREM 1. If Am, and Ùn. are any two algebras in K, then Yanırı 
ts also an algebra in K and we have Yanır EZ Une X Une 


Proor. The first part of the conclusion is obvious. To obtain the 
second part, remember that m|r, and hence r=um for some positive 
integer u. Consider any two elements: k of the algebra Am, and k of 
the algebra Mn, Clearly we can write h and k in the forms h = hom +h, 
k=kın?+kınt ke, where hy<m, kı<n, ke<n. We now correlate with 
the ordered couple k, k the number: 


Fh, k) = (koun + hon + kiymn + (hin + ks). 


It is now a routine matter to check that this correlation establishes the 
desired isomorphism. 


THEOREM 2. Let Ap, be an algebra tn the class K, and let B and © be 
any iwo algebras each consttiuted by a set of elements and a binary opera- 
tion. If 


Mpe ~P X Ç, 
then there are algebras Un, and An, in K such thai 
l B = Ymırn & = Ar 


Proor. Let B consist of the set B of r elements and the binary 
operation O; let Œ consist of the set C of s elements and the binary 
operation []. Clearly rs=t. Let f map BX® isomorphically onto 
Xp. For bEB, let Ba denote the set of non-negative integers a <p for 
which f(b, c)=a (mod p) for some c&C. Similarly C. will denote the 
set of non-negative integers a<p for which f(b, c)#a (mod p) for 
some OCB. 


(1) For bı, b:€B, the sets By, and Ba, are either disjoint or identical. 
For suppose 4.€B,,\B;, (that is, aı is in the common part of 
By, and Be), @2€Bs,, a26By,. Then there are integers aj, aj’, az, 
as, ad such that 
‘fbn ca) = aip + an fbn ci) = ar p + a, 
f(bı, Ca) = asp + Gs, f (ba, c3) = asp + ds, 


for some cı, ct, a&C. We see that a4,€B,,, thus a3% az. 
fbı O b1, c OD cı) = f(r, c1) ® fbı, cı) = (aip + ay) 8 (aip + a1) 
= mp + a1 = (m'p + a1) @ (a p + a) 
= f(ds, c1) © f(ba, c1) = f(b; O bs, ale). 
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Therefore since f is biunique, },:00:=2:003. Thus, by a similar 
manipulation: 


dap + a: = f(b1 O bi, c2 C] c2) = f(b: O ba, c2 ca) = aap + as. 


Consequently ds=a3, which contradicts the above assertion that 
A217 a3. i 
(2) For cEC and bEB, the set C.(\B, contains exactly one ele- 
ment. 
Indeed, let f(b, c) =a'p+a; thus a€ C.\By. Suppose aı>fa were 
also in C.\By. Thus for some b, and c, f(b, c) =ai p+a and f(b, c) 
=ai/ p+a,. Thus 


f(b O bnr cO e) = amp t a [= fb Ob aOc); 
and since f is biunique, bOb =b:0Ob,, cLlc=a.a. Therefore 
fb Ob, cOc) = ap a= ap +a 


and a=aı. 

(3) For bi, »EB, the sets By, and By, have the same number of 
elements. ; 

For suppose Ba = fa, aa, an}, B= fat, ee, ah}, with 
n>m. Let c EC be such that C.B,={a;} for i=1,---,n. 
Clearly C..Bs,=C.,(\Bs, for some 4, j, tj. Therefore C,, and Coj 
are neither disjoint nor, by (2), are they identical, thus contradicting 
(1). 

(4) For bEB, let b/C be the set of all f(b, c) for cEC. Either B; 

and b/C are disjoint or BCb/C. 
_ Suppose a: &B,\b/C and »EB;. Then, for some a, aEC and 
integer az, f(b, a)=aı, f(b, cz) =a; ptay. Let bo, co be such that 
f(bo, Co) =0. Thus Ob, Colla) =0 9a =a; therefore bOb=b. 
Consequently 


f(b, co O ca) = f(bo O b, co O ca) = 0 @ (aap + as) = a; 


and a,;€)b/C. 
Let rn be the number of elements in each Bs; let m be the number of 
elements in each C.. 


(5) mn = p. 
This follows immediately from (1) and (2). 
(6) mist; nS. 


Suppose a, @€B, Thus f(b, a)=aip+ta,, f(b, c) =a ptay. 
f(bOb, lc) =aıp+ar. Therefore the set bOb/C of allf(bOb, c) for 


- 
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cEC contains at least n? elements. But 5O5/C contains s elements. 
Thus n? Ss. Similarly m? Sr. 


(7) m|r; |S. 


For some u EB, consider Bẹ. There are ni/p elements of A, whose 
residues mod p are in Bẹ. If k is the number of sets b/C such that 
By = By, then nt/p=ks, since b/C contains s elements. Thus k= nt/ps 
=nrs/nms=r/m; therefore m|r. Similarly ns. 


(8) BEN. KEN. 
By (1), (3), (4), and (5), we see that there are just m elements BEB 
such that B,Cb/C. Let these elements be bo, bi, +: >, Du, where 


the numbering is arbitrary except that OEB„. Let 0;0b;=Dim+y, 
t, j<m. It is easily checked that this definition is permissible. For 
each 4, 0St<m, we assign (in arbitrary order) indices m*++4, m?--m 
+-4,m?+2m+4, +--+, r—m+ iż to all those elements CB which have 
not been previously numbered and for which B,=B,,. Let $(d,;) =i. 
Clearly ¢ is biunique on B to A,, the set of elements of Aw, Consider 
Dimtk; Dump EB, k,v<m; 


Form O bu c O c) = (Rb + k) Opto) = kp +o 
= f(bs O br, 6") = Fldnmts, €”) 
for some c EC. Thus bim} Odump = Dim. Therefore 
P(Gimtt O bumt) = Hldamın) Bu bumt). 


Consequently BEN„,,. Similarly EN, .. 

The theorem is now a consequence of (5), (6), (7), and (8). 

If, instead of algebras UW, of the class K, we speak of their iso- 
morphism types a,:, and denote the class of all such isomorphism 
types by K’, then an essential part of the contents of Theorems 1 
and 2 can be expressed in the following way. 


COROLLARY 3. The cardinal product BXy of two isomorphism types 
ss in K' if and only if both B and y are in K'. 


Furthermore, in each particular case we can easily determine 
whether an isomorphism type a,,; is decomposable and can describe 
all of its decompositions into indecomposable factors. We apply here 
Theorems 1 and 2 and make use of the obvious facts that aı ı is the 
unit type (the isomorphism type of a one element algebra) and that 
two isomorphism types &w, and a,,, are identical if and only if 
m=nand r =s. In this way we see, for instance, that the isomorphism 
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type a4 is indecomposable; œz, has, apart from order, the unique 
decomposition into indecomposable factors: 


Kam 1,9 X ag; 


and finally az,12 has two different decompositions into indecomposable 
factors: 


oa = O96 X Ais = Q34 X A153. 


Thus the last example shows that the refinement theorems 4.7 and 
4.8, as well as the unique factorization theorem 4.9, of Jénsson and 
Tarski cannot be extended to algebras which have an idempotent 
element but not a zero element. The problem whether the cancella- 
tion theorem 4.10 can be extended to such algebras still remains 
open. 


UNIVERSITY OF CALIFORNIA 


NOTE ON A PAPER BY C. E. RICKART 
R. P. DILWORTH AND MORGAN WARD 


In a recent issue of this Bulletin,! C. E. Rickart proves the fol- 
lowing two theorems: 


THEOREM 1. Any one-to-one multiplicative mapping of a Boolean 
ring onto an arbitrary ring is necessarily additive, 


THEOREM 3. Any one-io-one meet preserving mapping of a distribu- 
tive latitce onto a disirsbutive latisce ts also join preserving. 


We should like to point out that both of these theorems are simple 
consequences of the following well known principle of lattice theory: 

Any one-to-one mapping of one lattice onto another lattice which 
preserves order both ways ts a lattice isomorphism. 

Now a one-to-one meet preserving mapping of one lattice onto 
another preserves order both ways; for if x and x’ denote correspond- 
ing elements, 


a> bzaN\b= bR AOAb =b Rd 2V. 
CALIFORNIA INSTITUTE OF TECHNOLOGY 
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THE EUCLIDEAN ALGORITHM 
TH. MOTZKIN 


In this note a constructive criterion for the existence of a Euclidean 
algorithm within a given integral domain is derived, and from among 
the different possible Euclidean algorithms in an integral domain one 
is singled out. The same is done for “transfinite” Euclidean algo- 
rithms. The criterion obtained is applied to some special rings, in 
particular rings of quadratic integers. By an example it is shown 
that there exist principal ideal rings with no Euclidean algorithm. 
Finally, different sets of axioms for the Euclidean algorithm and 
related notions are compared, and the possible implications for the 
classification of principal ideal rings, and other integral domains, 
indicated. 

The question of the relationship between different Euclidean 
algorithms in the same integral domain was raised (orally) by O. 
Zariski. 

1. The derived sets. Let Q be an integral domain. A subset P of 
0-0 (Q except zero) shall be called a product ideal if P(Q—0) CP. 

For any subset S of Q, the set B of all 6 in Q for which there exists 
an a in Q such that a+bOCS is called the total derived set of S, and 
the intersection BAS is called the derived set S’. With S also S’ is a 
product ideal. If CS, then S/ CS”. 

A Euclidean algorithm (or process) is given by a norm |a] defined 
in Q—O, with positive integral (or zero) values and such that lal 
>|b| for b dividing a and that for any b in Q—0 and any a not 
divisible by b there exist q and r in Q satisfying a=gb-+r, |r| <|d]. 

Let P;,4=0, 1, 2, - - : , be the set of all b in Q with |b| =i. Ob- 
viously P, is a product ideal. For any b in Pj, let a be an element 
with a+bOCP, whence a—bq=*0 and (for any r=a—bq with 
|r| <l) |r| =i, |b] 2#4+-1; we see that P? CP,}. Conversely, 
given a sequence Q—0 =P, DPD - - - of product ideals with empty 
intersection NP; such that P? CPi, the norm defined by |b| =: for 
every b in P;—Pi4; will fulfil the conditions for a Euclidean algo- 
rithm. Hence there ts a one-one correspondence between sequences of 
thts kind and Euclidean algorithms. 

If for another Euclidean algorithm, with the sequence P,, always 
P,CP;, we say that the first algorithm is the faster one (under cer- 
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tain additional conditions, indeed less algorithm steps are needed). 

If there exists at all a Euclidean algorithm in Q, then there exisis a 
fastest Euclidean algorithm defined by the sequence Po, Py, Po’, - - - 
Hence the emptiness of the intersection NP is a criterion (n.a.s.c.) for 
the existence of a Euclidean algorithm in Q. 

Any sequence (P,) as above may be changed to a new sequence 
Pa, Pia, Pu, Pi, P?', -, where P; is a product ideal with 
Pia2P;2D(Pi-1)', so (besides the trivial repetition of identical 
product ideals) there always exist, if any, different Euclidean algo- 
rithms except if there are no product ideals between any PẸ and 


Pt 1} 


2. Generalization. These considerations may be generalized as 
follows. Let a tea (transfinste Euclidean algorithm) be an algorithm as 
before but where (1) we allow |b| to take any ordinal numbers as 
values; (2) we do not require |a| 2 || for b dividing a. Then it is 
seen in the usual way that the existence of a tea implies that Q is a 
principal ideal ring. 

Further, such a éea determines, and is determined by, a transfinite 
sequence I, 0SASyu, of subsets of 0-0 with (1) SX CS, (2) 
SES but =NS, ¢<d, if A—1 does not exist, (3) empty Sp 

Defining “faster” as before there is again a fastest tea given by 
P®, where S® is defined as (S°-P)’ or NSO, i<\. 

Hence the criterion for the existence of a tea is the emptiness of some 
Pe. 

For the fastest tea the sequence consists of product ideals, so that 
the monotonity condition |a| 2| 6] for b dividing a is automatically 
fulfilled. 

If no P® vanishes then there is no tea. If Q is not a principal ideal 
ring this is certainly so, but even for a principal ideal ring the constant 
P® (which is the largest subset S of Ọ with S=S’, and therefore 
never a principal ideal) may not be empty, as shown by some of the 
following examples. 


3. Examples. The derived set S’ of a given set S may also be de- 
fined as the set obtained from S by exemption of all b such that for 
every a, b divides some a+c with c not in S. In particular Pj is the 
set of all non-units except 0. Now call a non-unit b0 a sede divisor 
of a if b divides some a-+e, where eis a unit or 0. Then P{’ is obtained 
from Pé by exemption of the universal side divisors, that is, of those 
elements b which are side divisors of every a in Q, or equivalently for 

“which there is a unit, or 0, in every residue class mod b. Such an 
element is obviously prime; the principal ideal (b) must even be 
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maximal. If no universal side divisors exist, then P)’’= Pj, and there 
is, except for the trivial case of a field, no tea in Q. 

For the ring of rational integers, Q—P¢ has three elements 0, 
+1. Hence the universal side divisors are +2 and +3, and O—Pj! 
contains all c with |c| <2?. By induction, b is in P® if and only if 
[b| 32. The fastest Euclidean algorithm is given by a=bg+r with 
minimal |r| (in a fixed algorithm g and r need not be unique). 

P3' =P; holds for the algebraic integers of every quadratic number 
field with negative discriminant d except ~1, —2, —3, —7, —11. This 
can be seen as follows. It is well known that the above integers are 
the numbers f+ gd/3, where f and g denote arbitrary rational integers, 
and in addition, if 4 divides d—1, the numbers f+1/2+(g+1/2)d¥2. 
It follows easily that, except for the five stated values of d, 2 and 3 are 
irreducible and +1 the only units, so that the only side divisors of 
2 are +2, +3; but these are not side divisors of (1+d*)/2, and if 
this is not an integer, of d/*. Hence there are no universal side di- 
visors. For the excepted values of d there are respectively 12, 4, 24, 
4, 4 universal side divisors, among which all the 22 non-real quadratic 
integers b with 1 <bb £3 occur. (Dedekind [2, Supplement XI, §159 
(4th ed., 1894, p. 451)]! stated that the usual norm gives no Eu- 
clidean algorithm for the principal ideal ring belonging to d= —19. 
Hasse [4, p. 11] asked whether a Euclidean algorithm might be ob- 
tained by another norm, retaining the multiplicativity condition 
lab| =|a| |b|. We see that this is not the case, even without this 
condition and allowing ordinal numbers as norm values. Hence we 
have an example of a principal ideal ring with no Euclidean algorithm. 
The given result for arbitrary negative discriminant generalizes, and 
contains a new proof of, the similar result of Dickson [3, pp. 150-151] 
for the usual norm. For this norm and positive discriminant the 
question is not entirely solved, see Chatland [1], with further ref- 
erences. ) 

We have also Py’ =P for the ring of all polynomials, or power 
series, of one variable over an integral domain that is not a field. 
Likewise, for a valuation ring with no smallest positive value, 

d! =P. If a smallest positive value v exists, then P® is the set of 
all elements whose value is at least 4, and P = PD, In particular 
for the power series of one variable over a field, PP =0. Similarly 
for the polynomials of one variable over a field, P® is the set of all 
polynomials of degree not less than 7. This is a special case of the 
next example. 


t! Numbers in brackets refer to the references cited at the end of the paper. 
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4. Quotient rings. If, within the affine space over an algebraically 
closed field K of arbitrary characteristic, C is a rational curve with no 
singular point at finite distance, then the ring of all rational func- 
tions on C with no poles at finite distance is a principal ideal ring (for 
example, since we shall see that it has a Euclidean algorithm). The 
ring consists of all those rational functions with coefficients in K, of a 
parameter ¢ of the curve, whose poles belong to a given finite set 
(t, °°-, t). Subjecting #, if necessary, to a broken linear trans- 
formation, we may suppose = ©. In this case P® is the set of all 
the functions in the ring that have at least ¢ zeros (with due counting — 
of multiplicities) outside (h, - - - , fa). Indeed, define lal accordingly 
as the number of zeros of a outside (fh, -, ¢); to prove that 
|a—bg| <|b| can be solved we may (multiplying both by a poly- 
nomial c with | c| ==()) suppose that a and b are polynomials and 
(shifting other factors of b to q) that b has no zero in (t, +--+, és), 
in which case the usual polynomial g will do. And obviously, since 
for |a <[d|, | aa! <|b|, aı#as, never a;—a;=bq, no faster Eu- 
clidean algorithm exists. 

Similarly a tea may be defined in any quotient ring of an integral 
domain with a given tea by letting la] be the smallest value of | am /n| 
in the original ring, where m and z are elements of a fixed multiplica- 
tively closed set of denominators that yields the quotient ring con- 
sidered. 


5. Related notions. If we modify the definition of the derived set — 
by demanding the existence of an a (not divisible by 5) such that 
aM+obNC(S, 0), where M and N are given subsets of Q (for in- 
stance, the set 0, +1, +2, - - - ), we obtain sequences of subsets quite 
similar to those obtained before, which contract the faster the larger 
the sets M and N are. Here too P, is the set of non-units except 0. For 
M=N=(Q and if Q is a principal ideal ring, P® is the set of all ele- 
` ments that are products of at least ¢ primes, so Pf” =0; the cor- 
responding (multiplicative) norm being yy‘ with fixed y>1. 

Comparing the strength of different notions similar to the usual 
Euclidean algorithm, we may consider an algorithm (j, k, D, where 
j=1 means that the norm shall be a positive integer, j=2 that it be 
within a-set of real positive numbers with no limit point except ©, 
j=3 that it be an ordinal number; &=1 that |ab| =|a| |b|, k=2 that 
|a| |b] for b dividing a, k=3 no such condition; /=1 that, for any 
b0 and a not divisible by b, there exists some g with |a—bg| <|b|, 
}=2 that, in the only relevant case |a| & |b], there only need exist m - 
and g with |am—bg| <|b| and m prime to b (that is, b shall divide 
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mn only if it divides 2), !=3 the same, demanding only |am—bg| 
<|a|, /=4 again demanding that |am—dg| <|6|, but with no re- 
striction for m. So | determines the stepping down condition char- 
acteristic for the “descente infinie” application of Euclidean algo- 
rithms. We exclude the case j=3, k=1. 

Then the existence of any algorithm (j, k, 2) clearly implies that 
the integral domain Q is a principal ideal ring. It is easily seen that in 
every principal ideal ring the before mentioned norm ¥* fulfils (1, 1, 2) 
(see, for example, [4, pp. 7-8]), so that every combination with />1 
gives a n.a.s.c. for principal ideal rings. On the other hand, even the 
weakest condition with }=1, which is (3, 3, 1), is not always fulfilled 
in principal ideal rings, as we have shown; and (3, 3, 1) is equivalent 
to (3, 2,1), (2, 3, 1) is equivalent to (2, 2,1), (1,3, 1), and (1,2,1), and 
finally (2, 1, 1) to (1, 1, 1), while it remains open whether these 
three sets of conditions are really of different strength. 

A further classification of integral domains may be made according 
to the number u of §2, or by (M, N)-stepping down conditions. Thus 
the fact that (1, 1, 3) is fulfilled for M= (1), N=(+1) in the ring of 
rational integers is the essence of the simple Kronecker-Zermelo 
proof [4, p. 3] of unique decomposition into primes. For a similar, still 
weaker condition than /=4 characterizing integral domains with 
unique decomposition into primes, see Krull [5, pp. 107-108]; also 
with respect to that condition derived sets may be defined and inte- 
gral domains grouped according to whether the constant P™ is or is 
not empty, and according to p. 
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ON MINKOWSKI BODIES OF CONSTANT WIDTH 
PAUL J. KELLY 


A metric set is entire if the addition of any point to the set increases 
the diameter. A convex body has constant width if all pairs of parallel 
supporting planes are the same distance apart. These concepts are 
known to be equivalent in euclidean space.! The present paper shows 
that they are also equivalent in a minkowski space. 

A proof for this equivalence for the minkowski plane was given by 
Meissner.? He showed also that two curves of the same constant width 
have the same circumference, and that a three-dimensional body of 
constant width has plane sections of constant width, in terms of the 
corresponding section of the minkowski sphere as plane indicatrix. 
However, Meissner’s three-space proof for the equivalence of entire- 
ness to constant width is incomplete.*? He assumed, moreover, that the 
indicatrix had no singular points. The equivalence here is shown for 
the n-dimensional case with the assumption merely that the indi- 
catrix is convex. 

In a euclidean E* space let C be a closed, convex hypersurface with 
O as center. In terms of C as indicatrix let a minkowski distance be 
defined in the usual way to make the space an M*.! 

Let r and s be half-rays emanating from O at an angle @ and let 
Ar, A, be the euclidean lengths of the minkowski radii of C in these 
directions. Then sm(r, s), a positional sine with respect to C, is de- 
fined to mean Aà, sin 0,3 


LEMMA. If r, s, t are half-rays through O, which he in a plane, with s 
between r and i (in terms of an angle not greater than m) then sm(r, s) 
+-am(s, #)2sm(r} £). 


If X, Xz, X; are the end points of radii A,, A,, As, then from the 
convexity of C it follows that the euclidean area of AOX1X; plus the 
area of AOxoxs is not less than the area of AOxx3. Since the area of 


Received by the editors August 16, 1948. 

1 Bonnesen and Fenschel, Theorie der konvexen Körper, Ergebnisse der Mathe- 
matik, 1934, p. 128. Jessen, Über konvexe Punkimengen konstanter Breite, Math. Zeit. 
vol. 29 (1928) pp. 378-380. 

2 E. Meissner, Über Punkimengen konstanter Breite, Vierteljahrschrift der Natur- 
forschenden Gesellschaft, 1911. 

3 This was already noticed in the references under footnote 1. 

4 Bonnesen and Fenschel, cf. footnote 1, p. 23. 

5 This was taken from a more general minkowski sine function defined by H. Buse- 
mann who has in preparation a paper on the subject. 
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AOX,X;z is (1/2) sm (r, s), and similarly for the other terms, the lemma 
follows. 


THEOREM. If K ts a body in M* space which is entire, in terms of the 
minkowski metric, tt is of constant width, in terms of this metric, and 
conversely. 


Proor. (1) Let K be entire. Assume it is not of constant width. 

(2) It is easily shown that K is convex and that its diameter is its 
maximum minkowski width.° Take O interior to K and let H and E 
be the euclidean supporting functions of K and C (C plus its interior). 
If Eis a unit euclidean vector, the minkowski distance between the 
supporting planes of K in the direction £ is given by W(t) = [M(£) 
+H(—£)]/E(é).? From (1), W(£) will assume a maximum and a 
minimum value. 

(3) Let K* be the euclidean polar of K with respect to the unit 
euclidean sphere (“polar,” throughout, will refer to the unit euclidean 
sphere). Toa point U of K* there corresponds a unit euclidean vector 
é in the direction from O to U, and a width, as in (2) W(£). Points of 
K* will be called maximal or minimal whenever the corresponding 
width is maximal or minimal. Since W(é) = W(—&), to each U of K* 
there is a counterpoint U’ on K* in the direction —£ and to which the 
same width corresponds. 

(4) If K* contains a non-maximal, extreme point, then the assump- 
tion in (1) is false. For suppose U, such a point. From continuity, Up 
has a neighborhood of non-maximal points. Let a plane v, at a dis- 
tance ô from Up, cut K* into two parts and let Ky be that part sepa- 
rated from U, by r. Since K is properly contained in K*, then K, the 
polar of K?, properly contains K. Since the width of K, differs from 
that of K only in the neighborhood of a non-maximal direction, it 
follows from continuity that if this neighborhood, that is, ô, is 
chosen sufficiently small, then the maximal widths of K and K; will 
be the same. Hence the diameters will be the same. Since Ki properly 
contains K, this contradicts the entireness of K and the assumption 
in (1) must be false. 

(5) If Ui, Us, Us are points of K* which are collinear, in that 
order, and which have collinear counterpoints, then W(£.) 
=min [W(&), W(&)]. We prove this as follows. 

(5.1) Let C* be the polar of C. This is again a central, convex 
body and can be used as indicatrix for a second minkowski metriza- 
tion of E”, Let |u,|* represent the minkowski distance, with respect 

‘Cf. H. Busemann, Inirinsic area, Ann. of Math. vol. 48 (1947) pp. 234-267. 

7 Ibid. 
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to C*, from O to U;, | u;| the corresponding euclidean distance, X; the 
euclidean length of the radius of C* in the direction &;, and 6,; the 
angle from & to £; By definition, then, | u =),| u] * In this nota- 
tion, the fact that the euclidean area of AOu,u, equals that of AOU, U; 
plus that of AOU,U; can be expressed as MA:|un|*|usl* sin Bi 
=) 241] *| ua) * sin O1a+-Asda| ul * slu s|* sin 0s. Using the positional 
sine of the lemma (now with respect to C*), the above relation can 
be put in the form 


1 1 sm ($r, £a) 1 sm (fs, &s) l 


[ujt Tat sm Gri) [m] sm Es &) 

(5.2) Directly, from the definitions of minkowski distance and polar 
body, we have |u|*= [EEJ] [EE]  =EE)/HE:), 1=1, 2, 3. 
Hence the last relation in (5.1) can be written 

H (és) _ H(&) sm (fr, &) | H(&ı) sm (Es, $a) 
E(&)  E(&s) sm ($i, &) E(f) sm ($a, £s) 

(5.3) From the linearity of the counterpoints, Uj, the same area 

argument can be applied to the three triangles OU} Uj, i»%j. The fact 


that C* is central, and the equality of vertical angles, allows the 
conclusion to be put in the form 


H(— Ee) = H(— &) sm (Eu, £4) H(— £1) sm. (fa, &) 
E(t) E(€s) sm ($i, £3) E(£ı) sm (£1, &) 
and this, added to (5.2), gives 


W (és) sm (Er £2)  W(&:) sm (én, £a) 
sm (£1, $s) sm (£1, $3) 





W(é) = 


or 


W) > min { [(), WE) ]} Feel 


From the lemma, the last factor above is equal to or greater than one, 
which establishes (5). 

(6) If K* contains no non-maximal, extreme points then the as- 
sumption in (1) is false. For suppose every extreme point is also a 
maximal point. Being convex, K* is the union of all convex simplices 
whose vertices are extreme points.’ Then every nonextreme boundary 


$t Bonnesen and Fenschel, cf. footnote 1, p. 9. 


1150 P. J. KELLY 


point lies on a simplex, of dimension equal to or less than »—1, which 
has maximal vertices. From (5), the edge points of this simplex must 
be maximal and this, again from (5), implies the face points must be 
maximal. Hence all the boundary points must be maximal, which is to 
say that only the maximal width is assumed, or that K is of constant 
width. 

(7) Since (4) or (6) must hold, the assumption in (1) is false, and 
K is of constant width if it is entire. 

(8) The counter equivalence, that if K is of constant width it is 
entire, is easy to establish and can be argued exactly as in the 
euclidean case. 


UNIVERSITY OF SOUTHERN CALIFORNIA 


HYPERGEODESIC CURVATURE AND TORSION 
DAVID B. DEKKER 


1. Introduction. A hypergeodestc curvet on a surface satisfies an 
ordinary second-order differential equation similar to that for the 
geodesic curves except that the coefficients, instead of being Christof- 
fel symbols, are taken to be arbitrary functions of the surface co- 
ordinates. At a point of the surface the envelope of all the osculating 
planes of hypergeodesic curves of a family determined by such an 
equation which pass through the point will be a cone usually of 
order four and class three with its vertex at the point. If the cone at 
each point degenerates into a single line of a congruence of lines, then 
the family of hypergeodesics is the family of unton curves? relative to 
this congruence. Recently, a union curvature? and a union torsion‘ 
have been defined relative to a family of union curves as generaliza- 
tions of geodesic curvature and geodesic torsion. 

The following investigation deals with the differential equation for 
an arbitrary family of hypergeodesic curves on a surface and the 
definition of a hypergeodesic curvature and a hypergeodesic torsion 
relative to a family of hypergeodesic curves in such a manner that 
the definitions will reduce to those for union curvature and union 
torsion when the family is taken to be a family of union curves. A 
geometric interpretation of hypergeodesic curvature is given which 
generalizes the geometric interpretation for union curvature and 
geodesic curvature. Finally, a geometric condition that a hyper- 
geodesic be a plane curve is obtained as a pencil anon of a theorem 
known for union curves. 

The notation of Eisenhart’ is used throughout except that T$, is 
used for Christoffel symbols of the second kind with respect to the 
coefficients of the first fundamental form for the surface. The sum- 
mation convention of tensor analysis with regard to repeated indices 


Presented to the Society, April 30, 1949; received by the editors September 16, 
1948, 

1 E, P. Lane, Projective differential geometry, University of Chicago Press, 1942, 
p. 192. 

2 P, Sperry, Properties of a certain projectively defined two-parameter family of curves 
on a general surface, Amer, J. Math. vol. 40 (1918) p. 213. 

3 C. E. Springer, Union curves and union curvature, Bull. Amer. Math. Soc. vol. 
51 (1945) pp. 686-691. 

1C. E. Springer, Union torsion of a curve on a surface, Amer. Math. Monthly 
vol. 54 (1947) pp. 259-262. 

5 L. P. Eisenhart, Differential geometry, Princeton University Press, 1940. 
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will be observed with Greek letter indices taking on the values 1, 2 
and the Latin letter indices taking on the values 1, 2, 3. 


2. The differential equation of a family of hypergeodesics. Con- 
sider a surface S in ordinary space of three dimensions represented by 
the three equations x'=x'(u!, u?) (¢=1, 2, 3) referred to a rectangular 
cartesian coordinate system. The functions x‘ and their partial deriva- 
tives of the second order with respect to the parameters u! and u? are 
assumed continuous at any point of the surface. The solutions 
43 = 147(41) of an ordinary second order differential equation of the 
form 


2.1) d =) = 4 A+ Bo (5 "LD (=), 
2 (5 ii du! 


in which A, B, C, and D are analytic functions of u! and u?, are the 
curves of a two-parameter family of hypergeodesics. If u*=u%(s) 
(&=1, 2), where the parameter s is arc length, is a hypergeodesic of 
the family, then equation (2.1) takes the form 
(2.2) Cope! *14"'8 = A py ts u PUT, 
in which ext, egy = — 4, en = ty = 0, and 
(2.3) Au=A4, Am + ám + Ant = B, 

Aim + Aia t Ars =C, Aan = D, 


and the primes indicate differentiation with respect to s. 

Under a transformation #*=4a*(u!, u?) (w=1, 2) of surface co- 
ordinates for which the Jacobian does not vanish, the differential 
equation 


Capt WE = A, i! WG? 
is obtained in the new coordinates, where 
O(a, 127) Aue out ou? ður our duh | 
— — Cap — : 
ð (ut, u’) aa" an ow au’ mon? 
It is clear, however, that Aas; is not in general a tensor. 
In order to express the equation (2.2) in tensor form, consider 
the geodesic curvature vector® whose contravariant components p” are 


(2.4) Zn = 








B HT. 


(2.5) p =u p Tayu u 
Substituting the values of #’’" from (2.5), equation (2.2) becomes 
* Eisenhart, loc. cit. p. 187. 
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(2.6) Carts p = [A aay + eur u u u. 

The left-hand member of this equation becomes a scalar if multiplied 
by g!!?, where g is the determinant of the coefficients of the first 
fundamental form, namely, 


g = 610828 
with 
i ʻ 
Eag =| %,0%,8 
and 
elt = 1, e! = — 1, el mm eM = 0. 


Hence, the differential equation may be written in the tensor form 
(2.7) Cart “pt = u”, 


where €a,=g"/4e,, and the functions Qapy of u! and u? are defined by 


r 1/2 
(2.8) Rapy = tarl gy +8 Aapr 


Since the left member of (2.7) is a scalar, so also is the right member. 
Consequently, the functions Qagy are the triply covariant components 
of a tensor of the third order; that is, under a transformation of surface 


coordinates, 
7 Our ðu” ow 
apy = tleeg OO nee) 
* aa 9° dar 


as may be verified by direct computation. Now equation (2.7) may 
be written 


(2.9) arts Wp? = Q, 


in which the scalar 2 is defined by the right-hand member of (2.7). 

To specialize the components Qag, to be symmetric in each pair of 
indices actually constitutes no restriction on the family of hyper- 
geodesics to be considered. Employing this symmetry in (2.8) gives 


Ası — Aus = Tn a Ten 
Ain — Arn = 0, 
Aza — Am = Tis F I; 
Ase — Agn = 0, 


(2.10) 


which with equations (2.3) are found to have the unique solutions 
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Ai = A, 
Ans: = Aig = (B — fi oh T3)/3, 
Am = (B+ 2Pn + 20'n)/3, 
Assy = Ag = (C + Ps; = T13)/3, 
j Am = (C — 2i — 20 n)/3, 
Ags: = D. 


Hence, a necessary and suficient condition that Das, be a symmetric 
tensor in any pair of indices is that the functions A apy be given by the 
relations (2.11). 


3. Hypergeodesic curvature. The differential equation (2.9) is 
transformed into two differential equations by simply multiplying it 
through by the expressions ¢g,,4’" (ö=1, 2), where e#=¢'#/p'/3, 
The left-hand members of the equations so obtained reduce to —p? 
(6=1, 2) from the facts ge,u’?s’?=1, gpu’? =0, and a subtraction of 
grp’u’w”'=0 (6=1, 2). Hence, a family of hypergeodesics can be 
represented by the two differential equations 


(3.1) Nex pi + egat = 0 (8 = 1, 2). 


The left members of equations (3.1) define the contravariant com- 
ponents A‘ of a vector which will be called the hypergeodesic curvature 
vector of a curve C given by u“ =u“(s). If N is a null vector along a 
curve, then equations (3.1) are satisfied and the curve is a hyper- 
geodesic of the family, and conversely. 

It is easily shown’ that uë defined by 


(3.2) pè ma et (6 = 1, 2) 


are the contravariant components of a unit vector which makes a 
right angle with the unit vector u’*, so that 


(3.3) Eat p? = d, 

Now, geodesic curvature? K, is defined by 
(3.4) K, = east", 

which implies that 

(3.5) p= Ko, 


so that (3.1) assumes the form l 


? Eisenhart, loc. cit., p. 136, 
3 Eisenhart, loc. cit., p. 187. 
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(3.6) NM = (K, — Di = 0. 


Therefore the hypergeodesic curvature vector A? makes a right angle 
with the unit vector w’«, 
Hypergeodesic curvature Ky will be defined by 


(3.7) Ky m eaw N, 
which by (3.6) and (3.3) gives 
(3.8) K, = K, — Q; 


that is, hypergeodesic curvature is geodesic curvature diminished by 
the scalar Q. With the definition (3.4) equation (2.9) may be written 


(3.9) K, = Q, or K,—-Q= 0, 


so that a family of hypergeodesics is characterized by the property 
(3.9); namely, the geodesic curvature is equal to the scalar Q which 
is a function of #}, #2, u", and u’? only. From (3.8) and (3.9) arises 
the following theorem which is a generalization of a corresponding 
theorem for geodesics: a necessary and sufficient condition that a curve 
u*=u"(s) be a hypergeodesic of a family ts that the hypergeodestc curva- 
ture along the curve be sdentically zero in s. 


4. The elements of the cone related to the hypergeodesics through 
a point. The elements of the cone enveloped by the osculating planes 
of a family of hypergeodesics through a point P of the surface S are 
to be determined in tensor form. 

If the curve u*=xu*(s) is a hypergeodesic on the surface S given 
by «*=x'(u!, u?), then the osculating plane of the hypergeodesic at 
the point x*(u}(s), u2(s)) is given by the determinantal equation 

. dx! d?x 


4.1 E eh 
(4.1) E194 ( N = oe 





where the # are the current coordinates. But from 


dx! I pe d’? b p;o ChE da sa 7p 
(4.2) ma eh; u 








4 1 


ds? ðu ðu? 
the Gauss equations?’ 
Oct 


auerduf 





(4.3) = Tatry + dapX , 


and equations (2.5), equation (4.1) becomes 
* Eisenhart, loc. cit. pp. 215-216. 
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(4.4) ile 2 ea Oo x DR A a XS: 


where the X* are the components of the normal unit vector to S at P, 
and the dag are the doubly covariant components of the second funda- 
mental quadratic tensor of the surface. Since 


j h j k 
(4.5) Eijk byar = Eik, 1%, Cor, 


and by use of (2.9), equation (4.4) may be written 
i ze 

(4.6) eili = DEE “9 + eX Kyu "| = 0, 
g: 


where the normal curvature K, is defined by 
(4.7) KK, = dagt ty’, 


Differentiation with respect to each of the parameters u” and u” 
gives the two equations 


tit. ôn ðu „ÒK, 
(4.8) TE Lrt aK K Hu bl = 


1/3 ðu Ir our ou’? 
(r = 1, 2). 


Since K,u’* and Q are homogeneous of degree three in u” and u”, 
Euler’s relation for homogeneous functions shows that the three 
planes given by (4.6) and (4.8) are coaxial. Consequently, the char- 
. acteristic lines of the envelope of the one-parameter family of 
osculating planes (4.6) are the intersections of the planes grven by 
(4.8). 

The direction numbers of the normals to the planes (4.8) are 











dQ OK, 
Im - x4 (K, + uw’! ennta 
u’ 








au’) 

+ (w' —) em (m = 1, 2, 3), 
ba = = xXe+ (e =n e a 

+ (Kat ians (n= 1, 2,3), 


since eax 1% $/g! =X". The direction numbers c* of the intersection 
of the two planes (4.8) are ch=e'""a,,b,, which by neglecting zero de- 
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terminants, interchanging columns, and renaming dummy indices 
when desirable, become 


ðQ OK, dQ OK, 
c* = om] 3 (»" ) _ K 1 2} X yee al 
ou’! ðu”? ðu’? ðu’! 
n |< dQ (x an a <=) dQ ( am) x" i vt 
— [4 Gn jt, 
guy! ou’? ou’? ou’! en 
er (ace 
R H nr u 
ĝu’! ðu? 


IKa OK, à 
Er (v" =) (w an Vena enant |. 


Using the facts ems ix gX’ =g, XiXi=1, x,X'=0, and a well 
known formula for the simplification of a triple cross product of 
vectors gives 


























rei = 7 a A 

X ana, = 431; 

“bes m a 

(4.9) A anznX = %,3 
Ama 1/2_ A 
€ eK Coit OC = f X. 


Euler’s formulas for the homogeneous functions K, and Q are 


OK» OK, dQ on 
+ y’? = 2K, u! — + u —— m 30. 


1 
CZ ou’?! ou”? au’! au’? 








Use of (4.9) and (4.10) reduces the expression for c* to the simple 
form 


c ln zer m +3(8, —— — 117. 
(4.11) du’? dn’? du Out 


+ 3g RX , 

giving c* as a single-valued function of the point (ut, 4?) and the 
direction u”, u”, except at points and directions on the surface for 
which both X„=0 and Q=0, In this case there is no unique plane 
(4.6) which has contact of the second order with the hypergeodesic 
in the direction #’* for which K„=0 and 2=0; that is, all the planes 
containing the tangent line to this hypergeodesic will have contact 
of the second order with it. Consequently, the tangent line may be 
considered an element of the cone and in an asymptotic direction 
since K,=0. 
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At a point (ut, u?) and in a direction u”, u” such that K,=0 and 
0540, (4.11) has the form 
1/2 of OKu a 
€ 


A 
(4.12) E = 30g e mg ra 





Now the vectors u’% and e“0K,/du’8 are in the same direction, as is 

evident from the fact that the sine of the angle between the two 

vectors is zero since the cross product 

af OK, 17 OK. 11 OK, 
u 


Sei m A end 
er 


Y 
= by u u = 2K, = 0. 
au’? ðu! + Bagh? 








Eayé 


Therefore, also in this case the element of the cone is tangent to the 
surface in an asymptotic direction. 

Ata point (#!, u?) and in a direction u”, u’? such that K,><0, (4.11) 
may be written 


k 1/2 sl pa 9 QR ) h i 
4.13 ee = 3 Kpy Te Via X ` 
(4.13) | (=) + 


If we discard the nonzero multipliers, the expressions for œ in (4.12) 
and (4.13) are replaced by 








(4.14) rer (K, = 0, Q + 0) 
and 
(4.15) are kn -}- x’ (Ka = 0), 
where 

R 7 ð Q 
(4.16) rt ea ed ns (=) (K, = 0) 


defines the contravariant components of a vector which is the pro- 
jection of c* onto the tangent plane to the surface. The assumption 
that the surface be expressible with the asymptotic curves as a co- 
ordinate net insures that in (4.14) 0K,/du’’=0 for both 8=1 and 
8=2 is impossible; so (4.14) will have meaning. 


5. A geometric interpretation of hypergeodesic curvature. It will 
be shown that the hypergeodesic curvature of a curve C, u*=x4*%(s), 
is the curvature of the curve C’ which is the projection of C upon the 
tangent plane at the point P, the lines of projection being parallel 
to that element of the cone determined by the direction z’* at P. 


1949] HYPERGEODESIC CURVATURE AND TORSION 1159 


Let S’ denote the cylindrical surface consisting of the parallel 
lines of projection. If 1/R is the normal curvature of S’ in the direc- 
tion of Cat P, and @ is the angle between the principal normal to C 
and the normal to S’ at P, then by the theorem of Meusnier 


(5.1) e/R = p> cos g, 
where e= +1, and p™ is the curvature of C at P. Also, if 1/r is the 


curvature of C’ at P, and if 8 is the angle between the principal 
normal to C’ and the normal to S’ at P, then 





(5.2) e/R = r! cos p. 

After eliminating R from these two equations, it is found that 
cos & 

(5.3) e/r = 
p cos ß 


Computation of cos a and cos § yields the formulas 


—p 








(5.4) cos a = —— [K, — Kepu’ r] (K, = 0) 
L sin } 
and 
(5.5) vn. (Ka # 0), 
L sin ¢ 


where & is the angle between the vector cf, as given by (4.15), and the 
unit tangent vector x,$«’" to the curves C and C’, and L is the length 
of the vector ct. Now, by (4.16) and the fact that Q/K, is homogene- 
ous of degree one in the parameters #’«, it can be shown that 


(5.6) enut = 0/K, (K, #0). 


Substitution of the formulas for cos a and cos 8 into (5.3) with use 
of (5.6) gives 


(5.7) e/r= K,-2=K (K, = 0), 


that is, the curvature of the curve C’ is exactly the hypergeodesic 
curvature of the curve C whenever the curve C is not in an asymp- 
totic direction. When the curve C is in an asymptotic direction at P, 
the element of the cone determining the direction of the required 
projection of C will lie in the tangent plane, and consequently will 
not give a proper projection of C onto the tangent plane. 


6. Hypergeodesic torsion of a curve. The torsion at P of the hyper- 
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geodesic 4% = 4°(s) having the same direction as the curve Cat P will 
be called the hypergeodesic torsion r, of C at the point P. 

Let a’, Bf, y?, be the tangent, principal normal, and binormal unit 
vectors of the hypergeodesic in the direction of C at P. Since the 
principal normal ß* of this hypergeodesic lies in the plane of a‘ and ct, 
the element of the cone given by (4.15), it follows that 


(6.1) Bt = aa! + bei, 


where a and b are to be determined. Multiplying (6.1) by a‘ and 
summing gives 


(6.2) a= — befat = — bL cos ¢, 


and multiplying (6.1) by 8‘ and summing gives 
(6.3) 1/b = pict = L sin ¢. 


Substitution of the values of a and 5 obtained from (6.2) and (6.3) 
into (6.1) yields 


i 
(6.4) Bt m | — cos a |, 


The restriction that K,><0 occurs in (6.4) since in general a hyper- 
geodesic in an asymptotic direction has c* in coincidence with at 
making @=0 so that (6.4) would be meaningless. 
From the Frenet-Serret formula dy*/ds =7,8' multiplied by $‘ and 

summed arises 

dyi 
(6.5) th = pre U 

ds 
Now y‘ is given by &aa’ßt, which by @’=dx?/ds and (6.4) reduces to 


dx! c* 
(6.6) yf = csc Dein e m 
Differentiation of (6.6) with respect to s yields 


dy’ i dd dx! ct 1 dx! ¢* 
rs Kee re ‘a CSC Dé; ar 
ds a a a, re 
(6.7) 
1 ax’? d “| “|. 
csc — 
bei jh —— = asl 2 


By the substitution of the expressions for 8? and dy*/ds, omission of 
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the zero determinants, and a change of dummy indices, (6.5) becomes 
(6.8) TI ei =E (=) F cr] 
. = CSC — — | —{ — } — cos ġọ — |. 
i "'L ds as\ L ds? 


Since the components c*/Z are scalars relative to transformations 
of surface coordinates, the partial derivatives of c*/L with respect to 
u“ are the same as the covariant derivatives of c*/Z with respect to 
u“; therefore, the derivative of c*/L with respect to s may be written 


a Y= ()arr (3 
. Ser 2: = why yah a aot T, 
ds\ L L Ou IN L 


From (4.15) the covariant derivative of c®/L takes the form 


(=) tne + Ku + (7) k aX" 
7 sa L VBa Í a (= aza + (7) ) 





which, by use of the Weingarten and Gauss equations!® 
k 8 k kh b 
Xua = — dag Kıp, Kap = bap X ’ 


may be written 


c* 
(6.10) (E) e= diag + bat, 


where af and ba are defined by 


8 r8 1 vB 
ú= (2 a — dar ) 


b 2 +(=) 
a = — a har 
RENT 


Also, the partial derivatives of c*/L with respect to #’’ are given by 


ð ch ð ð 1 
(6.12) > (=)- (Fst a Ir. 
ðu L OW INE Ou’ INL 


From (2.5), (4.2), and (4.3) it is evident that 


d2x* 8k k 
ds? = P x H KX . 


(6.11) 





(6.13) 





Hence, from the relations (6.9) through (6.13) it follows that 


10 Eisenhart, loc. cit. pp. 216-217. 
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s 
Ta Ta 7a 
(6.14) = f| o = | pe B = “x, | xt 
ð k ð 1 h 177 
BEONE 


in which use was made of the formula cos @=854(r?/L)u’@ 
= (r./L)u’e. 


Substitution of (6.14) in (6.8), if one uses (4.2) and (4.15) and 
neglects the zero determinants, gives 


Th = csc* de fa Pal u’? E = K In 
ijk ß 


ijk 1 8 fa 
X 2,8%,8( — |u| Ga — — p |u 
+ N (+) | = | 


i ja rn : ð 1 2 
Te ad az) i 


PE et A 
LTA L u au’? L % ’ 


which by the fact that eax'x,X?=e3 and by a rearrangement and 
simplification of terms becomes 


csc? Ta a 
Ta = $ orb, ZEE t + T P -= 2a} u rid 


csc? d ð Au j8 
L? a Ou’? 








em 


However, for a hypergeodesic of the family under consideration it 
follows from (3.4), (5.6), and (3.9) that 


(6.16) esl — PK,u?= — K,+2=0; 
and from (4.16) it follows that 





d (r8) Mag th p 0° ( Q ) ZEN: 
egs — (Au egeb ———-—__ u” Tu 
j ou’? = ou rau "\K, 


ö ö Q 
PEN DEEE u BE. il? 
ðu” | au’? \ Ky ? 





4 
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or, since 0(Q/K,)u’'7/du’1 is homogeneous of degree zero in the 
parameters u’¢, 








Nut — 
(6.17) E83 aul? (Pu u 0. 
Therefore, (6.15) is reduced to 
csc? en 
(6.18) Th = A a, 


which, by the definitions (6.11) of af and ba, may be written in the 
final form 


csc? & 1 rY 
Th = T ESA 1|(=) ra + T der | 
1 
[ee 


The analytic expression (6.19) for the hypergeodesic torsion at P 
of the curve C with direction “’*, not an asymptotic direction, is a 
function of the point P, the direction «’*, and of course the particular 
family of hypergeodesics under consideration. Therefore, all curves C 
with the same direction u’* at P will have the same hypergeodesic 
torsion at P relative to the family under consideration. 





(6.19) 


7. A geometric condition that a hypergeodesic be a plane curve. 
In order to obtain a geometric condition equivalent to the condition 
that the torsion of a hypergeodesic be zero, namely that the expres- 
sion (6.19) vanish, consider the developables of the complex of cone 
elements and their intersections with the surface. If only a very 
special set of developables is admitted, then the differential equation 
of the net of curves of intersection of these developables with the 
surface will be precisely the expression (6.19) set equal to zero. Hence, 
a hypergeodesic not in an asymptotic direction will be a plane curve 
if and only if it is a curve of this special related intersector net of the 
complex of cone elements of the family of hypergeodesics under con- 
sideration. The word net is used here in a more general sense to mean 
a set of curves consisting of two or more one-parameter families of 
curves. 

To arrive at the differential equation of this special intersector net, 
a point with coordinates x‘+-éc‘/Z is taken on the line of a cone 
element through P, and the point P is allowed to move along a curve 
C, u*=u“(s), for which the point x'+-ic'/L will describe a curve 
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tangent to the line of the cone element through P. That is, x’+tc'/L 

will generate the edge of regression of a developable. This develop- 

able will belong to the desired special set if ct/L at P is taken as only 

that cone element which corresponds to the values #’* for the curve C. 

The above mentioned tangency to the cone element requires that 
ct 


ct ct ct 
7.1 dl at+i—) = dxi + td | — — di = m —:) 
(7.1) (=+ —) at + (=)+< m 


where m is to be determined. Multiplication by c'/L and use of 
(c'/L)(c*/L) =1 and (c!/L)d(ct/L) =0 gives m =dt+ (c*/L)dx* so that 
(7.1) after a division by ds becomes 


(7.2) dx! ct ci a (5) 7 
' ds LL ds ds\ L l 


Replacing the derivatives with respect to s by use of the relations 
(4.2) and (6.9) and multiplying by (c‘/L),, yields 


c i ct ‘he ae al ee 
(7.3) (5) N (5) LL | 2 
c’ c jä c' 0 SEN ya 
OOE 


From (4.15) and (6.10) it follows that 


c* i si i i 3 

(7.4) cs Bry a = (agx, + bX ea = apia, 
(7.5) ae (= A x') ee 

: — 4p 1 Fa ve a = — ’ 

7 B T T B T Eag 
ct c* TE 

(7.6) (=), T Bp = QGalpEcr + bag, 
(7 7 (=) ð (=) ý ð (Z)+5 ö (+) 
en L e ðweN\ L) nabs ou’“\L j ðu LJ? 
and 
(7.8) (5 ER: ‘hs a = 0 

| Boy L 


where the zero in (7.8) occurs since covariant differentiation of 
(ct/L)(ct/L) =1 gives (c#/L)(c*/L),g=0. Therefore, (7.3) reduces to 
the two equations 


1949] HYPERGEODESIC CURVATURE AND TORSION 1165 


apa" + [{anapger + Babs} 4” 


79 fa; ð -) +a ð (G) "|: er 
a—-(— —{— j)“ [i= 
gea K 48608 —(z f wN L 

(8 = 1,2). 


Eliminating ¢ from these two equations gives the determinantal 
equation 


© apgratt’ "[ [076.80 + bbu 


(7.10) z i A ð (2) +5 (N i r 
bely —— | <—|—]7# = 0. 
2 au’ NL Ow INL 


The part of (7.10) involving #’’’ may be written, after replacing 
ba by —rtaig,„ as obtained from (7.8), in the form 


fs 8 e ð r" 9 ð 1 sa 11% 
(7.11) E Agian E) - G) u. 


However, 

(7.12) i € 050. = ae, e Baby = Flay 

where ame,,a/a, and gæeY gag; SO that after some simplification 
(7.11) may be written 


ag or! 
—— Cay 
L ou’? 


fi 
u'u, 





which vanishes by (6.17). Consequently, equation (7.10) is reduced to 


capta [0708er 7 bb.) u” = 0, 


which by replacing b. as obtained from (7.8) and by use of (7.12) 
becomes 


Ggeac|ay — r bylu u = 0. 
If we discard the nonzero factors a and g'/?, and if we use the fact that ` 
lien = —gife, = — Era, the differential equation of the special inter- 
sector net of the complex of cone elements takes the form 


IA 77 


(7.13) Esa |? Dy — au uw = 0. 


When equation (7.13) is compared with the formula (6.18) it is 
apparent that a hypergeodestc not in an asymptotic direction ts a plane 
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curve tf and only if ii is a curve of the special intersector net of the complex 
of cone elements." 

This result may be stated in a purely geometric manner as follows: 
a hypergeodestc not in an asymptotic direction ts a plane curve if and 
only tf the one-parameter family of cone elements, which are the elements 
of contact of the osculating planes of the hypergeodesic with the cones, 
consitiutes a developable. 

The differential equation (7.13), after use of (6.11) and (4.16) and 
clearing of fractions, will in general be homogeneous of degree eight in 
the parameters #’“; consequently, the differential equation is of the 
first order and the eighth degree. Therefore, the special intersector net 
in general has the property that through any point on the surface pass 
eight curves of the net. However, there are many cases of families 
of hypergeodesics for which an equation of lower degree than eight is 
obtained. Such is the case when the family of hypergeodesics under 
consideration is a family of union curves. 


8. Union curves. A family of union curves is a family of hyper- 
geodesics for which the osculating planes of all curves of the family 
through a point on S form an axial pencil. In this case the cone de- 
generates into a line of a congruence, one through each point of the 
surface and not in the tangent plane. If the direction cosines £? of 
the lines of congruence are 


(8.1) E = pia. + 9X = (4>0), 


with ~* and q as functions of u! and «? alone, then from (4.15) it 
follows that for a family of union curves 
p y’ 1 
8.2 r" =e — = i en 
(8.2) = ee I 
so that, by (5.6), Q must have the form 


= q, 


¢ 


(8.3) Q = Kreta“ £. 
q 


It is apparent that for a family of union curves the factor K, may 
be discarded from equation (4.6) of the osculating planes, since Q has 
K,„as a factor. Therefore, for a union curve in an asymptotic direction 
equation (4.6) can be considered to define a unique osculating plane 
which will contain the line Ẹ* of the congruence. Hence, the difficulties 


11 A generalization of a corresponding theorem first proved for union curves by 
Sperry, loc. cit. p. 220. 


1949] HYPERGEODESIC CURVATURE AND TORSION 1167. 


and exceptions which occur in the asymptotic directions for a general 
family of hypergeodesics are eliminated in the case of a family of 
union curves by taking (8.3) to define Q even for K,=0. _ 

Now, (8.3) is stated as a theorem as follows: a necessary and sufi- 
cieni condition that (3.9) be a diferential equaiton of the family of union 
curves relative to the congruence &* is that the scalar Q be given by (8.3). 
Substitution of the expression (4.7) for K, and the expression 
Qag Pu for Q in (8.3) yields a non-symmetric form for Ras, 
namely, 


f° 
(8 2 4) Rasy = Eyr 7 day. 


When the value of Q in (8.3) is substituted in the expression (3.8) 
for hypergeodesic curvature, the result is an expression for union 
curvature K, as found by Springer; namely, K,y=K,y— Re.’ p/q. 
Also, by use of (8.2), the expression (6.19) for hypergeodesic torsion 
reduces to the expression for union torsion 7, as found by Springer; 
namely, 

Tu = csc. den{p [Qe T p dan] = ald,. = qdarg” lyu u” 
Likewise, the differential equation of the intersector net of the con- 
gruence $f obtained from (7.13) after a multiplication by g and use of 
(6.11) and (8.2) is 


o 8 r Ber a 
fsa P [ay +P day] gi qldır — gage ju u” = 0, 


which is homogeneous of the second degree in the parameters 4”! 
and #’?. Consequently, in the case of a family of union curves the 
intersector net has only two curves through each point of the surface 
instead of eight.” 

The geometric interpretation of union curvature is the same as that 
for hypergeodesic curvature with the one simplification that the 
method of projection (parallel to t at P) is a function of the point P 
only and not the direction #’«: 


9. Geodesics. If the congruence $f for a family of union curvesis — 
normal to the surface, then the curves are the geodesic curves of the 
surface. The congruence is normal if and only if 


(9.1) gel, gel (a = 1,2). 


1 The curves of this net were originally called the torsal curves relative to the 
congruence by Sperry, and later referred to as T-curves by Lane and more recently as 
curves of the intersector net by Springer. 
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From (8.3) it is apparent that the property (9.1) is equivalent to the 
condition that the scalar Q be identically zero. As a result, the fol- 
lowing theorem may be stated: a necessary and sufficient condition 
that a famiy of hypergeodestcs defined by equation (3.9) be the family of 
geodesscs 1s that the scalar Q be identically zero in u, 47, u'l, u”, or 
what is equivalent, that the symmetric components Das, be identically 
zero in ul and ui, 

It is observed then from (3.8) that hypergeodesic curvature reduces 
to geodesic curvature when the family of hypergeodesics is the family 
of geodesics. Also, the geometric interpretation of hypergeodesic 
curvature reduces to the correct geometric interpretation for geodesic 
curvature, and the expression (6.19) for hypergeodesic torsion will 
reduce to the expression 

T = Md ao Pats’ u”! 


for geodesic torsion” r,. 

From the above discussion it is seen that hypergeodesic curvature 
and hypergeodesic torsion are proper generalizations of geodesic 
curvature and geodesic torsion since they are identical when the 
family of hypergeodesics under consideration is taken to be the 
family of geodesics. 


UNIVERSITY OF WASHINGTON 


13 Eisenhart, loc. cit. p. 247. 


SOME REMARKS ON RULED SURFACES 
J. ERNEST WILKINS, JR. 


In a previous paper [1]! the author showed that the projective 
differential geometry of a nondevelopable ruled surface S in three- 
dimensional space could be studied by means of the expansion 


1 1 1 1 i 
3 = > — 3 vy — 3 Yury? — pir = ey = 12 Yury 


1 1 
T 1 „ Im E — — ied” 4 
” Ten Yes)? zg eee 


1 6 
T 60 (10yYuu T 10-7. = Yuvs) ty 


1 
— (2 “Yv 15 wo a) ie er 
Hep rare + 15a — Yers) Y° + 


for one nonhomogeneous coordinate 3 as a power series in the other 
two nonhomogeneous coordinates x and y. Here y is a function of the 
form A(v)4?+B(o)u+C(v). It was also shown that there is a one- 
parameter family of cubic surfaces with fifth order contact with S, 
namely, 


1 1 
(2) zw” + Dz’ + (s — xy) (Ps aay (y./y)9 + Ms + 1) 

+ yz(Iy + Jz) = 0, 
where D is the parameter and P, M, I, and J are defined as follows: 


P = (15y, + 40y Yu — 12yyo)/307', 

M = (40y Vers + 12yYoyır En 807 Yus 7 154.)/320y , 
2 2 
I = (Sy, + 407 Yu — 4120) /807 , 
2 2 | 3 
J = (USyure + 407 Yu — 127 ye¥e8 + 4OY Yun) /2407 . 
In this paper we shall report some further results on nondevelop- _ 
able ruled surfaces which can be obtained with the help of the above 
formulas. 


It was shown in [1] that Sis a cubic surface if and only if /=B=0, 
where 


Received by the editors October 7, 1947, and in revised form September 30, 1948. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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A = [(15y, — 1er — 407 rar — Vue) 
+ 40% (vue = Yue) u]/9607', 
B = [16007 (2y rue — Yu) + 960 (YuY» — YYu»)» 
— 24007 yolrays — Yue) + (127709 — 1572) ]/576007". 


Since this criterion requires derivatives of "y of the third order, it is of 
interest to notice that the following theorem is true. 


THEOREM. The nondevelopable ruled surface (1) is cubic if and only if 
P=M=J=0. li ts Cayley’s cubic scroll if and only if I=0 also. 


If S is cubic we have seen [1] that we can assume that either 
y=3 or y=3u/100. By direct substitution it is found in the first 
case, which corresponds to Cayley’s cubic scroll, that P=M=J=I 
=0, and in the second case that P= M=J=0, [=1/1002. The con- 
verse follows from the identities 

8 
Oy A = (151, — 127V) (4YM + YP) + 40y (4yM + oP) x, 
2 
3607B = 40y (3J — 2YaP + yP*) + 6y(4yM + YP), 
Sn 9y,(4yM + YP), 


which imply thate4=B=0if M=P=J=0. 
If S is cubic, the surface (2) will actually have sixth order contact 
with S if and only if D=Py,,/6, and it will then coincide with S. 
Let us now seek to find the double points of the cubic surface (2). 
The homogeneous coordinates of such a point must satisfy the equa- 
tions F;=0, where 


1 
Fı = u( Pas == | Midas + Mxu+ zı) + (zı% ag Zits), 
1 
F: = — (Par = pi (Y/Y) x3 + Mri + n) + P(x1%4 = Xrti), 
9 1 
Fz = Ya, — „(Par = T (Y/Y) 4X3 + Mx, + z) 
i N 
= 7 (Y/Y) (x — %9%3) + 2I xax + Jx, 


1 
Fy = 3Da, + n( Pe = (Y/Y) + May + z1) 


+ M(x1%4 — taza) +I x. + 2) rata. 
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Setting x40, we readily find that (—P, 1, 0, 0) is the only double 
point in the tangent plane, and that this point is a double point for 
all the cubic surfaces (2). 

To find double points not in the tangent plane, suppose that x40. 
Then F,=F,=0 if and only if either 


1 
(3) Px. — 7 (Yo/Y)xs + Mx + zı = 0, 1m — on = 0, 


or 
(4) FP, = 0, Px + x3 = 0. 


When (3) holds we may set x,=1 and see that a double point must 
satisfy (3) and 


(5) yrs + 2ty+I=0, Ixy+2Jx,+3D =0. 


Let us suppose for the moment that J?yJ. Then two values of 
x; are determined by the first of equations (5). Each value of x; de- 
termines a value of D by the second of equations (5). These values of 
D are different since J*3¢yJ. For each value of x3 we determine x; 
and xs by solving the equations - 


1 F 
(6) 41 — Pta = 4 (Y/Y) äs — M, %ı — Kt, = 0. 


Hence a unique xı and x: can be found unless x= —P. We conclude 
that if the surface S is such that [?yJ, yP?—-2IP+J>0, then 
there are two cubic surfaces (2) each of which has a (unique) double 
point which is not in the tangent plane and satisfies equations (3). 

On the other hand, if yP?—27P+J=0 and J?+y/J, then one root 
xz of the first of equations (5) is equal to —P and the other is not. 
Corresponding to the root which is different from —P there exists one 
cubic surface (2) which has a unique double point not in the tangent 
plane which satisfies equations (3). When x= —P, equations (3.4) 
have a solution if and only if 


1 
(7) 0 = M mfe pi (Y/Y) P = (Yayı F VV ur) /4y3. 
Since it is easy to see that 


192004 (YP? — 27P + J) = (sy, — 127702)" 


(8) l 
— 1600y (Ys — 2YYuu), 
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it is clear that when yP?—2IP+J=0 and x= —P, equations (3.4) 
have a solution if and only if A =B =0. In this case S is a cubic sur- 
face itself and the entire line ı + Px,=x3+ Px,=0 consists of double 
points for the cubic surface (2) determined by the parameter 
D=(—IP?+2JP)/3. Since S is cubic, P=0. Therefore, D=0 and 
hence the cubic surface (2) is the surface S itself. Since J?+yJ=0, S 
is not Cayley’s cubic scroll. We conclude that if yP?—27P+J=0, 
I*34yJ, then there is one cubic surface (2) which has a (unique) 
double point which is not in the tangent plane and satisfies equa- 
tions (3). There is another cubic surface (2) which has a double point 
not in the tangent plane which satisfies equations (3) if and only if S 
is itself a cubic surface, not Cayley’s cubic scroll, in which case the 
cubic surface (2) coincides with S which has the whole line +, =x3=0 
as a line of double points. 

When /?=+7J/, then only one value of x; is determined by the first of 
equations (5). If also yP?—2/P-+ J0, then this value of xs is dif- 
ferent from —P and so there exists one cubic surface (2) with a 
(unique) double point which is not in the tangent plane and satisfies 
equations (3). 

When I =yJ and yP?—2IP+J=0, reasoning like that used two 
paragraphs earlier shows that there is a cubic surface (2) with a 
double point not in the tangent plane which satisfies equations (3) 
if and only if S is Cayley’s cubic scroll, in which case the cubic surface 
(2) is S itself and has the whole line x;=x,;=0 as a line of double 
points. 

Now let us consider double points which satisfy equations (4). 
Setting »=—P, x,=1, we see that the equations F= Ah=F=0 
become 


1 
(9) m + Px) = — M — Fa (Yo/ DP = — Hr ET, 


(10) (423 m Yo) (YuY» = VY ue) = 32y’ (yP? — 2IP + J), 
(11) D = — (xı — M) (vere — Yrue)/247? — (IP? — 2JP)/3. 


Unique values for xı, x, and D can thus be determined provided that 
Vue —YYuv 0. The cubic surface (2) so determined may, however, 
coincide with a cubic surface previously determined which has a 
double point satisfying equations (3). To find the condition that this 
occurs we explicitly solve equations (9), (10), and (11). Let n =Yx«Y» 
YY uv Hy Ayo, A=72—2yyus. It follows from equations (10) 
and (8) that 


te = 2/47 + 30°/800y7 — 27A/3n 
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if 770. From (9) and the definitions of P and M we then find that 
M — xı = 982/64000Y%n + 30%y./1600y'n — 40/40 y*n 
+ 3n/8y? — YuA/3n, | 


and finally we conclude from equation (11) and the definitions of J, 
P, and J that 


(12) 3D = (6dyyuu + 159? + 807 wun) /3207%. 


The cubic surface (2) with this value of D coincides with a cubic 
surface (2) with a double point which is not in the tangent plane and 
satisfies equations (3) if and only if there is a value of x, which satisfies 
equations (5) simultaneously when D satisfies equation (12) and 
which belongs to a double point obtained from equations (3). 
Eliminating x; between equations (5) we see that this coincidence 
will occur if and only if 


(3Dy ~ IJ)? — 4? — yJ)(J? — 31D) = 0, 
an equation which can be reduced in a straightforward manner to 
— 81A04 + 4057703 + 288007140? — 64800074n7A0 

+ 243000074! — 2560000734? = 0. 


We conclude that if 7 +0 and equation (13) fails to hold, then there 
is another cubic surface (2) in addition to the ones already found 
which has a double point not in the tangent plane. 

If n=0 and equation (13) holds, then there is a value of x3 which 
satisfies equations (5) when D has the value given by equation (12). 
This value of x; is equal to —P if and only if yP*—27P+J=0 and 
3D=—IP?+2JP, and hence if and only if M—x,=0 and 96? 
= 160071A. When 99? = 16007‘A it is easy to see that M—x,=3n/8y? 
x£0. Hence the value of x; thus obtained can never be equal to —P. 
It follows that if either ?—YJ or yP?—-2IP+-J is different from zero 
no new cubic surfaces (2) having a double point not in the tangent 
plane can be found by considering equations (4) if n340 and equa- . 
tion (13) holds. When ?-YJ=yP?2-2IP+J=0, it is seen that 
A=9=0( and hence that the left-hand side of equation (13) reduces to 
2430000y*tn* which does not vanish. 

If n=0, equations (9), (10), and (11) have a solution if and only 
if yP?—-2IP-+J=0 also, and then 3D=—JIP?4-2JP. We have al- 
ready encountered this case among the solutions of equations (3) 
and so no new cubic surface can be obtained from equations (4) 
when 7=0. | 

We may conveniently summarize our results in the following table, 


(13) 
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in which D is an abbreviation for the left-hand side of equation (13). 


TABLE I 
Pyg si a ed Yale VV uv D (3) (4) 
* * * Ei 2 1 
x * * 0 2 0 
44 i 0 I 2 0 
g z 0 0 Impossible 
* 0 * * 1 1 
+ 0 r 0 1 0 
j 0 0 X Impossible 
* 0 0 0 2 0 
0 E * * 1 1 
0 * t 0 1 0 
0 z 0 = 1 0 
0 $ 0 0 Impossible 
0 0 x 7 0 1 
0 0 z 0 Impossible 
0 0 0 s Impossible 
0 0 0 0 1 0 


In the first four columns a + is entered if the quantity at the head of 
the column is different from zero and a 0 is entered if it vanishes. In 
the fifth column is entered the number of cubic surface (2) with a 
double point not in the tangent plane which can be obtained by con- 
sidering equations (3), and in the sixth column is entered the number 
of such additional cubic surfaces which can be obtained by consider- 
ing equations (4). We have already seen that when I?—yJ =yP? 
—2I/IP+J=0, then D and 7 either both vanish or neither vanishes. 
Hence the cases in the fourteenth and fifteenth lines do not occur. 
Moreover, when 7=0 it is easy to see that D = —A(96?— 16007‘A)?, 
so that D and yP?—2IP -+J either both vanish or neither vanishes. 
Hence the cases in the fourth, seventh, twelfth, and fifteenth lines do 
not occur either. In line eight one of the two surfaces is the surface S 
itself which is cubic and not Cayley’s cubic scroll. In line sixteen 
the surface is S itself, which is Cayley’s cubic scroll. In both cases 
there is an entire line of double points not in the tangent plane. 

It is worth noticing that if none of the four quantities P—y7J, 
yP*—2IP4+-J, Vue -YYo, and D vanishes, then there are three cubic 
surfaces (2) which have a double point not in the tangent plane. If 
exactly one of these quantities vanishes there are two such cubic sur- 
faces. If exactly two vanish there is one such cubic surface. If exactly 
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three vanish, there are two such cubic surfaces, one of which is S 
itself and is not Cayley’s cubic scroll. If all four vanish, there is one 
such cubic surface, namely S itself, which is Cayley’s cubic scroll. 
Let us now study the geometry in the tangent plane of S. It has 
been shown [1] that the tangent plane intersects S in a curve with 
two branches, one of which is the generator y=3=0, and the other is 


1 1 1 
x =- YI? REINE 


— (375, — 1 u e 
; me 130 °° Ovyu)y 


Ben 10yuyı SY ue Your sre ys z = 0, 


and that the equation of the osculating conic of this curve is 
1 1 
(15) ie cae nd aaa (yx/y)xy = 0. 


There exists a one-parameter family of noncomposite cubic curves 
with a node at the origin and asymptotic tangents for nodal tangents 
each of which has fifth order contact with the curve (14). The equa- 
tion of such a cubic curve is 


1 1 
(16) s= kæ — = Vy Paty i = ine? + xy = 0, 


where & is the parameter. The points of inflexion of this nodal cubic 
curve lie on the line 


1 
(17) s = Px — F (y-/y)y +1 =0, 


some one of the inflexions lying on each of the lines 3kx?=Yyy?. The 
line (17) is tangent to the osculating conic (15) at the point whose 
homogeneous coordinates are (—P, 1, 0, 0). This is the point char- 
acterized above as the only double point of a cubic surface (2) which 
lies in the tangent plane. It may also be characterized as the inter- 
section different from the origin of the generator y=s=0 and the 
osculating conic (15). 

Since the point (—P, 1, 0, 0) is a double point of the cubic surface 
(2), the polar quadric of (—P, 1, 0, 0) with respect to (2) must 
decompose into two planes. These planes are 


1 
Patua=0 Mu rr (¥o/)%3 + Pri + x1 = 0. 
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The first of these planes intersects the tangent plane in the generator, 
and the second intersects the tangent plane in the line (17). 

The nodal cubic curve (16) has sixth order contact with the 
curve (14) if and only if k=27(@/y*, where (@ was defined in [1] as 


C = [18¢7 e709 = 15y» a AY Yon = 207 (ya's da Yu) |/14407'. 


Therefore, there exists a noncomposite nodal cubic curve, nodal 
tangents being the asymptotic tangents, with sixth order contact 
with the curve (14) if and only if @0. If @=0, the only such cubic 
decomposes into the generator y=3=0 and the conic (15) which then 
hyperosculates the curve (14). 

If we do not insist that the nodal tangents be the asymptotic 
tangents, we can prove that there exists a one-parameter family of 
cubic curves with a node at the origin and sixth order contact with 
the curve (14). The equation of such a cubic curve is 


1 1 
z = (EP + k)x? — = yy? + 1? E El. | ary 


(18) i i 

- |= + mn) | 23" + Bat + ay = 0, 
where k=27(/y? and E is the parameter. The nodal tangents are 
(19) x = 0, y = Ex, 


and the line of inflexions is 
(20) (4E? + 12Py)x + (8Ey? — 3y2)y + 12y = 0. 


As E varies this line of inflexion envelops a conic which turns out to 
be precisely the osculating conic (15), which thus receives another 
geometrical characterization. Moreover, the nodal tangent y+ Ex =0 
intersects the line of inflexion (20) in the point whose homogeneous 
coordinates are (4E*y?—3Ey,—12Py, 127, —12Ey, 0), the locus of 
which as E varies is also the osculating conic (15). 


BIBLIOGRAPHY 


1, Wilkins, J. Ernest, Jr., The contact of a cubic surface with a ruled surface, Amer. 
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ON INTERPOLATION TO AN ANALYTIC FUNCTION 
IN EQUIDISTANT POINTS: PROBLEM £8 


J. L. WALSH AND W. E. SEWELL 


The present note is an addendum to a paper by the same authors,! 
to which (especially §8) the reader may refer for detailed notation 
and definitions. 

Two phases of the direct problem of the study of degree of con- 
vergence of a sequence of functions approximating to a given func- 
tion are (i) proof of the existence of a sequence approximating with a 
certain degree of convergence and (ii) study of the degree of con- 
vergence of a sequence defined by a specific method. We are here 
concerned with the second phase of the problem: 


THEOREM 1. Let the function f(s) be analytic and of class L(p, a) 

in the annulus yP> |z] >1/p<1, where p ts given. Let 
Pals) = Gng” + Gnn! + + ano bt tb n ng” 

be the unique polynomial in z and 1/z of degree n which coincides with 
f(s) in the (2n+1)st roots of unity. Then for 3 on y: |z| =1 we have 
(1) | f(s) — Pula) | S M/o*- nets, 
where M is independent of n and 3, 

The polynomial ~,(s) may be defined by the equation 


oa In(gintt — 1)f(t)dt 
D f(s) ~ pals) = — J + J =, Cae 


for z in the annulus 1>r>|s| >1/r; the function f(s) is assumed 
analytic for r> |s| >1/r, continuous for r2|s| 21/r. In particular, 
if f(z) itself is here chosen as a polynomial P,(s) in z and 1/z of degree 
n, the interpolating polynomial p,(s) must coincide with P,„(z), so 
we have for r>|s] >1/r ` 


1 ytti _ z 
(3) Ge >f +f i*(s 1) P,(¢) dt 
Rri | tier ijai ZH — 1) — 8) 


Return to the original function f(z) in (2) with subtraction of (3) 
from (2) thus yields for r> |z| >1/r 


Received by the editors September 24, 1948. 
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E a izi — 1)[ f(t) — Pali) Jet 
(4) fle) — Due) = — J + f M 


Suppose now f(s) is of class L(p, «) in the annulus p> | s| >1/p<1, 
where $ is non-negative, 0 <æ <1. Then by Cauchy’s integral formula 
for the annulus, f(s) can be written f(z) =fı(s)-+fs(z), where fı(z) is 
analytic in the region | s| <p and is of class L(p, a) on is] =p, and 
where f(z) is analytic in the region |z] >1/p even at infinity, and 
fa(1/2) is of class L(p, œ) on |s| =p. Consequently (the result is due 
to Curtiss) there exist polynomials P; (z) and P (2) in z and 1/z 
respectively of degree # such that we have 


| fa(s) — Pa (2) | S Mi/nrte, for [z] = p, 

| ja) — PrO | S Ma/nrt«, for |s| = 1/p. 
By the principle of maximum modulus we may write 

| fı(e) — P; (2) | S Mi/nrte, for |z] = 1/p, 

| fa(z) — Px’ (2) | < M,/n?t-, for | z | = p. 


Then if we set P,(z) =P, (s)+Pi'(z), the function P,(s) is a poly 
nomial in z and 1/z of degree n, and on both |z| =p and |z| =1/p we 
have 


(5) | f(s) ~ Pa(s)| S (Ma + Ms)/nPte, 


When BD =p> 1, we have |i / (rti 1) | <m/p*, where m is inde- 
pendent of ¢ and n, and we have a similar relation for |t| =1/p, so 
inequality (5) and equation (4) with r=p yield the conclusion of the 
theorem, 20. 

Suppose now that f(z) is of class L(p, œ) in the annulus p>] 3| >1/p, 
where is negative; we have by definition (r< p) 


| f(@)| S N-(p — rae 


for |s| =r>1 and for |s| =1/r, where N is independent of z and r. 
_ If we set r=r,=(1—1/n)p directly in (2), we also obtain the con- 
clusion of the theorem; compare §3 of the paper already mentioned. 
The proof is now complete. 

The degree of approximation asserted in Theorem 1 is also the de- 
gree of approximation obtained (loc. cit.) for the partial sums of the 
Laurent series for f(z). 

If f(z) is an arbitrary function continuous on y, and if for the poly- 
nomials i,(z) in sand 1/3 of degree n of best approximation to f(s) on y 
in the sense of Tchebycheff we have 
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| f(s) — ts) | S ew oe. 


then for the polynomials »,(s) in s and 1/s of degree n which inter- 
polate to f(s) in the (2n-++1)st roots of unity, we have? | 


| f(z) Zi Pale) | S & log n, sony. 


Theorem 1 represents an improvement on this result for the special 
functions f(s) of class L(p, a) in pz |si 21/p, provided 0<a<i, 
because for such functions we have in the above notation 


| f(z) — hE) | S M/ ns, sony, 


an inequality which for the case 0<a@<i and for the entire class of 
functions cannot be improved. 

We formulate explicitly two consequences of our preceding dis- 
cussion: 


COROLLARY 1. Let f(z) be analytic in the annulus p> | z| >1/p<1’ 
continuous in the corresponding closed region, and let us suppose poly” 
nomials P,(s) in z and 1/s of degree n to exist such that we have 


(6) | f(@) — Pals)! S en, for |z| =p and |z| = 1/p. 
Then for the polynomials p„(2) defined in Theorem 1 we have 
fe) — pals)| S Mauser, for |s| = 1, 


where M ss independent of n and g. 


A sufficient condition for (6) is that f(s) can be written f(s) =fı(z) 
+-f2(s) in the closed region p2|s| =1/p, where fı(s) is analytic for 
|2| <p, and f2(z) is analytic for | 3| >1/p including the point at in- 
finity, and that polynomials P; (z) and P} (s) in s and 1/s respectively 
of degree n exist so that we have 


| fale) ~ Pa (2)| S en, for |s| = p, 

If) — Pa (8) | S en, for |s| = 1/p. 

CoROLLARY 2. Let f(z) be analytic in the annulus p> | z| >1/p<1, 
let the function &(r) be defined in the interval 1<r<p, and suppose we 


have |f(s)| S$@(e—r) on the two circles |s| =r and g=1/r. Then for the’ 
polynomials palz) defined in Theorem 1 we have 


| f(s) — Pr) | S M-6(p/n)/p", for |z| = 1, 


3 D. Jackson, The theory of approximation, Amer. Math. Soc. Colloquium Publica- 
tions, vol. 11, p. 121. 
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where M ss indebendent of n and s. 


There can be developed extensions of the above results to approxi- 
mation on an arbitrary analytic Jordan curve or on more general 
point sets bounded by analytic Jordan curves, by rational functions 
with poles in prescribed points or uniformly distributed on given 
curves. The present results are intended primarily as illustrations of 
this general theory. 


HARVARD UNIVERSITY AND 
Forr RILEY, Kansas 


NOTE ON THE COEFFICIENTS OF THE 
CYCLOTOMIC POLYNOMIAL 


P. T. BATEMAN 


Erdés! has proved that if A, denotes the largest coefficient (in 
absolute value) of the nth cyclotomic polynomial, then for infinitely 
many n 


A, > exp {cıllog »)4/*}. 


He also conjectured that a much stronger statement may be true, 
namely that? 


(A) A, > exp f 4 (cu/los log ")} 


holds for some cı and infinitely many n, but pointed out that this 
would be a best result, since 


(B) A, < exp f (ors! lox log | 


for some cu and all n. Erdös suppressed the proof of (B), because his 
proof was complicated. It is the purpose of this note to give the fol- 
lowing short proof of (B). 

The cyclotomic polynomial F,(x)= ]]ar (1-92 is majorized 
by the power series 
Mare) 


d|» 


Received by the editors September 20, 1948. 

1 Paul Erdös, On the coefficients of the cyclotomic polynomial, Bull. Amer. Math. 
Soc. vol. 52 (1946) pp. 179-184. 

2 Formulas (A) and (B) were printed incorrectly in Erdös’ paper (on the bottom of 
p. 182). 
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Since F,(x) is of degree less than n, it is also in fact majorized by the 
polynomial 


[I (1 + rtt ot oe $ DA), 


din 


Hence A, is less than the sum of the coefficients of this polynomial. 
Thus, if d(#) denotes the number of divisors of n, we have for sufh- 
ciently large n 


1 
An < ]] (n/a) = nm? = exp 5 d(n) log n} 


din 
1 
< exp 17 9 (i+-4/8) log n/log log » log n} 


< exp {20+ log #j/log log a} 

= exp f pte) log 2/log log nt 
where we have used Wigert’s estimation? of d(n). Thus (B) is proved. 
Added tn proof: In a paper to be published in Portugaliae Mathe- 


matica, Erdés has given a proof of (A) (for some positive cı and 
infinitely many n). 


INSTITUTE FOR ADVANCED STUDY 


3 Cf. E. Landau, Handbuch der Lehre von der Verteilung der Primzahlen, pp. 219- 
222, or S. Ramanujan, Collected papers, pp. 44-46. 


ON THE EQUICONVERGENCE OF FOURIER 
SERIES AND FOURIER INTEGRALS 


FELIX EDUARDO HERRERA 


Given any function f(x) defined for — œ <x < œ, let 
(1) J j { alu) cos ux + b(u) sin ux} du 
be the Fourier integral (F.i.) of f(x). Here 
(2) alu) = ~ f j JC cos utdi; b(u) = = Í j fit) sin utdi 


are the cosine and sine transforms of f(x). They exist as absolutely 
convergent integrals if JEL(— ©, ©), or in a certain generalized 
sense, if fEL?(— 0, ©) with 1<% 22. 

In all these cases, the partial integrals of (1) are given by the 
formula 


Sule, f) = f { a(u) cos ux -+ b(w) sin ux} du 


sin wi 


1 co 
-— f EN 
but the last integral has meaning if 
> [A] 
(3) Jits” 


even if the transforms (2) do not exist. 
Now, it is well known that the problem of the representation of 
f(x) as the limit of 





(3a) Sle N=—f fet na 


for „> w can be reduced to the representation of f(x) by a Fourier 
series (F.s.). More precisely, we have the following theorem: 

(A) Given any function satisfying (3), and any interval I,= (a, a-+2r) 
of length 2r, let fa(x) be the functson of period 2x and cosnctding with 
f(x) in Ie. Let 


Received by the editors September 29, 1948. 
1182 


EQUICONVERGENCE OF FOURIER SERIES 1183 


1 0 
(4) 7” + J (a, cos nx.+ b, sin nx) 
nm] 


be the F.s. of f(x) and 
1 
so(&, fa) = = ay + > (a, cos ng + 5, sin nx), w = 0, 
nae 


the parital sums of (4). Then the difference 
(5) A.(x) i Aufl, f. a) n Su(%, f) = Su(%, Ja) 


lends to sero at every point inside Ia, and the convergence ts unsform in 
every closed interval interior to Ig.) 

Thus, tests of convergence which are valid for F.s. are immediately 
extensible to F.i. Moreover, since the convergence of (5) to zero im- 
plies its summability (C, a) for any a>0, we immediately obtain for 
the summability of F.i. results analogous to those for F.s. 

Now, let 


(6) J ” {a() sin “x — b(#) cos ux} de 


be the integral conjugate to (1). The partial integrals of (6) can be 
written 


1 p° 1 — cos wt 
(6a) SaN =- S 1er — us 
FU 
if FEL?(— œ, ©) with 1Sps2, but again the right-hand side here 
has meaning only if (3) is satisfied. The following result completes 
(A): 
(B) Let 


olt, fa) = >. (a, sin nx — b, cos #2), o = I, 
ate 


On the assumptions of (A), the difference 
Au(z) TS A(x, fia) = Sulz, f) — Salt, fa) 
tends to a limit (noi necessarsiy zero) at every point x intertor io Ia 


and the convergence ts uniform over any closed interval interior to I,.? 


1 See Zygmund, Trégonometrical series, p. 306. The book will henceforth be quoted 
T.S. 

? Pi Calleja, P., Uber die Konvergenzbedingungen der komplexen Form des Fourier- 
schen Integralen, Math. Zeit. vol. 40 (1935-1936). 
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In a number of problems of the theory of F.s., we have to consider 
the behaviour of a F.s. differentiated term by term k times. A typical 
result in this order of ideas is the following: 

(C) Let falx) be the kth generalized derivative of f(x). If fuy(xo) 
exssts; the Fs. of f(x), differentiated term by term k times, is, at the point 
Xo, summable (C, a), a>k, to the value fin(xo)3 

Similar problems exist for F.i. 

In the present paper we prove a theorem that enables us to reduce 
a F.i. problem of the aforementioned kind to the corresponding prob- 
lem on F.s., namely: 


THEOREM. Let f(x) satisfy condition (3). Let Ia= (a, a+2r) and let 


fa(x) be the function of period 2r coinciding with f(x) in Ia. Let Su(x, f) 
be the partial integral (3a) and let s.(x, Jo) be the partial sums of the 


F.s. of falx). Let k=1, 2, +++. Then the difference 
a* d* 
orale? ~ Gat Sulz, fa) 


ts untformly summable (C, k) to zero in every closed tnterval interior to 
5 
Similarly, the difference 


a* a*® 
aot Sul, f) — Ia 3u(%, fa) 


ts untformly summable (C, k) in every closed interval interior to Ia. 


This theorem complements the results (A) and (B) stated above 
and is reduced to these results when 2=0. An immediate applica- 
tion of it leads us, when (C) is taken into account, to: 

(CN Iffa(x0) exists, the Fs. of f(x), differenitated k times under the 
integral sign, is, at the point xo, summable (C, a), a>k, to the value 
Fe (%0). 

In this connection we may recall the definition of summability of a 
series by M. Riesz’s method of order œ or summability (R, œ) and the 
fact that if a series is summable to sum s by the method (R, a), it is 
also summable to the same sum by the method (C, œ) and con- 
versely.‘ 

We shall base the proof of the theorem on the following lemmas: 

(i) Let g(t) bean integrable function in (—r, m) and of persod 2x. Let 
r>1 and 0<é<-x. Then the integral 


3 T.S. p. 257. 
1 T.S. p. 312. 
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f g(t) j 
pelea (2 = ir 


converges absolutely and uniformly for -m + SrSr—ô. 
The proof of this lemma is immediate. 
(ii) Let O<n<1/2. Under the conditions of Lemma (i), the integral 


Br N uns 

Ss. +f S t N el) Be 
T— o im df +f e i 

converges: 


(a) untformly for —r +8 Sx Sr — ô and any fixed w, 

(b) untformiy for —r+bSxSx—5, nSwS1i—y, 

(c) boundedly for —r48 Sx Sr— ô and any range of vartation of w. 

Clearly it is sufficient to suppose that T =(2n-+1)r. On such an 
assumption we have 


{f+ ee 


= 3 eend 





e?rriu eg thria 

Siena ar) 

2kr + (x — 2) ot 
By direct inspection of the right-hand side of this formula we get (a) 


in the special case w =an integer. Now, let w be non-integral. Summa- 
tion by parts gives 


ket 2kr + (x — t) 


PP late 1 Perser BET Sir 


2ret?rie = i etthwric 


1 — ettrw Ei {2ke + (x — A} {2k + Ie t (x N} 


ekikwia 1 2 127 i 
ei 


Bier I1-tw|\) ro BP 


so that 


and from this result (a) and (b) follow. 
To obtain (c), let us consider the expression 
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> erkriw gihe io 
Di + (x — t) u 2kr — (x — > 


sin 2k a cos 2k 
en SD NER. de SEEN Dy m 
kal Lhe — (x — 1)?/2kr ‘par bkr? — (x — N? 


= 24P,(w, 2 — i) — 2x — DO. x i). 


' Obviously lim... Qa(w, x—?) exists uniformly for -r +ô sx Sr—ő 
and any range of variation of w. Furthermore the difference 


* sin 2kr 
Pula, s- ) — I —— 
km] 2kr 


sin 2krw 


= (= PÈ 


ta (2kr)’{2kr — (x — #)2/2ke} 


as n—>o, converges also uniformly for —w+éSxSr-—-6 and 
any range of variation of w. Since it is known that the series 
> pe, sin 2kxw/2ke is boundedly convergent in any interval of w, 
(c) is proved. 

(iii) Let v0. Then for g=1,2,---;k=1,2,---, 


dt pa w\4 
2 (—1)k(k — 1) <- - (R—v) +149)! 


=(- bor > (> + 1)QrHurtert 
ea > - 1)'Ca (hk + v) le” 4 (—1)*(k+ q)! (ei — 1) 


nur q Getrt+1)—-¢Q Hag At +1 Ears tlo LAR ER 


where we put I... y(r) =0.5 
We now need to prove that 


0 Q Wo QH ig)? 
k! ef — 1 
Qt (iv) >H 
because by differentiation of this formula with respect to v we obtain 


the preceding one. e 
Now, (8) is certainly true for k=1. Let us assume that it is true for 


(8) 





š ¥(y) stands in general for any function of the non-negative integer » appearing 
in this paper. 
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kmn. We shall prove that on this hypothesis the formula holds also 
true for k=n-+1. Indeed, 





EN 
Q 40 Io wQ Jo Q 
1 wl(ntin---(wati-y) 3 (*n+i1)! @—-1 
eo = H(i)? gr (en 
which was to be proved. 


In particular, if g= and A,, B,, and C are constants, (7) can be 
written in the form 











dr pe w\F = i ki ee 

where 

k-3 f Rl B, 

en We 
a(k, v) 2 Orblyrt at? T Žž; Qy thti ý 
(10) 
iy _.. 
+ Qřgzk+i (e 1). 


These lemmas having been proved, we pass to the proof of the 
theorem. For the sake of simplicity, let us assume a =0 and let us 
write fo, Jo, Jo instead of fas, Ja, Ja. Moreover let us put 


Ga 
sola = sala, fo) = 7 + Do, cos ng + bn sin nx), v2 0, 
nu 


where the dash ’ on the right indicates that if w is an integer, we must 
multiply the last term by one-half. Thus, for w positive and not 
integral, 


sala) = Sa(%), 
and therefore instead of considering the (C, œ) means of the difference 
Solx)— Sax), we may consider the (C, a) means of the difference 
Su(xe) — s$ (x). 
Now, it is well known that if g(#) is any periodic function of period 
2r, integrable in the interval (0, 27), then! 


t G. H. Hardy, Notes on some points in the integral calculus, Messenger of Mathe- 
matica vol. 52 (1922) pp. 49-53. 
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Rae Be = f ew sin — t) il La ae i er w(x — t) it 


Pro FYT aaa | 


Consequently, the first part of the theorem will be proved if we prove 
that, as >», 


tidy — de urn = 
fe ode Sf" o -no Faro 


uniformly in Jj. 
For that purpose, let A(#) =f(#) —fo(#), so that k(t) =0 in (~r, x), 
and let us consider the integral 
d* sin w(x — i) 
ae af. ao | o at 
BET 4b 


In virtue of assumption (3) and lemmas (i) and (ii), the integral 


dr giale~8) 
f h(t) (| ) ar 
lilr ax* x —t 
is, for every fixed w, uniformly convergent in J4, so that we may 
write, xe Jg, 





k pe : dt sin w(x — 2) 
Jalk, x) = ul (Q — w)* dw tO (Ga ae Da 


dx® x — i 
and also 
1 sin w(x — #) 
J a(k, x) = — h(t)dt =f" (Q — 3 — } dw, 
F J jilèr dab A i 


the inversion of integrations being justified by (3) and lemmas (i) 
and (ii). 
Integrating the inner integral by parts, we get 


1 u w\r/ a 
Jo(k, x) = -f hoas f 1 — — } { — cos w(x — t) J dw 
E J iir 0 dx? 
1 d* Q w 
et iar rG je cele Das 
T J ler ax* J o Q 


1 a* Q w\* 
= Lad f h(t)dt — (i ~ =) sodat 
r jen. dx* Q 


or, according to (9), 
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ise, x) = =a} f = h(t) Balk, & — ath 


Let us consider the integral flage h(t) Pa(k, x—t)dtand let us suppose 
we have replaced a(k, x—#) by its expression (10). If so, we shall 
obtain integrals belonging to any one of the following types: 





1 kÒ 1 h(t) 
Es dt; =f — NR; 
O° Tizer (x — H" QJ izr (£ — i)" 
J AN e2 odt 
lilar (x a t)? 


where s and r are positive integers such that s&1, r23. 

Clearly every integral belonging to either of the two first types tends 
to zero uniformly in Jj as Q-=œ. As for fiaz: (kO xH), 
we have 


h(t) l h(i) 
Í eSa odi = f +f a. eile) dy 
lela (2 — H? Azltze Jura) (2 — N? 


= h + Ia 


If we choose A large enough, by (3) and Lemma (i), |a| <e/2 for any 
xEJ;. On the other hand, 1/(«—#)* being for <s&EJ/, rs | ¢| sAa 
uniformly bounded and uniformly continuous function depending 
on the parameter x, Iı—0 as Q—œ uniformly in Jj, so that 


h(t) 
f _ aN egy 0 
[jae (2 — 2)? 


uniformly in Jj and the first part of the theorem is proved. For the 
second part, we begin by putting 





sula) = la, fo) =). (aa sin nx — com), wÈ I, 
nae i 
where the dash ’ on the right has the same meaning as before. Now, 
by analogy with s$(x), the expression 53(x) can be written in the 
form 
DEF alias 1 — cos(x — t 
ils) = — — f = 
ar same x 
1 — cos w(x — 2) 


1 T 
= tim — f Fol) —_——_—_——_- dt, 
wd nf! z-—ft ; 
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A NOTE OF CORRECTION 
A. A. ALBERT 


Dr. Douglas McClay has called my attention to the existence of a 
two-dimensional commutative absolute-valued real algebra and so to 
the error of omission of dimension two in Theorem 3 of my paper en- 
titled Absolute-valued algebraic algebras (Bull. Amer. Math. Soc. vol. - 
55 (1949) pp. 763-768). The error is a corollary of the same error in 
Theorem 3 of my paper A bsolute-valued real algebras (Ann. of Math. 
vol. 48 (1947) pp. 495-501) and is due to the omission of the factor of 
reflection in considering two-rowed orthogonal matrices. The algebra 
of McClay is actually isomorphic to the commutative isotope of the 
complex field obtained by defining the products (1, 1) =1, @,)=—1, 
(1,2) = ~i. 


THE UNIVERSITY OF CHICAGO 


Received by the editors November 5, 1949. 


1191 


"1 
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Alfred Tarski, Arithmetical classes and types of mathematical systems. 
Abstract 55-1-74. 
p. 63, line 12 of the abstract. For “C” read.“ AC.” 
Alfred -Tarski, Metamathematical aspects of arithmetical classes and 


- types: Abstract 55-1-75. 


p. 63, lines 2 and 7 of the abstract. For “54-11-74” read *55-1-74.” 

p. 63, line 6 of the abstract. For “(LE AC)” read “(there is a smal- 
lest MEAC with LC M).” 

Alfred Tarski, Arithmetical classes and types of Boolean algebras. 
Abstract 55-1-76. 

p. 64, line t of the abstract. For “54-11-74 and 54-11-75” read 
“55-1-74 and 55-1-75.” 

Alfred Tarski, Arithmetical classes and types of algebraically closed 
and real-closed fields. Abstract 55-1-77. 

p. 64, line 1 of the abstract. For “54-11-74, 54-11- 15° read *55-1-74, 
55-1-75.” 

Andrzej Mostowski and Alfred Tarski, Arithmetical classes of types 
of well ordered systems. Abstract 55-1-78. 

p. 65, line 1 of the abstract. For “54-11-74, 54-11-75” a “55-1-74, 
55-1-75.” 

p. 65, line 9 of the abstract. For “has a well ordered basis of the 
type w*” read “has no well ordered basis.” 

p. 65, line 14 of the abstract. For “w+w*-+7(M)” read “w+ w" 
+.” 

Wanda Szmielew, Arithmetical classes and types of Abelian groups. 
Abstract. 55-1-79. 

p. 65, line 2 of the abstract. For “54-11-74, 54-11-75” read “55-1-74, 
55-1-75. 

Andrzej Mostowski, A general theorem concerning the decision prob- 
lem. Abstract 55-1-80. 

‘p. 66, line 7 of the abstract. For “54-11-75” read *55-1-75.” 

Stefan Bergman and M. M. Schiffer, Kernel functions and conformal 
mapping. II. Abstract 55-5-239. 

p. 515, line 3 of the abstract. For “@’(£)” read “#’().” 

H. W. Becker, A new proof and application of Kirchhoff’s rules. 
Abstract 55-7-437. 

p. 718, lines 5 and 6. For “modes” read “nodes.” 

Alfred Tarski, A fixpoint theorem for-lattices and its applications. 
Preliminary- report. Abstract 55-11-496. 

p. 1052, line 1. For “>” read *2”. 
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